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�®�ÆóÆX

�©3Ä����óþó�,�½���óℓ, §k�êÃ¡�·KC�§

±V ar(ℓ)L«§�·KC�8§±For(ℓ)L«§�úª8"

L ⊆ For(ℓ) ¡��5��Ü6(e¡{¡�5Ü6¤§e§�¹¤k­óª(�

\)!�(p→ q) → (�p→ �q) ,¿�÷ve¡�^�µ

(MP) ϕ→ ψ, ϕ ∈ L⇒ ψ ∈ L;

(N) ϕ ∈ L⇒ �ϕ ∈ L;

(SUB) ϕ ∈ L⇒é?¿()σ§ϕσ ∈ L;

ùp()σ´lFor(ℓ)�For(ℓ)�N�§÷v(ϕ∧ ψ)σ = (ϕ)σ ∧ (ψ)σ

(�ϕ)σ = �(ϕ)σ"

U~±KL«����5Ü6§é?Σ ⊆ For(ℓ),^K
⊕

ΣL«�¹Σ���

�5Ü6§^NEXTKL«¤k�5Ü6|¤�8Ü"

¤¢���5Ü6´;��§´�§�;�µe´§�µe1"·���

k;���5Ü6�3§�kØ;���5Ü6�3§@og,Ò¬k��¯

Kµ§��ê8kõ�º(Ø´Ñk2ℵ0õ�"�±dA«ØÓ��{��ù�

(Ø§~Xblok ^�ê��{y²k2ℵ0õ�Ø����5Ü6§·���;�

�Ü6Ñ´���§@oá=��k2ℵ0õ�Ø;���5Ü6"�©0��«

�{§�é`5�*�:"

kÚ\�
PÒ"

Paltn :=
∧n+1

i=1
♦pi →

∨
16i<j6n+1

♦(pi ∧ pj);

�©¥�½n = 2,¢Sþé¤kn > 2(JÑ��"

α0 := � ⊥, αi+1 := ♦αi ∧ ¬♦♦αi i > 0;

ϕi := �(αi−1 → p) ∨ �(αi−1 → ¬p) i > 2;

PN∗ := N − {0, 1, 2, 3}; é?J ⊆ N∗, PΛJ := K
⊕

{alt2, ϕj| j ∈ J};

PV B := ♦�p ∨ �(�(�q → q) → q)

mv := ♦�p ∨ �p

1�A9?�Ú�â��ëwë�©z[1]![2]
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LI := K
⊕

{V B, ϕi| i ∈ I},é?¿I ⊆ N∗

V er := K
⊕

{� ⊥},Ver¢Sþ�k:µe�Ü6§�©±•L«k:µe§=

kV er = Log(•)"

e¡ky²k2ℵ0�;���5Ü6"

···KKK 1 é?J ⊆ N∗,ΛJ��"

yµ´�yalt29�ϕi i > 2Ñ3k:µe•þk�§l
é�J ⊆ N∗§ΛJ ⊆

V er"

···KKK 2 é?µeF ,F� altn ⇔F¥z�:�õkn����U"

yµ1◦(⇒)

�x ∈F§§kn+1����U§��y1, · · · , yn+1 , �D�V,¦V(pi) = {yi}, i =

1, · · · , n+1,Kk< F , V >,x �
∧n+1

i=1
♦pi,�< F , V >,x 2

∨
16i<j6n+1

♦(pi∧pj)"

2◦(⇐)

�F¥z�:�õkn����U§é?FþD�V§é?x ∈F ,e< F , V >,x �∧n+1

i=1
♦pi,Kkyi, s.t xRyi¿�< F , V >,x � pi, i = 1 · · · , n + 1,�x�õkn�

���U§l
ki < n + 1¦< F , V >,yi � pi ∧ pn+1"

···KKK 3 é?Λ ∈ NEXTK kaltn ∈ Λ ⇒ Λ�;�µeFΛ¥z�:�õkn��

��U"

yµ�kx ∈FΛ,§k�Ln�����U§�Ù¥y1, · · · , yn+1,duFΛ¥­.�

4���8§ù�é?x 6= y ∈FΛ okúªϕ3x¥§
Ø3y¥,�kúªϕj�

áuyj§Øáu{y1, · · · , yn+1} − {yj}¥?�:§j = 1, · · · , n+ 1.

�ψj = (
∧

i6=j ¬ϕi) ∧ ϕj j = 1, · · · , n+ 1.

du�yj4���§l
ψjáuyj§j = 1, · · · , n + 1,ù��
∧n

j=1
♦ψjáux§

qaltn ∈ x,l

∨

16i<j6n+1
♦(ψi ∧ ψj)áux§ù�ky’!k1 6 i < j 6 n + 1§

¦xRy’�ψi ∧ ψj3y’¥"�´ψi¥kÜ�|¬ϕj,ψj¥kÜ�|ϕj§ù�Ò�y’�

��8gñ"

···KKK 4 é?¿I, J ⊆ N∗, I 6= JKkΛI 6= ΛJ "

yµØ�-ϕj+1 ∈ ΛI − ΛJ ,�µeF=<W§R>§Ù¥W={j + 1, j1, j2, · · · , 0},

R={< j + 1, j1 >,< j + 1, j2 >, · · · , < 1, 0 >}"

Ï�W¥z�:Ñ�õkü����U§¤±alt23Fþk�§�´�yé

?i ∈ N∗��i 6= j + 1§ϕi�3ù�µeþk�§l
ΛJÒ3Fþk�"

�´§3F þ�D�V,¦V(p) = {j1}§Òk<F ,V>, j + 1 2 ϕj+1,Ï�αj3­

.j1, j2þÑ¤á§�´p3­.j1þ¤á,
¬p3­.j2þ¤á"

ù�ΛIÒØ3Fþk�"
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···KKK 5 (Bellissima)é?¿J ⊆ N∗,ΛJÑ´;���5Ü6"

yµ-FΛJ
�ΛJ�;�µe"�AΛJ

:= {ϕ̂|ϕ ∈ For(ℓ)}§Ù¥ϕ̂ := {x ∈WΛJ
|ϕ ∈

x} =VΛJ
(ϕ),ù pVΛJ

� ; � D �"FΛJ
þ � D �V¡ � � N � § e é?p ∈

V ar(ℓ),V(p) ∈ AΛJ
"

(a)é?FΛJ
þ��ND�V§é?ϕ ∈ ΛJ§V(ϕ) =WΛJ

Ø��V ar(ϕ) = {p1, · · · , pn}§duV(pi) ∈ AΛJ
§K�Akψi§¦VΛJ

(ψi) =V(pi)

i=1,· · · ,n"

l 
V(ϕ) =VΛJ
(ϕ(ψ1/p1, · · · , ψn/pn))§ q dϕ ∈ ΛJ�ϕ(ψ1/p1, · · · , ψn/pn) ∈

ΛJ§l
kVΛJ
(ϕ(ψ1/p1, · · · , ψn/pn)) =WΛJ

"

(b)FΛJ
� ΛJ"

eØ,§�kϕ ∈ ΛJ§kFΛJ
þD�V§9x ∈WΛJ

¦xØáuV (ϕ).

�ϕ���Ýmd(ϕ)�d§PXi := {y ∈WΛJ
|ky1, y2, · · · , yi ∈WΛJ

¦�y1RΛJ
y2

RΛJ
· · ·RΛJ

yi,Ù¥y1 = x, yi = y}§i = 2 · · ·d+ 1§PX =
⋃d+1

i=2
Xi ∪ {x}"

5¿�alt2 ´sahlqvistúª§l
kFΛJ
� alt2§ù�â·K3�§WΛJ¥z�

���õk2����U§l
Xk¡"Ø�Ò-X := {x1, · · · , xn}§é?1 6

i 6= j 6 n§�ϕij ∈ xi − xj§d�xi �ØÓ�4���8�yù��1"-

s(i, j) := ϕ̂ij, s(i) :=
⋂

j 6=i s(i, j)§Ks(i) ∈ AΛJ
¿�kxj ∈ s(i)iff j=i¶�FΛJ

þ

�D�V’¦�é?¿p ∈ V ar(ℓ), V’(p) = ∪{s(i)|xi ∈V(p) ∩ X}§KV’��ND

�§¿�é?y ∈ Xi, 0 6 i 6 d,é?ψ ∈ For(ℓ), md(ψ) 6 d − ik<FΛJ
,V>, y �

ψiff <FΛJ
,V ′ >, y � ψ,ù�Ò�xØáuV ′(ϕ),�(a)gñ"

dþ¡�·K=��µ

···KKK 6 NEXTK¥k2ℵ0�;��Ü6"

e¡`²NEXTK¥�k2ℵ0�Ø;��Ü6"

···KKK 7 é?I ⊆ N∗,LI��"

yµaq·K1��y{VB, ϕi| i ∈ N∗} ⊆ V er"

···KKK 8 é?¿I, J ⊆ N∗, I 6= JKkLI 6= LJ"

yµaq·K4"aq���µe§�´O\�0:�0�Ï�'X§=�«©§

�"

···KKK 9 é?¿µeF=<W§R>,eW¥�z����o´k:§�o��Ï

����k:§@oF�mv"

yµéFþ?D�V§é?x ∈W
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(a)ex´k:§Kx ∈V(�p)§l
kx ∈V(mv)"

(b)exÏ����k:§Kx ∈V(♦�p)§�kx ∈V(mv)"

···KKK 10 é?¿µeF=<W§R>,eF� V B§KF� mv"

yµeF2 mv§Kâ·K9kw∗ ∈W§¦�R (w∗) 6= ∅§¿�é?¿w
′

∈R

(w∗)§w
′

Ñ Ø � k : § � ½ � �u∗ ∈R (w∗)§ �F þ D �V§ ¦ �V(p) =

∅,V(q) =W−{u∗}§K��w∗ØáuV(V B)§l
F2 V B"

�µeF=<W§R>,Ù¥W= N ∪ {ω, ω + 1}§R⊆W×W÷vé?i, j ∈W§

iRj iff (1)i > j�i 6= ω + 1½ö(2)i = ω + 1, j = ω"

X⊆W§¡���N8§e§÷v(1)XØ�¹ω�§k�§½ö(2)W-X÷v(1)"

´�∅!WÑ��N8"

PA1, A2©O�¤k÷v^�(1)!(2)��N8�8Ü§PA = A1 ∪ A2§ù

�AÒ´¤k�N8�8Ü"

¡µeFþ�D�V��ND�§e§÷vµé?¿p ∈ V ar(ℓ),V(p) ∈ A"

PΠ = {<F ,V> |V��ND�}

···KKK 11 eV�µeFþ��ND�§@oé?¿ϕ ∈ For(ℓ)ÑkV(ϕ) ∈ A"

yµéúªE,Ý8B�y§e¡�Ñϕ= ψ1 ∨ ψ2!ϕ = �ψ�/�`²"

a.ϕ = ψ1 ∨ ψ2�

(1)eV(ψ1)!V(ψ2)Ñ3A1¥§KV(ϕ)=V(ψ1)∪V(ψ2) �3A1¥"

(2)eV(ψ1)!V(ψ2)Ñ3A2¥§K§��éW�ÖÑ3A1¥§Ö��3A1¥§l


V(ϕ)3A2¥"

(3)V(ψ1),V(ψ2)©O3A1, A2¥§5¿�V(ψ1)∪V(ψ2)=W−[(W−V(ψ1))−V(ψ2)],

��á�V(ϕ)3A2¥"

b.ϕ = �ψ�

V(ψ)kü«�U§©Oy�"

(1)kn < ω¦nØ3V(ψ)¥§ù�é?m > nÑkmØ3V(�ψ)¥§ω�,�Ø

3V(ϕ)¥§Ó�§�k�§l
áuA1"

(2)ÄK§é?n < ω§nÑ3V(ψ)¥§@oV(ψ)3A2¥§l
ω ∈V(ψ),ù�é

?x ∈WÑkR(x) ⊆V(ψ),l
V(ϕ) =W,3A¥"

···KKK 12 é?¿I ⊆ N∗,Π |= LI

y²µÄk´yé?i ∈ N∗ ,úªϕiÑ3µeFþk�§Ï�éW¥�z�:§

�õ�k��:§§U3�Ú�ØU3üÚÏ�",	5¿�kù��¯¢µ

/���½
ún8��5Ü6L§e§�ún��\¢~Ñ3���.aþk

�§@o§�¤k½nÑ3ù��.aþk�0§Ïd·��Iy²VB�¤k
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?�VB��\¢~♦�α ∨ �(�(�β → β) → β)§P�V B
′

§?�<F ,V>∈ Π§

d·K11�V(α)�V(β)Ñ3A¥§e¡`²V(VB
′

) =W"

(1)é0§dR(0) = ∅§=��0 ∈ V(�(�(�β → β) → β))§l
03V(VB
′

)¥"

(2)é?Ø´0Úω + 1�:σ§d0 ∈R(σ)90 ∈V(�α)�§�Ñ3V(♦�α)¥"

(3)ω + 1�3V(V B
′

)¥"eØ,§Kkω + 1Ø3V(�(�(�β → β) → β))¥§l


ωØ3V(�(�β → β) → β)¥§Ï�ω´ω+1��U§@oÒkω3V(�(�β →

β))¥�Ø3V(β)¥§dd´8By�¤kn ∈ NÑ3V(β)¥§l
V(β)Ã¡§

@o§Ø3A1§�´qdω Ø3§¥�§�Ø3A2¥§ù��VØ´�ND

�§gñ"

···KKK 13 Π 2 mv"

yµ�Fþ�ND�V¦V(p) = ∅§´�y<F ,V>, ω + 1 2 mv"

···KKK 14 é?¿I ⊆ N∗,LIÑØ´;���5Ü6"

d·K9,10,12,13��LIÑØ´kripkeµe���§l
§�ÑØ;�"
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