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一、the dominant theory of conditionals

1. The Stalnaker-Lewis theory which explains conditionals in terms of possible worlds. (stalnaker1968; Lewis 1973)

2. The meaning of conditionals in terms of their probabilities, i.e. the probability of a conditional is the probability of the consequent given the antecedent. (Adams 1975)

3. The meanings of sentences in terms of their effects on belief, i.e. a conditional belongs to a set of beliefs iff the consequent must belong to the set of beliefs that results from adding the antecedent (Gardenfors 1988)

However, today I just want to introduce another theory on conditionals, named ‘context-logical theory’ founded by Christopher Gauker

I.e.  the semantics of assertibility in a context. (Christopher Gauker)
二、the basic idea

1. “Conditionals exhibit a kind of context-relativity quite different from any of these others.”
2. “The term ‘context’ could be used in at least two different ways. First, it could be used to describe certain aspects of the actual environment in which a conversation takes place (or might take place) Second, it could be used to refer to the values of a certain variable in a semantic theory.”
the term ‘context’ used in this book is in the second way.

For example: everyone is present.

3. “my aim in this book will be that the semantic value of this sentence depends on the context pertinent to the conversation in which it is , or might be, uttered, and that the way in which the context makes a difference is by providing a range of relevant prospects.”
4. “The semantic value of a sentence relative to a context will have a bearing on conversations because, for each conversation, there will be a particular context that pertains to it.” p5.
5. “The assumption would be that if a conditional is either true or false, then it must be true of false absolutely. More precisely, if the context-relativity cannot be attributed to one of the familiar brands of context-relativity, then conditionals must be neither true nor false. Rather, a conditional might be thought to be merely an expression of the speaker’s state of mind. The conclusion I draw instead is that we ought to acknowledge that conditionals are context-relative and then write that context relativity tightly into the sinews of our semantics so that the semantic value of every sort of sentence whatsoever is relative to context in the same way.”   p6

6. “We will conceive of an assertion as a contribution to a conversation, but we will not suppose that the way in which a speaker makes a contribution is by expressing a proposition. We will suppose that conversations typically serve the achievement of goals that the interlocutors share.” p7

7. “What has to be said in a given conversation depends on the goal of the conversation and the environmental circumstances under which the conversation takes place. The context-relative semantic values that we will attribute to sentences relative to a context will be what I call assertibility and deniability relative to a context. For each sentence of the language, and each context, the sentence will be either assertible, deniable, or neither in the context.” p7

8. “An assertible sentence is one that may be asserted, but it is certainly not the case that an assertible sentence must be asserted;” p7

9. “Conversations, I will assume, have goals.” p9

10. “The goals of a conversation, as I define them, are collective goals.” p9

11. “The content of the context pertinent to a conversation depends on these two things-what the goal is and the way the world is when the conversation takes place.”
12. “The context pertinent to a conversation is objective in the sense that it depends on things that may fall outside of the awareness of the several interlocutors. Contexts are here not to be conceived in terms of interlocutors’ beliefs. In particular, the context pertinent to a conversation may not consist of what the interlocutors believe in common or what an interlocutor supposes the interlocutors believe in common.”p12
13. “A semantics for a language will do basically two things: First, it will explain the formal structure of contexts for that language. Second, for each sentence of the language, it will identify the conditions under which that sentence is deniable in a context. In particular, a theory of conditionals will take the form of an account of the conditions under which conditionals are assertible in contexts of the sort appropriate for a language containing such conditionals.”p12
14. A definition of contexts will be relative to a language.

15. Countable number of individual terms.

16. “An atomic sentence for the language, I mean a sentence composed of a single predicate of the language and an appropriate number of such individual terms.”p12-13
     Literals are sentences that are either atomic sentences or negations of atomic sentences.

     A primitive context is, basically a formally consistent set of literals.

17. “A conditional-free sentence: a sentence that does not contain conditional connectives (either as the dominant connective or in its components)”p18
  The primary function of an assertion of a conditional-free sentence is to narrow down the range of primitive contexts.

18. An atomic sentence will be assertible in a primitive context if it is actually a member of the context.

19. As for literals, and more generally, sentences containing no conditional connectives, we may say that they are assertible in a multicontext if they are assertible in every member of the multicontext, and that they are deniable in a multicontext if they are deniable in every member of a multicontext.. Notice that these conditions offer two routes to assertibility or deniability for sentences that contain no conditional connectives.

20. Conditionals will be assertible or deniable in primitive contexts only as a limiting case.

21. “In general, we may say that an indicative conditional ‘if p then q’ is assertible in a context ( (primitive or multi-) iff for every context ( in or identical to (, if p is assertible in (, then q is assertible in ( as well. An indicative conditional ‘if p then q’ is deniable in a context ( (primitive or multi-) iff for at least one context ( in or identical to(, if p is assertible in (, then q is deniable in ( .”  p19
22. “the material conditional is usually defined in terms of truth conditions as a conditional that is true if and only if either the antecedent is false or the consequent is true.” p21
23. “a sentence of the form ‘if p then q’ is a material conditional if and only if it can always be replaced by a sentence of the form ‘either not-p or q’ .that is, substituting the latter for the former, whether it is free standing or a component of another sentence, does not affect the assertibility conditions of the resulting sentence.” p24
24. “On the present account, indicative conditionals are definitely not material conditionals. As we will see, ‘either not-p or q’ logically implies ‘if p then q’. Nonetheless, indicative conditionals are not material conditionals because they are not everywhere intersubstitutable.”p24
25. “In general, we may say that a subjunctive conditional ‘if it were the case that p, then it would be the case that q’ is assertible in a context ( relative to a structure of contexts ( iff for every least expansion (* of ( in ( such that for some context ( in (* p is assertible in (, the indicative conditional ‘if p then q’ is assertible in (*. A subjunctive conditional ‘if it were the case that p, then it would be the case that q’ is deniable in a context ( relative to a structure of contexts ( iff for there is a least expansion (* of ( in ( such that for some context ( in (* p is assertible in (, the indicative conditional ‘if p then q’ is deniable in (*.” p28
26. The nonrecursion stipulation for conditionals

There is an important difference between the formulation of assertibility and deniability conditions for conditional-free sentences and the formulation of assertibility and deniability conditions for conditionals and sentences containing conditionals.

27. For each kind of conditional-free sentence (atomic, negation, disjunction, conjunction), there will be two conditions that certify its assertibility in a context and two conditions that certify its deniability in a context. 
There is only one way for an indicative conditional to be assertible in a context: it is assertible in a context iff for every context ( in or identical to ( if the antecedent is assertible in (, then the consequent is assertible in ( too. Conditionals, and more generally, sentences containing conditionals as components, will not qualify as assertible in a context just because they are assertible in every member of the multicontext. A sentence that is assertible in a context if assertible in every member of the context is recursively assertible. The stipulation that sentences containing conditionals not be recursively assertible is the non-recursion stipulation for sentences containing conditionals.  p35
28. If we allowed conditionals to be recursively assertible, then we would obtain unacceptable results.

Take an example:

Let ((((1((2(, where

(1(((not-((((((((not-(((, and

(2(((not-((not-((((((not-(((
Allowing sentences containing conditionals to be recursively assertible, we find that “it is not the case that if A then B” is assertible in (, because it is assertible in both (1 and (2. But “if A then B” is also assertible in ( just because A is not assertible in any context in or identical to (.

29. “My answer will be that it is the function of conditional-free sentences to characterize what is common to the member of a multicontext, while it is the function of sentences containing conditionals to characterize relations between members of a multicontext.” p35
30. Logically valid arguments as those such that for every context in which the premises are assertible the conclusion is assertible as well. Call this the context-logical conception of logical validity.

31. “An argument is logically valid iff for every context in which the premises are assertible, the conclusion is assertible as well.

   An argument is valid iff for every context and evey associated structure of contexts, if the premises are assertible in that context relative to that structure, then so is the conclusion.” p48
三、 “indicative language”( IL)

denumerably many atomic sentence:   (,(, …

The sentential connectives:  ‘(’, ‘(’, ‘(’, ‘(’
1. Define the conditional-free fragment of IL

( is a conditional-free sentence of IL iff either:

1)( is an atomic sentence, or 

2)((((, and ( is a conditional-free sentences of IL, or

3)(((((((, and ( and ( are conditional-free sentences of IL, or 

4）(((((((, and ( and ( are conditional-free sentences of IL, or

2. Define the sentences of IL in terms of the conditional-free sentences of IL

( is a conditional-free sentence of IL iff either:

1）( is a conditional-free sentence of IL, or

2）((((, and ( is a sentence of IL, or

3）(((((((, and ( and ( are sentence of IL, or

4）(((((((, and ( and ( are sentence of IL, or-

5）(((((((, and ( is a conditional-free sentence of IL and ( is a sentence of IL.

3. The layer of context
                       The supreme context


                               ……

                   The second layer of multicontexts

                   The first layer of multicontexts

                  The first layer of multicontexts

                Primitive context: a consistent set of literals

                         Literals
                               Or the negation of atomic sentences   

                     Atomic sentences

             Countable number of individual terms

Let P be the set of primitive contexts.

Let M0=(((((((
For each ((0, let (((1((((((((((((0(((.

Let the supreme context ((((((((0((
( is a multicontext if and only if either (=( or (((.

4. The assertibility conditions for each type of sentence in both primitive contexts and multicontexts.

(A0) if ( is a primitive context and (((, then ( is assertible in (.

(A1) if ( is conditional-free and ( is a multicontext and for all (((, ( is assertible in (, then ( is assertible in (.

(A() if ( is deniable in (, then (( is assertible (.

(A() if ( is assertible in ( or ( is assertible in (, then ((((( is assertible in (.

(A() if ( is assertible in ( and ( is assertible in (, then ((((( is assertible in (.

(A() if for every context(((( ，if ( is assertible in ( , then ( is assertible in (, then (((((is assertible in (.

(AC1) no other sentence is assertible in (.

Note: for conditional-free sentences, we have two possible routes to assertibility. Some disjunctions may be assertible only by virtue of (A1). Others may be assertible by virtue of (A(). As a consequence of Theorem 1, we will find that any conditional-free disjunction assertible by virtue of (A() also satisfies the condition of (A1).

(D0) if ( is a primitive context and ((((, then ( is deniable in (.

(D1) if ( is conditional-free and ( is a multicontext and for all (((, ( is deniable in (, then ( is deniable in (.

(D() if ( is assertible in (, then (( is deniable (.     

(D() if ( is deniable in ( and ( is deniable in (, then ((((( is deniable in (.

(D() if ( is deniable in ( or ( is deniable in (, then ((((( is deniable in (.

(D() if there is a context (((( such that ( is assertible in ( and ( is deniable in (, then ((((( is deniable in (.

(DC1) no other sentence is deniable in (.

5. Logical relations for IL

1) ( A, (((( iff for all ((((, if every member of A is assertible in (, then ( is assertible in (.

(A is a set of sentences, ( is a sentence, and ( is a context(primitive or multi-), ( A, (( logically implies ( iff for all ((((, if every member of A is assertible in (, then ( is assertible in (.)

2) A(( iff ( A, U(((, where U is the supreme context, i.e. for every context (, if every member of A is assertible in (, then p is assertible in ( too.

Note：if ( is a primitive context, the only context in or identical to ( will be ( itself.

      By treating the supreme context as a multicontext, we treat logical validity simpliciter as a special case of context-relative validity.

6. Examples:

1) Let ((((1,(2(, where

(1=((,(, (, (((, and 

(2=((, ((, ((, (((.           (0-level multicontext)

. A is assertible in (; 

. ( A is deniable in (; 

.D is deniable in (;

. B is neither assertible nor deniable in (;

. (A((( is assertible in (;

. (B(((( is assertible in (;

. (( A((( is deniable in (;

. (B(((  is neither assertible nor deniable in (;

. (B((( is assertible in (;

. (A((( is deniable in (;

. ((A(((((( is assertiable in (;

. (A(((((( (is deniable in (;

. (A(((((( (is assertible in (;

. (D(E( is assertiable in (;

. (B(E( is neither assertible nor deniable in (;

. ((B (C( (E( is assertiable in (;

. ((A(((((( (is not assertible in (, it is assertible in (1 by virtue of the assertibility of (A((( in (1, and it is assertible in (2 by virtue of the assertible of (( in (2; because (A1) only applies to conditional-free sentences;

2) Let ((((1,(2(, where

(1((((((((((((((((((((, and

(2((((((((((((((((((((   (1-level multicontext, its members are all either primitive contexts or 0-level contexts)

. (A(((((( (is assertible in (. A is assertible in (1, because it is a member of both contexts in (1. However, A is not assertible in (2 , and it is not assertible in ( itself. so the question becomes: is (((() in (1 ? Yes;

. (B((A((( (is deniable in (;

. (B(( (C(A( ( is assertible in (;

7. Invalidity results

.1) Negation of conditionals is not valid:(((((((((((((
Proof: suppose((((((((((((. By (D(), ((((( is deniable in (, so by (A(), (((((( is assertible in (.  A is not assertible in (, so (A1) doest not give us the assertibility of A in (; so ((((((is not assertible in (.  

.2) The Adams Switch Argument is not valid: (((((((((((((((((((((((
Proof: let Let ((((1,(2,(3(, where 

(1((((((((，and

(2((((((((((, and

(3((((((((((
Proof: since ((A(C(((B(C(( contains conditionals, it can be assertible in ( only by virtue of (A() (and not by virtue of (A1)), which means that one or the other disjunct has to be assertible in (. Well, ((A(B((C( is also strongly assertible in (, since (A(B( is either assertible or deniable in every context in (.

3) Rewrite of the Adams Switch Argument: ((((((((((((((((((((((((((
see section 8
4) Conditional Excluded Middle: (((((((((((((((((((((((
Proof: let Let ((((1,(2,(3(, where 

(1((((((((，and 

(2((((((, C(, and

(3((((B,(((
Proof: 

For every context((((, A and ((((( are assertible in (, so ((((((((( holds. but in some context ((((, ((((( is not assertible. So it is with (((C(. which means that ((((((((((C(( is not assertible in (. In other words, ((((((((((  ((((((((((C((
8. Validity results 

1) The rule of Addition is valid: (((((((  (not involving conditionals)
Proof: suppose ( is assertible in an arbitrary multicontext (, Then by (A(), (((() is assertible in(. Since ( is an arbitrarily chosen, we know that for all (((U, if ( is assertible in (, then (((() is assertible in( too.

2) Half of De Morgan’s Rule: (((((((((((((( 
Proof: By induction on the depth of contexts.

Basis: suppose ( is a primitive context. Suppose (((((( is assertible in (. Since ( is a primitive context, only by virtue of (A(), ((((( must be deniable in (.  By virtue of (D(), so either ( or ( must be deniable in (. Used (A(), (((((((  is assertible in (.

Induction Hypothesis: if ( is either a primitive context or an (-level multicontext, i.e. ((0, then if (((((( is assertible in (, then ((((((( is assertible in ( too.

Induction step: suppose ( is either a 0-level multicontext, or an (((1)-level multicontext, suppose (((((( is assertible in (.

Case 1: ((((( is deniable in ( by virtue of (D(). In that case, either ( is deniable in ( or ( is deniable in (. so by (A(), either (( or(( is assertible in (. By (A(), ((((((( is assertible in (.

Case 2: ((((( is deniable in ( by virtue of (D1), which means that ( and ( must be conditional-free. In that case, for all ((((((((( is deniable in (. By the induction hypothesis, for all (((, ((((((( is assertible in (. so by (A1) since ( and ( are conditional-free, ((((((( is assertible in (.

Finally, we observe that the thesis holds also in the case where ( is the supreme context U. The argument proceeds as in the induction step, utilizing the fact, proved by the induction, the thesis holds for every member of U.

3) De Morgan’s Rule: ((((((((((((((
Proof: suppose ((((((( is assertible in arbitrarily chosen context (. by virtue of (D()((((( is deniable in (, Used (A(), (((((( is assertible in (. i.e. ((((((((((((((
4) Strengthening of the antecedent II:(((((( (((((((((
Proof: suppose (((((( ((( is assertible in arbitrarily chosen context ( , and ((((( is deniable in that context. By virtue of (D(), if there is a context (((( such that ( is assertible in ( and ( is deniable in (. by virtue of (A() and ( is assertible in (, we have ((((( is assertible in (. However q is deniable in (, so by (D(), ((((( ((( is deniable in (, for some ((((. This contrasts with the fact that (((((( ((( is assertible in arbitrarily chosen context (.

5) Strengthening of the Antecedent I is valid for indicative conditionals: (((((((((((((((
Proof: suppose ((((( is assertible in arbitrarily chosen context (. ((((( can be  assertible in ( only by (A() and not by (A1). So, for all (((( , if ( is assertible in (, then ( is assertible in (. So, for all ((((, if ( is assertible in ( and ( is assertible in ( , then ( is assertible in (. I.e. (((((((((((((((
5) strengthening of the antecedent II :(((((( (((((((((
6) Importation is valid for indicative conditionals: ((((((((((((((((((
Proof: suppose ((((((((( is assertible in arbitrarily chosen context (. So, for all (((( , if ( is assertible in (, then ((((( is assertible in (. So (i) for all (((( , if ( is assertible in (, then for all ((((, if ( is assertible in (, then ( is assertible in (. we need to show that for all ((((, if ((((( is assertible in (, then ( is assertible in (. So suppose for arbitrary ((((, (ii) ((((( is assertible in (, we need to show that ( is assertible in (. By (ii), we have (iii) ( is assertible in (, and (iv) ( is assertible in (. by (i) and (iii), we have : (v) for all ((((, if ( is assertible in (, then ( is assertible in (. but ((((. so by (iv) and (v), r is assertible in (.

7) Disjunctions-to-Conditionals (restricted) is valid: ((((((((((, provided q is conditional-free.

Proof: suppose (((((( is conditional-free and assertible in (. we need to show that (((() is assertible in (, for which it suffices to show that for all ((((, if ( is assertible in (, then ( is assertible in (. suppose ( is assertible in arbitrary ((((.

Case 1: (=(, by theorem 4, ( is assertible in (.

Case 2: (((. By theorem 1, since p and q are both conditional-free, (((((( is assertible in (. By Theorem 4 again, q is assertible in (.

When ((((() contains “(”, however, arguments of this form may not be valid, for example, ((A((((((( ) dose not imply ((((((((():

Let ((((1((2(,where

(1(((((((((((((((((((((
(2(((((((((((((((((((
B is assertible in (1, and C is deniable in (1. so ((((( is deniable in (; so (((((( is assertible in (. So it is with ((A((((((( ). Of the contexts in or identical to (, A is assertible only in (2. But ((((( is not deniable in (2. so ((((((((() is not assertible in (.

8) (((((((((((
Proof: suppose ((((( and p are assertible in arbitrarily chosen context (. So, for all (((( , if ( is assertible in (, then q is assertible in (. Since p is assertible in context (, so q is assertible in (, i.e. q is assertible in arbitrarily chosen context (. 

9) (((((((( when ( is conditional-free.

Proof: Suppose q is assertible in (. Since q is conditional-free, only by virtue of (A(), (((((( must be assertible in (. Since ((((((((((((, so for any context (, if (((((( is assertible in (, then ((((( is assertible in (. Because (((((( is assertible in (, so we can get ((((( is assertible in (.

10) The paradox of Material Implication II: ((((((((
Proof: Suppose (( is assertible in (. By virtue of (A(), (((((( must be assertible in (. Since ((((((((((((, so for any context (, if (((((( is assertible in (, then ((((( is assertible in (. Because (((((( is assertible in (, so we can get ((((( is assertible in (.

11)Rewrite of the Adams Switch Argument: ((((((((((((((((((((((((((
Proof: Suppose (((((((((( is assertible in (. By virtue of (A(), for every context(((( ，if (((((( is assertible in ( , then r is assertible in (.  if (((((( is assertible in (, by virtue of (D() ((((( is deniable in (. Used (D(), ( is deniable in ( or ( is deniable in (, i.e. (( is assertible in (, or (( is assertible in ((by virtue of (A()). if (( is assertible in (, then by (((((((((, (((((( is assertible in (, and further, we have (((((((((((((((; if (q is assertible in (, then by (q(((q(((, we can conclude that ((q((( is assertible in (, and what’s more, ((((((((((((((( is assertible in (; i.e. no matter (( or (q is assertible in (, we have ((((((((((((((( is assertible in (.

8. Some basic theorems

Theorem 1: if p is conditional-free, then p is assertible (deniable) in a multicontext ( if and only if for all (((, p is assertible (deniable) in (.

Proof: by induction on the complexity of sentences. The right-to-left direction is given by (A1) (D1) at each step. Suppose ( is a multicontext.
Basis: suppose p is atomic. The only condition under which p is assertible (deniable) in ( is that for all (((, p is assertible (deniable) in (. So the thesis holds by (AC1) ((DC1)).
Induction Hypothesis: q and r are conditional-free and assertible (deniable) in ( if and only if for all (((, q and r are assertible (deniable) in (.
Induction step:

Case((: Either (( is assertible in ( by virtue of (A1), in which case (a) for all (((, (( is assertible in (, or (( is assertible in ( by virtue of (A(), in which case (b) ( is deniable in (. In case (a), the thesis holds. In case (b), by the induction hypothesis, for all (((, q is deniable in (. in that case, by (A(), for all (((, (( is assertible in ( . So again the thesis holds.

Case((: Either (( is deniable in ( by virtue of (D1), in which case (a) for all (((, (( is deniable in (, or (( is deniable in ( by virtue of (D(), in which case (b) ( is assertibel in (. In case (a), the thesis holds. In case (b), by the induction hypothesis, for all (((, q is assertible in (. In that case, by (D(), for all (((, (( is deniable in ( . So again the thesis holds.

Case((: Either ((((( is assertible in ( by virtue of (A1), in which case (a) for all (((, ((((( is assertible in (, or ((((( is assertible in ( by virtue of (A(), in which case (b) either q is assertible in ( or r is assertible in (. In case (a), the thesis holds. In case (b), by the induction hypothesis, either for all (((, q is assertible in (, or r is assertible in (. In either case, by (A(), for all (((, ((((( is assertible in ( . So again the thesis holds.

Case((: Either ((((( is deniable in ( by virtue of (D1), in which case (a) for all (((, ((((( is deniable in (, or ((((( is deniable in ( by virtue of (D(), in which case (b) q is deniable in ( and r is deniable in (. In case (a), the thesis holds. In case (b), by the induction hypothesis, for all (((, q and r are deniable in (. So by (D(), for all (((, ((((( is deniable in ( . So again the thesis holds.

Case((: Either ((((( is assertible in ( by virtue of (A1), in which case (a) for all (((, ((((( is assertible in (, or ((((( is assertible in ( by virtue of (A(), in which case (b) q is assertible in ( and r is assertible in (. In case (a), the thesis holds. In case (b), by the induction hypothesis, for all (((, q is assertible in (,and r is assertible in (. In either case, by (A(), for all (((, ((((( is assertible in ( . So again the thesis holds.
Case((: Either ((((( is deniable in ( by virtue of (D1), in which case (a) for all (((, ((((( is deniable in (, or ((((( is deniable in ( by virtue of (D(), in which case (b) q is deniable in ( or r is deniable in (. In case (a), the thesis holds. In case (b), by the induction hypothesis, for all (((, q is deniable in (,or r is deniable in (. So by (D(), for all (((, ((((( is deniable in ( . So again the thesis holds.

Finally, the thesis holds for the supreme context too because no conditional-free sentence is assertible or deniable in the supreme context.

Corollary: if p is conditional-free, then p is assertible in multicontext ( if and only if p is assertible in every primitive component of (.
Theorem 2: if p and every sentence in A is conditional-free, then A(p if and only if for every primitive context ( if every sentence in A is assertible in (, then p is assertible in (.

Proof: The left-to-right direction is obviously.

      As for the right-to-left direction, suppose ( is a context in which every member of A is assertible and p is not assertible.  Either ( is itself a primitive context or, by the corollary to Theorem 1, there is a primitive component of ( in which every member of A is assertible and p is not.

Lemma (i): if ( is a primitive context, then p is not both assertible and deniable in (.

Proof: by induction on the complexity of sentences. The proof takes advantage of the fact that, where ( is a primitive context, conditions (A1) and (D1) on assertibility and deniability do not apply.

Basis: Suppose p is atomic. by the definition of primitive contexts, not both p(( and ((((. so p is not both assertible and deniable in (.

Induction Hypothesis: q and r are both conditional-free and neither is both assertible and deniable in primitive context (.

Induction step:

Case(: ((((. (( is assertible in ( if and only if q is deniable in (. (( is deniable in ( if and only if q is assertible in (. so by the induction hypothesis, (q is not both assertible and deniable in (.

Case(((((((((. ((((( is assertible in ( if and only if q is assertible in ( or r is assertible in (. ((((( is deniable in ( if and only if q is deniable in ( and r is deniable in (. so by the induction hypothesis, ((((( is not both assertible and deniable in (.

Case(((((((((. ((((( is assertible in ( if and only if q is assertible in ( and r is assertible in (. ((((( is deniable in ( if and only if q is deniable in ( or r is deniable in (. So by the induction hypothesis, ((((( is not both assertible and deniable in (.

Case(((=(((((.((((( is assertible in ( if and only if either q is not assertible in ( or r is assertible in (. ((((( is deniable in ( if and only if q is assertible in ( and r is deniable in (. So by the induction hypothesis, ((((( is not both assertible and deniable in (.

Lemma (ii): if p is conditional-free, then for all contexts ( (primitive or multi-), p is not both assertible and deniable in (.

Proof: by induction on the depth of contexts. Suppose p is conditional-free.

Basis: Suppose ( is a primitive context. The thesis holds by lemma (i).

Induction Hypothesis: if ( is either a primitive context or an n-level multicontext, then p is not both assertible and deniable in (.

Induction step: suppose ( is either a 0-level multicontext or an (n+1)-level multicontext. By Theorem 1, p is both assertible and deniable in ( if and only if for all (((, p is both assertible and deniable in (, contrary to the induction hypothesis.

Finally: the thesis holds for the supreme context ( too. By theorem 1, p is both assertible and deniable in ( iff for all (((, p is both assertible and deniable in (. But we have seen that that is not the case.
Lemma (iii): for every context (, (a) (( is assertible in ( if and only if p is deniable in (, and (b) (( is deniable in ( if and only if p is assertible in (.

Firstly, let’s prove (a):

Proof: by induction on the depth of contexts. The right-to-left direction is given by (A() at each step.

Basis: suppose ( is a primitive context. If (( is assertible in (, then by (AC1) it can be so only by either condition (A0) or condition (A() . If by condition (A0), then p is atomic and ((((, in which case, by condition (D0), p is deniable in (. if by condition (A(), then again p is deniable in (.

Induction Hypothesis: if ( is either a primitive context or an n-level multicontext, then the thesis holds for (.

Induction step: Suppose ( is either a 0-level multicontext or an (n+1)-level multicontext, and suppose (( is assertible in (. (( is assertible in ( either by virtue of (A1) or by virtue of (A(). if by virtue of (A1), then (( is conditional-free and (( is assertible in every context (((, in which case, by the induction hypothesis, p is deniable in every member of (, in which case, by (D1), p is deniable in (. If by virtue of (A(), then p is deniable in ( too.

Finally, the thesis holds for the supreme context ( as well. If (( is assertible in ( by virtue of (A1), then the thesis holds by (D1), since we have already seen that it holds for every member of (. if (( is assertible in ( by virtue of (D(), then the thesis holds.

Secondly, let’s prove (b):
Proof: by induction on the depth of contexts. The right-to-left direction is given by (A() at each step.

Basis: suppose ( is a primitive context. If (( is deniable in (, then by (DC1) it can be so only by either condition (D0) or condition (D() . If by condition (D0), then p is atomic and (((, in which case, by condition (D0), (p is deniable in (. if by condition (A(), then again p is assertible in (.

Induction Hypothesis: if ( is either a primitive context or an n-level multicontext, then the thesis holds for (.

Induction step: Suppose ( is either a 0-level multicontext or an (n+1)-level multicontext, and suppose (( is deniable in (. (( is deniable in ( either by virtue of (D1) or by virtue of (D(). if by virtue of (D1), then (( is conditional-free and (( is deniable in every context (((, in which case, by the induction hypothesis, p is assertible in every member of (, in which case, by (A1), p is assertible in (. If by virtue of (D(), then (p is deniable in ( too.

Finally, the thesis holds for the supreme context ( as well. If (( is deniable in ( by virtue of (D1), then the thesis holds by (A1), since we have already seen that it holds for every member of (. if (( is deniable in ( by virtue of (A(), then the thesis holds.

Theorem3: No sentence is both assertible and deniable in a single context.
Proof: by induction on the complexity of sentences. 

Basis: Suppose p is conditional-free, then the thesis holds by lemma(ii). 

Induction Hypothesis: The thesis holds for q and r.

Induction step:

Case(: ((((. if q is conditional-free, then the thesis holds by lemma(ii). otherwise, use Lemma (iii) and the induction hypothesis. 

Case(((((((((. if q and r are conditional-free, then the thesis holds by lemma (ii). Otherwise, see Case( in the proof of Lemma (i).

Case(((((((((. If q and r are conditional-free, then the thesis holds by lemma (ii). Otherwise, see Case( in the proof of Lemma (i).

Case(((=(((((. Suppose p is both assertible and deniable in context (. since   ((((( is assertible in (, and only (A() certifies the assertibility of conditionals, we know that for all ((((, if q is assertible in (, then r is assertible in (. Since ((((( is deniable in (, and only (D() certifies the deniability of conditionals, there exists a context (((( such that q is assertible in ( and r is deniable in (. Together, these consequences entail that r is both assertible and deniable in (, contrary to the induction hypothesis.

Corollary: (1) not both p and (( are assertible in a single context (primitive or multi-)

         (2) not both p and (( are deniable in a single context (primitive or multi-)

Proof: This is an immediate consequence of Lemma(iii) and Theorem 3.

Theorem 4: if (((((( and ( are both assertible in a context (, then q is assertible in ( as well.  (In other words, ((((((((((((.)

Proof: By induction on the depth of contexts.

Basis: Suppose ( is a primitive context. suppose also that (((((( and p are assertible in (. (((((( can be assertible in ( only by virtue of ((((. So either (( or ( is assertible in (. since p is assertible in (, by the Corollary to Theorem3, it has q.

Induction Hypothesis: If ( is either a primitive context or an n-level multicontext, then the thesis holds for (. 

Induction Step: Suppose ( is either a 0-level multicontext or an (n+1)-level multicontext, suppose also that (((((( and p are assertible in (.

Case1: (((((( is assertible in ( by virtue of (A(). Then (( is assertible in (, or ( is assertible in (. By the Corollary to Theorem 3, q is assertible in (.

Case2: (((((( is assertible in ( by virtue of (A1), which means that p and q are conditional-free. So for all (((, (((((( is assertible in (. Let ( be an arbitrary member of (. By Theorem 1, p is assertible in (. By the induction hypothesis, q is assertible in (. so for all (((, q is assertible in (. So q is assertible in (.

Finally, the thesis holds for the supreme context (. if p and q are conditional-free, this is trivial since no conditional-free sentence is assertible in the supreme context. If either p or q contains conditionals, (((((( is assertible in ( only by virtue of (A(). In that case, the thesis is a consequence of the Corollary to Theorem3.
四、subjunctive language SL

“Subjunctive conditionals differ from indicative conditionals only in that each subjunctive conditional is evaluated with respect to a broader range of prospects than the corresponding indicative conditional would be evaluated with respect to in the same context.”p4.

denumerably many atomic sentence:   (,(, …

The sentential connectives:  ‘(’, ‘(’, ‘(’, ‘(’, ‘((’
1. Define the conditional-free fragment of SL

( is a conditional-free sentence of SL iff either:

1)( is an atomic sentence, or 

2)((((, and ( is a conditional-free sentences of SL, or

3)(((((((, and ( and ( are conditional-free sentences of SL, or 

4）(((((((, and ( and ( are conditional-free sentences of SL, or

2. Define the sentences of SL in terms of the conditional-free sentences of SL

( is a conditional-free sentence of SL iff either:

1）( is a conditional-free sentence of SL, or

2）((((, and ( is a sentence of SL, or

3）(((((((, and ( and ( are sentence of SL, or

4）(((((((, and ( and ( are sentence of SL, or-

5）(((((((, and ( is a conditional-free sentence of SL and ( is a sentence of SL.

6) ((((((((, and ( is a conditional-free sentence of SL and ( is a sentence of SL.

3. structure, chains, and indices

1)  ((,(( is a greater context iff ( and ( are contexts and ((((. In this setting ( is called a structure.

2)  A chain in a structure ( is a largest set ((( such that for all (, (((, either ((( or (((.

3)  A context ( is an index for a sentence ( in a greater context ((,(( iff (((, 

((( (, and there is a (((( such that ( is assertible in ((, (( (so an index for ( need not be a context in which ( is assertible; it may be a context containing a context in which ( is assertible. ) 

4)  A context ( is a least index for a sentence ( in a greater context ((,(( iff  for some chain ( in ( containing ( and (, ( is an index for ( in ((,(( and for all (((, if ( is an index for ( in ((,((, then (((. 

The assertibility and deniability for subjunctive conditionals are relative to greater contexts.

4. The assertibility conditions for each type of sentence in both primitive contexts and multicontexts. in SL

(AS0) if ( is a primitive context and (((, then ( is assertible in ((,((.

(AS1) if ( is conditional-free and ( is a multicontext and for all (((, ( is assertible in ((,((, then ( is assertible in ((,((.

(AS() if ( is deniable in ((,((, then (( is assertible ((,((.

(AS() if ( is assertible in ((,(( or ( is assertible in ((,((, then ((((( is assertible in ((,((.

(AS() if ( is assertible in ((,(( and ( is assertible in ((,((, then ((((( is assertible in ((,((.

(AS() if for every context ((((, if ( is assertible in ((,((, then ( is assertible in((,((, then ((((( is assertible in ((,((.

(AS(() if for every context ( that is a least index for ( in  ((,((, ((((( is assertible in ((,(( , then ((((((is assertible in ((,((.

(ASC1) no other sentence is assertible in ((,((.

5. The deniability conditions for each type of sentence in both primitive contexts and multicontexts.

(DS0) if ( is a primitive context and ((((, then ( is deniable in ((,((.

(DS1) if ( is conditional-free and ( is a multicontext and for all (((, ( is deniable in ((, ((, then ( is deniable in ((,((.

(DS() if ( is assertible in ((,((, then (( is deniable ((,((.     

(DS() if ( is deniable in ((,(( and ( is deniable in ((,((, then ((((( is deniable in ((,((.

(DS() if ( is deniable in ((,(( or ( is deniable in ((,((, then ((((( is deniable in ((,((.

(DS() if there is a context (((( such that ( is assertible in ((,(( and ( is deniable in((,((, then ((((( is deniable in ((,((.

(DS(() if for some context ( that is a least index for ( in ((,((, ((((( is deniable in ((,(( , then ((((((is deniable in ((,((.

(DSC1) no other sentence is deniable in((,((.

Note: in the course of evaluating a sentence at ((,((, we have to see the members ( of (, then the pertinent greater context is ((,((, not ((,((, i.e. every multicontext serves as the structure for its members.

6. Logical relations for SL

1) ( A, (((( iff for all ((((, if every member of A is assertible in ((,((, then ( is assertible in ((,((
(A is a set of sentences, ( is a sentence, and ( is a context, ( A, (( logically implies ( iff for all ((((, if every member of A is assertible in ((,((, then ( is assertible in ((,((.)

2) A(( iff for all multicontexts (((U, ( A, ((((
7. Some examples
1) Let ((((0, (1, (2(
(0(((((((((((((((((((((, and

(1((((((((((((((((((((((((((((((((((((((((, and

(2(((((((((((((((((((((((((((((((((((((((((((((((
Let us make the following observations about ((0(((
.((((( is assertible in ((0(((, because for every context ((((0, A is not assertible in ((,(0(
. (((((( is deniable in ((0(((. (1 is an index for A in ((0((( because A is assertible in ((((((((((((1(. but (0 is not itself an index for A in ((0(((, since there is no context ((((0, such that A is assertible in ((,(0(. So the sole least index for A in ((0((( is (1 . But ((((( is not assertible in ((1(((
. (((((((((( is assertible in ((0(((. ((((( is assertible in ((((((((((2(. so (2 is an index for ((((( in ((0(((. But neither (0 nor (1 is an index for ((((( in ((0(((. so (2 is the sole least index for ((((( in ((0(((.  (((((((((( is assertible in ((2(((. so (((((((((( is assertible in ((0(((
2) let ((((0, (1 (, where

(0 (((1(
(1 (((1, (2, (3(
(1((((((((((((((((((((
(2((((((((((((((((((((
(3((((((((((((((((((((((((((((((
.((((((((((( is assertible in ((0(((, A is assertible in (2 but not in (1. so (1, which is the “smallest” member of ( that contains (2, is the least index for A in ((0(((. so the question is whether ( ((((((((( is assertible in ((1(((. A is not assertible in ((1((1(or in ((3((1(but only in ((2((1(. so the question becomes whether (((((( is assertible in ((2((1(. Notice that (3 is the sole least index for B in ((2((1(. Moreover, (((((is assertible in ((3((1(. so (((((( is indeed assertible in ((2((1(. so ((((((((((( is assertible in  ((0(((
8. Invalidity Results

0) The paradox of material implication I is invalid: ((((((((.
Let ((((0, (1 (, where

(0 ((((((((, and 

(1 (((((((((((((((,((((((
We will show that B is assertible in ((0(((, but (A(B( is not assertible in ((1(((. So (A((B( is deniable in ((0(((
1) The paradox of material implication II is invalid: (((((((((.

Let ((((0, (1 (, where

(0 (((((((((, and 

(1 ((((((((((((((((
We will show that (( is assertible in ((0(((, but (A((B( is not assertible in ((0(((. 

2) Strengthening of the Antecedent I is invalid: (((((((((((((((((
Let ((((0, (1 (, where

(0 (((((((, C((, and 

(1 (((((((, C((((( (,(C((
We will show that (A((C( is assertible in ((0(((, but((A(B(((C( is not assertible in ((0(((.  Since (0((, (((((, C((((0 and A is assertible in(((((((((((0(, (0 is an index for A in ((0(((; indeed, it is the sole least index for A in ((0(((. so since (A(C( is assertible in ((0(((, (A((C( is assertible in ((0(((. To show that ((A(B(((C( is not assertible in ((0(((, we have to show that there is a least index ( for (A(B( in ((0((( such that ((A(B((C( is not assertible in (((((. since (A(B( is assertible in (((((((((((1(, (((((, C((((1 , and (0((1 , and (1(( (, (1 is the sole least index for (A(B( in ((0(((; so it will suffice to show that there is a context (((1 such that (A(B( is assertible in ((((1( but C is not assertible in ((((1(. ((((((((((1 and (A(B( is assertible in (((((((((,(1 (, and C is not assertible in  (((((((((,(1 (
3) Strengthening of the Antecedent II is not valid: ((((r((((((((((((
Let ((((0, (1 (, where

(0 (((((((, C((, and 

(1 (((((((, (C(((((( (,C((
We will show that ((A(B(((C( is assertible in ((0(((, but(A((C( is not assertible in ((0(((.  Since (0((, (((((, C((((0 and (A(B( is assertible in(((((((((((0(, (0 is an index for (A(B( in ((0(((; indeed, it is the sole least index for (A(B( in ((0(((. So since ((A(B((C( is assertible in ((0(((, ((A(B(((C( is assertible in ((0(((. To show that (A((C( is not assertible in ((0(((, we have to show that there is a least index ( for A in ((0((( such that (A((C( is not assertible in (((((. since A is assertible in ((((((, (C(((1(, (((((, (C((((1 , and (0((1 , and (1(( (, (1 is the sole least index for A in ((0(((; so it will suffice to show that there is a context (((1 such that A is assertible in ((((1( but C is not assertible in ((((1(. (((((, (C(((1 and A is assertible in ((((((, (C(,(1 (, and C is not assertible in  ((((((, (C(,(1 (. 

3) Hypothetical Syllogism is not valid: ((((((((((((((((((((((
Let ((((0, (1 (, where

(0 (((((((, C((, and 

(1 (((((((, (C(((((( (,C((
We will show that Both (A((B( and (B((C( are assertible in ((0(((, but(A((C( is not assertible in ((0(((. Since (0((, (((((, C((((0 and B is assertible in(((((((((((0(, (0 is an index for B in ((0(((; indeed, it is the sole least index for B in ((0(((. So since (B(C( is assertible in ((0(((, (B((C( is assertible in ((0(((. Well, (A(B( is vacuously assertible in ((0(((, so it is with (A((B(.To show that (A((C( is not assertible in ((0(((, we have to show that there is a least index ( for A in ((0((( such that (A((C( is not assertible in (((((. since A is assertible in ((((((, (C(((1(,  (((((, (C((((1 , and (0((1 , and (1(( (, (1 is the sole least index for A in ((0(((; so it will suffice to show that there is a context (((1 such that A is assertible in ((((1( but C is not assertible in ((((1(. (((((, (C(((1 and A is assertible in ((((((, (C(,(1 (, and C is not assertible in  ((((((, (C(,(1 (.

4) Contraposition is not valid: (((((((((((((((
Let ((((0, (1 (, where

(0 ((((((((, and 

(1 (((((((((((((((
We will show that (A((B( is assertible in ((0(((, but((((((A( is not assertible in ((0(((. Since (0((, ((((((((0 and A is assertible in((((((((0(, (0 is an index for A in ((0(((; indeed, it is the sole least index for A in ((0(((. So since (A(B( is assertible in ((0(((, (A((B( is assertible in ((0(((. To show that ((((((A( is not assertible in ((0(((, we have to show that there is a least index ( for (( in ((0((( such that ((((((A( is not assertible in (((((. since (( is assertible in (((((((((1(,  (((((((((1 , and (0((1 , and (1(( (, (1 is the sole least index for (( in ((0(((; so it will suffice to show that there is a context (((1 such that (( is assertible in ((((1( but (A is not assertible in ((((1(. ((((((((1 and (( is assertible in (((((((,(1 (, and (A is not assertible in (((((((,(1 (.

5) Disjunctions-to-conditionals is not valid: (((((((((((((
Let ((((0, (1 (, where

(0 (((((((((, and 

(1 ((((((((((((((((
We will show that ((A(B( is assertible in ((0(((, but(A((B( is not assertible in ((0(((. Since (0((, (((((((((0 and B is assertible in(((((((((0(, So ((A(B( is assertible in ((0(((. To show that (A((B( is not assertible in ((0(((, we have to show that there is a least index ( for A in ((0((( such that (A((B( is not assertible in (((((. since A is assertible in (((((((((1(,  (((((((((1 , and (0((1 , and (1(( (, (1 is the sole least index for A in ((0(((; so it will suffice to show that there is a context (((1 such that A is assertible in ((((1( but B is not assertible in ((((1(. ((((((((1 and A is assertible in (((((((,(1 (, and B is not assertible in (((((((,(1 (.

6) Importation is not valid: (((((((((((((((((((((
Let ((((0, (1 (, where

(0 ((((((, C((, and 

(1 (((((((, C((((( (,(C(,((((, C((
We will show that (A(((B ((C( is assertible in ((0(((, but((A(B( ((C( is not assertible in ((0(((. Since (0((, ((((, C((((0 , Both A and B are assertible in((((((((((0(, (0 is an index for A and B in ((0(((; indeed, it is the sole least index for A and B in ((0(((. So since (B(C( is assertible in ((0(((, (B((C( is assertible in ((0(((. So it is with (A( (B ((C( in ((0(((. So (A(((B ((C( is assertible in ((0(((. To show that ((A(B( ((C( is not assertible in ((0(((, we have to show that there is a least index ( for (A(B( in ((0((( such that ((A(B( ((C( is not assertible in (((((. since (A(B( is  assertible in (1 , and (0((1 , and (1(( (, (1 is the sole least index for (A(B( in ((0(((; so it will suffice to show that there is a context (((1 such that A and B are assertible in ((((1( but C is not assertible in ((((1(. ((((, (C(((1 and (A(B( is assertible in (((((,(C(,(1 (, and C is not assertible in (((((, (C(,(1 (.

7) Exportation is invalid: (((((((((((((((((((((
Let ((((0, (1 (, where

(0 ((((((, C((, and 

(1 ((((( (,(C(,((((, C((
We will show that ((A(B( ((C( is assertible in ((0(((, but(A(((B ((C( is not assertible in ((0(((. Since (0((, ((((, C((((0 , (A(B( is assertible in((((((((((0(, (0 is an index for (A(B(  in ((0(((; indeed, it is the sole least index for (A(B( in ((0(((. So since ((A(B( (C( is assertible in ((0(((,  So ((A(B( ((C( is assertible in ((0(((. To show that (A(((B ((C( is not assertible in ((0(((, we have to show that there is a least index ( for A in ((0((( such that (A(((B ((C((is not assertible in (((((. since B is  assertible in (1 , and (0((1 , and (1(( (, (1 is the sole least index for B in ((0(((; but (B (C(is not assertible in (((((,(C(,(1 (. so (B((C( is not assertible in (((((,(C(,(1 (. Although A is assertible in (((((,(C(,(1 (, (A( (B ((C( is not assertible in (((((,(C(,(1 (
9. Validity Results

0) Modus Ponens is valid: ((((((((((((, where q is subjunctive-free(it need not be conditional-free).

Proof: Suppose (((((( and p are assertible in (((((, we have to consider one case:

Case 1: ( is itself an index for ( in (((((. In that case, ( is the sole least index for p in (((((, and so ((((( must be assertible in (((((, which means if p is assertible in (((((, then q is assertible in  (((((. we already have p assertible in  (((((, Since q is subjunctive-free, so we only need to consider  (((((, so q is assertible in  (((((.

(0.1) an instance of Modus Ponens where the consequent contains a subjunctive conditional: 

Let ((((0, (1 (, where

(0 (((( ((, and 

(1 ((((((((,(C((
we can see that (((((((((((and A are both assertible in ((0(((. The least index for A in ((0((( is (0 itself. Well, when we evaluate the consequent of (((((((((((, the pertinent greater context is ((((((0(, where the consequent (((((( is not assertible, Because (1(( (0, B is assertible in ((((,(C((((1(, and C is not assertible in ((((,(C((((1(. So ((((( is not assertible (1. 
1) Subjunctives imply indicatives: ((((((((((((.

Proof: Suppose (((((( is assertible in (((((, we have to consider two cases:

Case 1: ( is itself an index for ( in (((((. In that case, ( is the sole least index for p in (((((, and so ((((( must be assertible in (((((.

Case 2: ( is not an index for ( in (((((. In that case, there is no context ( in ( such that ( is assertible in (((((, so ((((( is vacuously assertible in (((((.

2)Cumulative Hypothetical Syllogism is valid:((((((((((((((((((((((((((.

Proof: we need to show that for an arbitrary multicontext (, ((((((((((((((((((((, (( is logically implies ((((((. So consider (*) an arbitrary (((( such that (((((( and (((((((((( are assertible in (((((, we need to show that (((((( is assertible in (((((.

Case 1: There is no index for p in (((((. in that case, (((((( is vacuously assertible in (((((.

Case 2: There is a least index for p in (((((. we need to show that for an arbitrary least index ( for p in (((((, (((() is assertible in (((((, that is or all(((( , if p is assertible in ((,((, then q is assertible in ((,((. Since by(*)(((((( is assertible in (((((, ((((( is assertible in (((((. so ( is also a least index for (r(() in (((((. so by (*), we know that both ((((( and ((((((((( are assertible in (((((. so for all ((((, if p is assertible in ((,((, then r is assertible in ((,((, and if ((((( is assertible in ((,((, then q is assertible in ((,((, which means that for all ((((, if p is assertible in ((,((, then q is assertible in ((,((. so (((q( is assertible in (((((. so (((((( is assertible in (((((.
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