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ABSTRACT

Graded modalities have been a live topic for modal logicians since 1970s.

By reviewing the previous research results, this paper surveys the meta-theory

of graded modalities, such as Soundness Theorem, Completeness Theorem, Cor-

respondence Theorem, Consistency Theorem, Proper Extension Theorem and

some model-theoretic properties. To be specific, we elaborate the proofs of com-

pleteness of graded modal systems, and discuss some model-theoretic properties

of this sort of logic which include Compactness, Löwenheim-Skolem Property,

Invariance Results, Van Benthem Characterization Theorem and Definability.

We also prove Correspondence Theorem, Consistency Theorem, Proper Exten-

sion Theorem and some model-theoretic results. When we prove the Complete-

ness Theorem of the minimal system Gr(K), by defining an important relation

Rk, we simplify the proof of the related theorem in De Caro [5]. And also, when

we prove the Consistency Theorem, by introducing Deleting Graded Modalities

Method, we reduce the consistency of graded modal logics to the consistency of

the classical propositional logic.

KEY WORDS: modal logic; graded modalities; meta-theory
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1�Ù X Ø

§1.1 ©?��Ü6V¹

/©?��0£Graded modalities¤�c´���U­.©?§(�/`§́

��Ï�­.�ê8©?"'u©?����@ïÄ�±J�� 20­V 70c

�"

L. F. Goble [12] �kÚ\
©?��c Ni£i ∈ N¤§z���cL�ØÓ

�7,5§Ý"~Xúª Nmϕ ∧Nnψ (m > n)§§��*)º´ ϕÚ ψ Ñ´7

,�§�´ ϕ' ψ �7,"É Tarskiêiþc�éu§K. Fine [11]Ú\
¤¢

�êi��cµ♦k (k ∈ N)§ù
��c�xêi�U5"Fine3Ø©�mÞÜ

©Ò`�µIO��Ü6?n·K3�����U­.¥�ý�Vg§ù¦�

·�ég,/�Ä·K3�� k ��U­.¥�ý��¹£Ù¥ k ´?¿�K

�ê¤"��§¦ïá
A�©?��XÚ§¿y²
§����5"

GobleÚ Fine�ó�-u
��1Ü6Æ[�,�"M. Fattorosi-Barnaba!

F. De Caro!C. Cerrato �Ü6Æ[uL
�X�;KØ©§�©?��Ü6�

ïÄ�Ñ
­��z"Fattorosi-Barnaba & De Caro [8] JÑ
 T �©?��ú

nzXÚ T§¿y²
 T ���5!;�5Ú��½5(J"De Caro [5]$^;

��.Eây²
 K0!K40!S50�©?��únzXÚ���5(J§¿­#

y²
 [8] ¥JÑ� T ���5(J"Ó�§De Caro 3 [6] ¥ïá
©?��

¢cÜ6§y²
 K0!K40!S50!T 0 ���*¿�����5½n"Fattorosi-

Barnaba & Cerrato [9] �Ñ
©?��únzXÚ S40§¿�Ñ
 S40 ���

5Ú;�5(J"Cerrato [2] Øy
Ï~�;��.�{Ø·^ué¡5XÚ

KB0!KBD0!KBT 0§?
�Ñ
��;��.£general canonical models¤g

�§¿$^ù�g�y²
�)é¡5XÚ3S�Ì�©?XÚ���5Ú;

�5½n"E. Pacuit [23]KÏLÚ\/;��é£canonical sentences¤0g�§�

Ñ
©?��Ü6f��5½n��«#�y²"

1986 c§W. van der Hoek 3Ú Fattorosi-Barnaba!De Caro �<��6¥§

JÑ
òLÈEâ$^u©?���ïÆ§ù�ïÆ�5� Cerrato æB¿�

±¢�"Cerrato [3] ÄkØy
Ï~�LÈEâØ·^ué¡5XÚ§,�J

Ñ
��LÈ£general filtrations¤Eâ§¿$^ù�Eây²
 K0-S50 � 15
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�Ì�©?��XÚ���½5"Fattorosi-Barnaba & S. Grassotti [10] ïá


1��Ã¡©?��XÚ K0
ω1
§y²
§���5Ú��5§l
¦©?��

�ïÄ?\�Ã¡Ü6�+�"

p�[´ïÄ��Ü6�Ä�Vg"�´§IO���ó�p�[VgØ

�±©?��Ü6��Â"3#�O�*:e§M. de Rijke [24] ½Â
·Üu

©?��Ü6�p�[Vg£{¡/g-p�0¤§�©?��Ü6��.ØïÄ

Jø
óä"Rijke¦^ g-p�ÚÀJ�{­#y²
k¡�.5§¿�Ñ
©

?��Ü63�.�gþ�ØC5Ú�½Â5(J"Rijke �ù�©zs¡©

?��Ü6+��²;��§§I�X©?��Ü63�.Ø�¡�¤ÙÚ�

õ"ê²� [29] KlÄ��.Ø��Ýé*Ü��Ü6?1
&?ÚïÄ"

©?��nØ3@�Ü6!O�Å�ÆÚ<ó�U�+��k2��ïÄ

ÚA^"Hoek & J.-J. Ch. Meyer [16]ò©?��nØA^�@�Ü6¥§é Knϕ

?1
@�)Ö§l
L�Ø(½��£"F. Corradini et al. [4] ½Â
��©

? Hennessy-MilnerúnzXÚ GHML§̂ 5�x]
p�["J. K. Mattila [19]

|^©?��cïá
?»�Ü6£modifier logics¤§¿ÐÚ&?
ùaÜ6�

/ª�Â"A. Montanari et al. [20] $^8ÜØ�{&?
�£L�3©?��

Ü6¥�gÄínÅ�"Hoek & Rijke [17]l2ÂþcnØ!��Ü6Ú�£L

�n��ÝÑu§ïÄ
©?��cÚ�«Vg�ó§¿y²
�AúnzX

Ú���5(JÚE,5(J",	§A. Nenkova [21] ïÄ
©?��Ü63

Vg�ó¥�A^§[18] [22] [25] [26]�©OïÄ
©?��Ü6�L�å�O

�E,5�¯K"

§1.2 �©µe9�'ÎÒ

�©o�©�8Ùµ1�Ù´XØÜ©§§1.1 Vã©?��Ü6�ïÄ{

¤§§1.2 XÚ0��©��µeÚ¤¦^��'ÎÒ¶1�Ù§§2.1 �Ñ©?

����/Ú�Â§§2.20���©?��XÚ§§2.3y²§����5½n¶

1nÙ§ÏL½Â��­�'X Rk§��{z
 De Caro [5] ¥ Gr(K) ��

5½n�y²§¿�Ñ
Ù§�5©?XÚ���5½n§,	�ÐÚïÄ


Rk ��
k��8ÜØ5�¶1oÙ§·�5�	©?��Ü6�éA½n!

��5½nÚ��.½n§§4.1 ÏLy²éA½n§�Ñ��k��(J§=
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©?��Ü6é�AIO��Ü6�*¿==´á3�{��¡þ§§4.2 Ú\

í©?��c�{§ÏL$^�/Ú�Âü«�{5y²©?��XÚ���

5½n§l
�·�c¡éu4���8�A^Jø
Ü{5�â§§4.3 ÏL

y²��.½n§�Ñ©?��Ü6�ý*¿½n§=�©J��Ä�©?�

�XÚ�m�*¿'X¢Sþ´�«ý*¿¶1ÊÙ´©?��Ü6��.

ØÜ©§§5.1 ÏLÚ\©?��Ü6�IO�È§ò©?��Ü6�;�5Ú

Löwenheim-Skolem 5�8����Ü6¥�A5��y²§§5.2 ïÄ©?��

Ü63�.�g�ØC5(J§Äk0�IO��Ü63�.�g�ØC5(

J§,�òù
(J=£�©?��Ü6§§5.3 ÏLÚ\©?p�[£{¡�

/g-p�0¤ù�óä5?Ø©?��Ü6¥� Van Benthem�x½n±9�½

Â5(J"18Ù´(�Ü©§o(
�©¤��ó�§�Ñ
Ù¥��:§¿

JÑ
�
k�ïÄ�¯K"

�©¤¦^�ÎÒ�±©�Ê�aµ��óÎÒ!�{ÎÒ!�ÂÎÒ!8

ÜØÎÒ!Ù§ÎÒ"��óÎÒkµ::=£Ö�/�)0½/d,,�¤0¤§|£Ö�

/½ö0¤§:=£Ö�/½Â�0¤§⇔½ iff£/��=�0¤§⇒£/�ím0¤§⇐£/m

í�0¤§∼£/¿�0¤§&£/¿�0¤¶�{ÎÒkµ¬,∧,∨,→,↔,♦n,�n,♦!n£�g

Ö�/Ä½0§/Ü�0§/Û�0§/%º0§/��0§/�� n��Ï�­.¦� · · ·

¤á0§/�u n��Ï�­.¦� · · ·Ø¤á0§/TÐ n��Ï�­.¦� · · ·

¤á0¤§>£~ýª¤§⊥£~bª¤§∧Φ£úª8 Φ¥¤kúª�Ü�¤§∨Φ£ú

ª8 Φ¥¤kúª�Û�¤§̀£�y½íüÎÒ¤¶�ÂÎÒkµ�£k�½û

íÎÒ¤¶8ÜØÎÒkµ∅£�8¤§∈£áu'X¤§⊆£f8'X¤§⊂£ýf

8'X¤§∩£8Ü��$�¤§∪£8Ü�¿$�¤§℘£�8$�¤§×£k¼È$

�¤§〈, 〉£kS|¤§=£�u'X¤¶Ù§ÎÒkµ∵, ∴£/Ï�§¤±0¤§a£(

åÎ§L«½n!Ún�y²�(å¤"1

1�k�
vk3ùpJ��ÎÒ§�¦^�§��·�¬ÏL�5�/ª�Ñ�A�`²"
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1�Ù XÚ9��5½n

�Ù·�Äk�Ñ©?����/Ú�Â§,�0���©?��XÚ§

¿y²§����5½n"

3�©¥§·�o´^ PV := {p0, · · · , pn, · · ·} L«¤k·KC���ê8

Ü§̂ N := {0, 1, · · · , n, · · ·} L«¤kg,ê�8Ü"

§2.1 /ª�óÚ�Â

½Â2.1.1.£©?���ó¤

©?���ó L ´�8©?��úª ϕ§ϕ ´de�/¤5K���µ

ϕ ::= p | ¬ϕ | (ϕ→ ψ) | ♦nϕ

Ù¥ p ∈ PV, n ∈ N"

±�·�k�ò ϕ ´©?��úªP� ϕ ∈ L"

½Â2.1.2.£ �½Â¤Ù§Ü6ÎÒ�½ÂXeµ

(ϕ ∧ ψ) := ¬(ϕ→ ¬ψ),

(ϕ ∨ ψ) := (¬ϕ→ ψ),

(ϕ↔ ψ) := ((ϕ→ ψ) ∧ (ψ → ϕ)),

♦!nϕ := (♦nϕ ∧ ¬♦n+1ϕ) (n ∈ N),

�nϕ := ¬♦n¬ϕ (n ∈ N),

> := (pn ∨ ¬pn) (n ∈ N),

⊥ := ¬>.

3þã½Â¥§·�Ú\
#�f ♦n (n ∈ N)"5¿ùØ�´���f§


´d�êõ��f ♦0,♦1, · · · ,♦n, · · · �¤�"?� n ∈ N§♦nϕ��*¿g /́ϕ

3�� n��Ï�­.¥¤á0§½Ö�/ϕ3�� n��U¥¤á0"·�rù


�fÚ¡�©?�U�f"�A�§·�r§��éó �n (n ∈ N)Ú¡�©

?7,�f§�nϕ��*¿g /́ϕ3�u n��U¥Ø¤á0¶♦!n (n ∈ N)Ú

¡�©?ð��f§♦!nϕ ��*¿g´/ϕ 3TÐ n ��U¥¤á0"ù
3

e©��Â½Â9ÙíØ¥ò¬�\�Ù"
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ù�§♦0ϕ ��*¿gÒ´/ϕ 3�� 0 ��Ï�­.¥¤á0§��u

>¶♦1ϕ��u ♦ϕ§♦1 ��uIO�U�f ♦"�A�§�0ϕ��u ⊥§�1 �

�uIO7,�f �"�[ [27] Jø
©?�U�fÕá5���y²§Ïd

©?���ó´éIO���ó��«k�*¿"

�½µXØAOJ�§�©¥·�o´¦^�C� p, q, · · ·£k�\eI¤5

L«·KC�§�C� ϕ,ψ, · · ·£k�\eI¤L« L¥�úª§Γ,∆, · · ·£k�

\eI¤L«úª8§�Ò´ L �f8§m,n, · · ·£k�\eI¤L«g,ê"

Ó�§�
�Ñõ{�)Ò§�©¥·��½µúª�	��)Ò�±�

Ñ§¿�é�c�(ÜåUìXe^S�g~fµ¬,♦n(�n,♦!n),∧(∨),→,↔§�

�Óé�c½(Üå�Ó�é�c�Ìm(Ü�K"

e¡·�5£ã©?��Ü6��Â"·�æ^ Kripke�Â§�g�Ñµ

e!�.!�Â½Â±9�÷v!k�!ûí�Vg�½ÂXe"

½Â2.1.3.£µe¤

¡ F = 〈W,R〉 ´µe§XJ

� W ´¤k�U­.�¤�8Ü"W 6= ∅¶

� R ´ W þ���'X§= R ⊆W ×W"R ¡��Ï�'X"�
e©

Lã�B§P R(w) = {w′ ∈W : wRw′}"w′ /∈ R(w) �P� ∼ wRw′"

½Â2.1.4.£�.¤

¡ M = 〈F, V 〉 ´�.§XJ

� F ´�µe¶

� V : PV ×W → {0, 1} ´D�N�"V (p, w) = 1 L« p 3 w ¥�ý"

½Â2.1.5.£�Â½Â¤

� V (p, w) = 1 ⇔ w ∈ σ(p)

� V (¬ϕ,w) = 1 ⇔ V (ϕ,w) = 0

� V (ϕ→ ψ,w) = 1 ⇔ V (ϕ,w) = 0 ½ V (ψ,w) = 1

� V (♦nϕ,w) = 1 ⇔ | {w′ ∈W : w′ ∈ R(w) & V (ϕ,w′) = 1} | > n

`²µσ(p)L«¤k¦� p3Ù¥�ý�­.�¤�8Ü§{¡ p�:8"

Ïd§w ∈ σ(p)¿g´ p3­. w ¥�ý"Ó�§| X |L«8Ü X �Äê"¡

ϕ 3 w :þ�ý½3 w :þ�÷v§XJ V (ϕ,w) = 1"

âþã½Â§·�k
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íØ2.1.6. Ù§Ü6ÎÒ��Âµ

� V (ϕ ∧ ψ,w) = 1 ⇔ V (ϕ,w) = 1 � V (ψ,w) = 1

� V (ϕ ∨ ψ,w) = 1 ⇔ V (ϕ,w) = 1 ½ V (ψ,w) = 1

� V (ϕ↔ ψ,w) = 1 ⇔ (V (ϕ,w) = 1 ⇔ V (ψ,w) = 1)

� V (�nϕ,w) = 1 ⇔ | {w′ ∈W : w′ ∈ R(w) & V (ϕ,w′) = 0} | < n

� V (♦!nϕ,w) = 1 ⇔ | {w′ ∈W : w′ ∈ R(w) & V (ϕ,w′) = 1} | = n

½Â2.1.7.£�÷v!k�!ûí¤

-µe F = 〈W,R〉§�. M = 〈F, V 〉§ϕ ∈ L"¡ ϕ 3 M þ�÷v§XJ

ϕ 3 M �,�:þ�÷v"d�·��¡ ϕ k�."¡ ϕ 3 F þ�÷v§X

J ϕ 3 F �,��.þ�÷v"¡ ϕ 3 M þk�§P� M � ϕ§XJ ϕ 3

M �z�:þÑ�÷v"¡ ϕ 3 F þk�§P� F � ϕ§XJ ϕ 3 F �¤k�

.þÑk�"¡ ϕ 3µea F þk�§P� F � ϕ§XJ ϕ 3 F �¤kµeþ

Ñk�"¡ ϕ k�§P� � ϕ§XJ ϕ 3¤kµeaþÑk�"¡ ϕ ûí ψ §

P� ϕ � ψ§XJ � ϕ→ ψ"ù
½Â��í2�úª8"

§2.2 ©?��XÚ

ù�!0�©?��XÚ"Äk´4�XÚ Gr(K)§§´�¹e�ún�

ª§¿�3e�Ð©5Keµ4���8Üµ

½Â2.2.1. ún�ªÚÐ©5Kµ

Ax.1 ¤k­óª��\A~

Ax.2 ♦nϕ→ ♦mϕ (n > m)

Ax.3 �(ϕ→ ψ)→ (♦nϕ→ ♦nψ) (n ∈ N)

Ax.4 ♦!0(ϕ ∧ ψ)→ ((♦!n1ϕ ∧ ♦!n2ψ)→ ♦!n1+n2(ϕ ∨ ψ)) (n1, n2 ∈ N)

MPµl ϕ Ú ϕ→ ψ íÑ ψ

RNµ ` ϕ ⇒ ` �ϕ

`²µþãún�ª±�{¡�ún"Ù¥§Ax.2-Ax.4 Ñ�©?k'§Ú

¡� Gr(K) ��xún"Ax.2 `²
©?�f�m�rf'X§§�¿g´

/e ϕ��k n��U:§� n > m§K§���k m��U:01¶Ax.3`²

1/ϕ ��U:0́ ��U¥¦� ϕ �ý�:§eÓ"

1 6 �
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©?7,�fÚ©?�U�f�m�'X§§�¿g /́e ϕ%º ψ 3¤k

�U¥Ñ¤á§¿� ϕ��k n��U:§K ψ ���k n��U:0¶Ax.4

`²
©?ð��f�m�'X§§�¿g /́÷vü�Ø�Núª�:�ê

8§TÐ´©O÷vÙ¥z�úª�:�ê8�Ú0"

íü!/ªy²ÚS½n�VgXÏ~½Â§¿^ Th(Λ)L«XÚ Λ�S

½n8"

â [15]§N´y²µ

½n2.2.2. e�Ñ´ Gr(K) �S½nµ

(THM1) ` ♦n+1ϕ→ ♦nϕ

(THM2) ` �(ϕ→ ψ)→ (�nϕ→ �nψ)

(THM3) ` ♦n(ϕ ∧ ψ)→ ♦nϕ ∧ ♦nψ

(THM4) ` ♦!nϕ ∧ ♦!mϕ→ ⊥ (n 6= m)

(THM5) ` �n¬ϕ↔ ♦!0ϕ O ♦!1ϕ O · · · O ♦!n−1ϕ £O L«/Ø�NÛ�0¤

(THM6) ` ¬♦n(ϕ ∨ ψ)→ ¬♦nϕ

(THM7) ` ♦n+m(ϕ ∨ ψ)→ ♦nϕ ∨ ♦m+1ψ

(THM8) ` ♦!nϕ ∧ ♦mϕ→ ⊥ (m > n)

(THM9) ` ♦n(ϕ ∧ ψ) ∧ ♦m(ϕ ∧ ¬ψ)→ ♦n+mϕ

(THM10) ` ♦!0(ϕ ∧ ψ) ∧ ♦nϕ ∧ ♦mψ → ♦n+m(ϕ ∨ ψ)

¿�§́ y Gr(K) �e��Ñ5Kµ

Øä2.2.3.£Gr(K) ��Ñ5K¤ ?� n ∈ N§

� e ` ϕ→ ψ§K ` (♦nϕ→ ♦nψ) ∧ (�nϕ→ �nψ).

� e ` ϕ↔ ψ§K ` (♦nϕ↔ ♦nψ) ∧ (�nϕ↔ �nψ).

�£�d��5K¤e φ ´ ϕ �fúª� ` ψ ↔ φ§K ` ϕ ↔ ϕ[ψ/φ]§Ù¥

ϕ[ψ/φ] ´^ ψ �� ϕ ¥A½� φ ���(J"

� e ` ϕ↔ ψ§K ` ♦!nϕ↔ ♦!nψ.

� ` ♦nϕ↔ ¬�n¬ϕ.

`²µd�·�´�µ�n Ú ♦n ´p�éó�§Ïd·���±r �n �

�Ð©�f§♦n ���½Â�f"

â Ax.1!Ð©5KÚþã (THM2)£- n = 1¤§·����IO��XÚ

K§Ïd K ´ Gr(K) �fXÚ"
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�e50� Gr(K) �*¿XÚ"3e©¥§�
�ßå�§·���^

Gr(Λ)L«IO��XÚ Λ�©?��§̂ ϕ0 L« Gr(Λ)�A�ún"Äk§

�Äe�ún£�ª¤µ

(D0) �ϕ→ ♦ϕ (T 0) ϕ→ ♦ϕ (B0) ϕ→ �♦ϕ

(40) ♦♦nϕ→ ♦nϕ (n ∈ N) (50) ♦nϕ→ �♦nϕ (n ∈ N)

(Ax.5) �(ϕ→ ♦!mϕ)→ ¬♦!nϕ (m,n ∈ N, n
m /∈ N)

(Ax.6) ♦pm(ψ ∧ ♦!mψ ∧ ♦n(ϕ ∧ ♦mψ))→ ♦pnϕ (m,n, p ∈ N, m 6= 0)

,�§½Â Gr(K) ���*¿XÚXeµ

Gr(KD) := Gr(K) +D0 Gr(KT ) := Gr(K) + T 0

Gr(KB) := Gr(K) +B0 Gr(K4) := Gr(K) + 40

Gr(K5) := Gr(K) + 50 Gr(KDB) := Gr(KD) +B0

Gr(KD4) := Gr(KD) + 40 Gr(KD5) := Gr(KD) + 50

Gr(K45) := Gr(K4) + 50 Gr(KD45) := Gr(KD4) + 50

Gr(KTB) := Gr(KT ) +B0 Gr(K4B) := Gr(K4) +B0

Gr(S4) := Gr(KT ) + 40 + (Ax.5) + (Ax.6) Gr(S5) := Gr(KT ) + 50

�±wÑ§±þ½Â���©?��XÚ´�A�IO��XÚ�©?*

¿§·�r§�Ú¡��5©?XÚ"Ù¥§Gr(K), Gr(KD), Gr(KT ), Gr(KTB),

Gr(S4), Gr(S5) Ñ´Ä�XÚ"

3d½Â��5Ú��5�Vg"

½Â2.2.4.£��5Ú��5¤- F ´µea§Λ ´XÚ"

¡ Λ �éu F ´���§XJ?�úª ϕ§e `Λ ϕ§K F � ϕ"

¡ Λ �éu F ´���§XJ?�úª ϕ§e F � ϕ§K `Λ ϕ"

§2.3 ��5½n

ù�!·�y²c¡J����©?��XÚ���5½n"

½n2.3.1.£Gr(K) ���5½n¤

Gr(K) �éu¤kµe�a´���"

y²µg´´y² Gr(K)�z�ún3?¿µeþÑk�§¿� MPÚ RN3

?¿µeþÑ�±k�5"

1 8 �
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?�µe F = 〈W,R〉§w, Ax.13 Fþ´k��§�´y MPÚ RN3 F

þÑ�±k�5"Ïd�Iy Ax.2 - Ax.4 3 F þÑ´k��"

Ax.2�y²µ?� Fþ��.M = 〈W,R, V 〉±9 w ∈W§e V (♦nϕ,w) =

1§K | {w′ ∈ W : w′ ∈ R(w) & V (ϕ,w′) = 1} | > n§
 n > m§Ïdkµ| {w′ ∈

W : w′ ∈ R(w) & V (ϕ,w′) = 1} | > m"∴ V (♦mϕ,w) = 1"

Ax.3 �y²µ?� F þ��. M = 〈W,R, V 〉 ±9 w ∈ W§e V (�(ϕ →

ψ), w) = 1 � V (♦nϕ,w) = 1§K v ∈ R(w) ⇒ V (ϕ → ψ, v) = 1§� | {v ∈ W :

v ∈ R(w) & V (ϕ, v) = 1} | > n"K | {v ∈ W : v ∈ R(w) & V (ψ, v) = 1} | > n"∴

V (♦nψ,w) = 1"

Ax.4 �y²µ?� F þ��. M = 〈W,R, V 〉 ±9 w ∈ W§e V (♦!0(ϕ ∧

ψ), w) = 1� V (♦!n1ϕ∧♦!n2ψ), w) = 1§Kk | {w′ ∈W : w′ ∈ R(w) & V (ϕ∧ψ,w′) =

1} | = 0§| {w′ ∈ W : w′ ∈ R(w) & V (ϕ,w′) = 1} | = n1 ±9 | {w′ ∈ W : w′ ∈

R(w) & V (ψ,w′) = 1} | = n2§K´�µ

| {w′ ∈W : w′ ∈ R(w) & V (ϕ ∨ ψ,w′) = 1} | = n1 + n2 − 0 = n1 + n2

∴ V (♦!n1+n2(ϕ ∨ ψ), w) = 1"l
T½n�y" a

l Gr(K) ���5½n§·�éN´��§�A�Ä�*¿XÚ���

5½n"

½n2.3.2.£Gr(K) �Ä�*¿XÚ���5½n¤

� Gr(KD) �éu±Yµea´���"

� Gr(KT ) �éug�µea´���"

� Gr(KTB) �éug��é¡µea´���"

� Gr(S4) �éug��D4µea´���"

� Gr(S5) �éug��î5µea´���"

y²µ����y²©O�IO��XÚ KD,KT,KTB ��5½n�y²�

Ó§� ¥ Ax.5, Ax.6 k�5�y²ë� Fattorosi-Barnaba et al. [9]§3d�Ñ"

·��y² 40 Ú 50 ©O3?¿g�D4µeÚg�î5µeþk�"

40 �y²µ- F = 〈W,R〉´g�D4µe"?� Fþ��.M = 〈W,R, V 〉

±9 w ∈ W§b� V (♦♦nϕ,w) = 1§�y V (♦nϕ,w) = 1"âb�§kµ�3

v ∈ W§¦� wRv � V (♦nϕ, v) = 1"d�ö§́ � | {u ∈ W : vRu & V (ϕ, u) =

1 9 �
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1} | > n§2â R �D45§��µ| {u ∈ W : wRu & V (ϕ, u) = 1} | > n§=

V (♦nϕ,w) = 1"

50 �y²µ- F = 〈W,R〉´g�î5µe"?� Fþ��.M = 〈W,R, V 〉

±9 w ∈ W§b� V (♦nϕ,w) = 1§�y V (�♦nϕ,w) = 1"âb�§kµ|

{u ∈ W : wRu & V (ϕ, u) = 1} | > n"?� v ∈ W ÷v wRv§â R �î5§́

�µ| {u ∈W : vRu & V (ϕ, u) = 1} | > n§= V (♦nϕ, v) = 1"Ïd V (�♦nϕ,w) = 1"

�dT½n�y" a

¢Sþ§·�®²y²
c¡J�� 15 �©?��XÚ���5½n"
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1nÙ ��5½n

�Ù·�Ì�y²��©?��XÚ���5½n"1�!y²A�­�

ÚnÚ(Ø¶1�!Ú\��­�¼ê§ÏL½Â��­�'X Rk§�Ñ��

�~­��(J§l
{z
 De Caro [5] ¥�A(J�y²L§§,	§�!

�ÐÚïÄ
 Rk ��
k��8ÜØ5�¶1n!Ú\�÷v8x�Vg§y

²
 Gr(K)���5½n§¿�í2�Ù§�5©?XÚ§�Ñ
ù
XÚ�

��5½n"

§3.1 Ún�y²

�
{Bå�§ò¤k4���8�¤�aP� Θ"4���8�½ÂÚ

5�ë�o�Ê [28] ¥�1�Ù§3dØ2Kã"·�k5y²e���5�

(Ø"

Ún3.1.1. - Γ1, · · · ,Γh ∈ Θ (h > 2) �üüØÓ"K�3 ψ1, · · · , ψh ∈ L§¦

�µψi ∈ Γi (1 6 i 6 h) � ` ∧{¬(ψi ∧ ψj) : 1 6 i < j 6 h}"

y²µé h > 2 $^êÆ8B{"

Ä©Ú½µh = 2"âb�§k Γ1 6= Γ2§Ïd7�3 ϕ ∈ L§¦�£ϕ ∈ Γ1

� ϕ /∈ Γ2¤½£ϕ ∈ Γ2 � ϕ /∈ Γ1¤"Ø�� ϕ ∈ Γ1 � ϕ /∈ Γ2"K ¬ϕ ∈ Γ2"-

ψ1 = ϕ§ψ2 = ¬ϕ§K ψi ∈ Γi (1 6 i 6 2) � ` ¬(ψ1 ∧ ψ2)"

8BÚ½µb�(Øé�/ h − 1 (h > 3) ¤á§�y(Øé�/ h �

¤á"â8Bb�§�3 φ1, · · · , φh−1 ∈ L§¦� φi ∈ Γi (1 6 i 6 h − 1) �

` ∧{¬(φi ∧ φj) : 1 6 i < j 6 h − 1}"∵ Γ1, · · · ,Γh−1 üüØÓ�ÑÚ Γh Ø

Ó§∴ �3 ϕ1, · · · , ϕh−1§¦�µϕi /∈ Γi (1 6 i 6 h − 1) � ϕ1, · · · , ϕh−1 ∈ Γh"

= ¬ϕi ∈ Γi (1 6 i 6 h − 1) � ϕ1 ∧ · · · ∧ ϕh−1 ∈ Γh"- ψi = φi ∧ ¬ϕi (1 6 i 6

h− 1)§ψh = ϕ1 ∧ · · · ∧ϕh−1"∴ ψi ∈ Γi (1 6 i 6 h)"q ∵ ` ψi ∧ψj → φi ∧φj (1 6

i < j 6 h− 1)§∴ ` ∧{¬(ψi ∧ ψj) : 1 6 i < j 6 h− 1}"qXJ 1 6 i 6 h− 1§K

` ψi ∧ ψh → ϕi ∧ ¬ϕi§∴ ` ∧{¬(ψi ∧ ψh) : 1 6 i 6 h− 1}"d·KÜ6��£§́

�µ̀ ∧{¬(ψi ∧ ψj) : 1 6 i < j 6 h}" a

1 11 �
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Ún3.1.2. - Γ ∈ Θ"

(a) e n,m ∈ N � ♦!nϕ,♦!mϕ ∈ Γ§K n = m"

(b) ?� ϕ ∈ L§e�·Kk�=k��¤áµ

� ?� n ∈ N§♦n+1ϕ ∈ Γ

� �3��� n ∈ N§¦� ♦!nϕ ∈ Γ"

(c) - n ∈ N"e ` ϕ → ψ � ♦!nψ ∈ Γ§K�3��� m ∈ N§¦� ♦!mϕ ∈ Γ

� m 6 n"

y²µ(a) b� ♦!nϕ,♦!mϕ ∈ Γ§� n 6= m"Kâ THM(4) Ú Γ �4���5§

k ⊥ ∈ Γ§gñ"Ïd (a) ¤á"

(b) â ♦!nϕ �½ÂÚ Γ �4���5§�� �� ØUÓ�¤á"

yy �� ��k�¤á"� � Ø¤á"K�3 n ∈ N§¦� ♦n+1ϕ /∈ Γ§

= E = {n ∈ N|♦n+1ϕ /∈ Γ} 6= ∅"dûS8 N �5�§� E k��ê§Pù�

��ê� m"e m = 0§K ♦1ϕ /∈ Γ§= ♦!0ϕ = ¬♦1ϕ ∈ Γ"e m > 0§d m

�4�5§�µ♦m+1ϕ /∈ Γ � ♦mϕ ∈ Γ"d ♦m+1ϕ /∈ Γ§k ¬♦m+1ϕ ∈ Γ"K

♦mϕ ∧ ¬♦m+1ϕ ∈ Γ§= ♦!mϕ ∈ Γ§ù��y��3 n = m ∈ N§¦� ♦!nϕ ∈ Γ"

â (a)§ù�� n ´���"∴ (b) ¤á"

(c) ky (b) ¥� � Ø¤á"b� � ¤á§Kd ` ϕ → ψ ÚØä 2.2.3

�§k ` ♦n+1ϕ→ ♦n+1ψ"â� ♦n+1ϕ ∈ ΓÚ Γ�4���5§kµ♦n+1ψ ∈ Γ§

gñuK� ♦!nψ ∈ Γ"∴ � Ø¤á"d (b) ��§�3��� m ∈ N§¦�

♦!mϕ ∈ Γ"2y m 6 n"e m > n§K m > 0 � m > n + 1"d ♦!mϕ ∈ Γ§k

♦mϕ ∈ Γ"â Ax.2§♦n+1ϕ ∈ Γ"Xc�y ♦n+1ψ ∈ Γ§gñ"∴ m 6 n"(c) �

y" a

Ún3.1.3. - Γ ∈ Θ"e ` ∧{¬(ϕi∧ϕj) : 0 6 i < j 6 k}� ♦!niϕi ∈ Γ (0 6 i 6 k)§

K ♦!n0+···+nk
(∨{ϕi : 0 6 i 6 k}) ∈ Γ"

y²µâ Γ �4���5§�Iy²µ

(F) e � ` ∧{¬(ϕi ∧ ϕj) : 0 6 i < j 6 k}§

K � ` ∧{♦!niϕi : 0 6 i 6 k} → ♦!n0+···+nk
(∨{ϕi : 0 6 i 6 k})"

é k > 1 $^êÆ8B{"

Ä©Ú½µk = 1"d �§k ` ¬(ϕ0 ∧ ϕ1)"Kke�y²S�µ
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` ¬(ϕ0 ∧ ϕ1)

` �¬(ϕ0 ∧ ϕ1)

` ¬♦(ϕ0 ∧ ϕ1)

` ♦!0(ϕ0 ∧ ϕ1)

` ♦!0(ϕ0 ∧ ϕ1)→ ((♦!n0ϕ0 ∧ ♦!n1ϕ1)→ ♦!n0+n1(ϕ0 ∨ ϕ1))

` (♦!n0ϕ0 ∧ ♦!n1ϕ1)→ ♦!n0+n1(ϕ0 ∨ ϕ1)

8BÚ½µb� (F)é�/ k ¤á§�y (F)é�/ k+ 1�¤á"d���

�

` ∧{¬(ϕi ∧ ϕj) : 0 6 i < j 6 k + 1}

� =� �

` ∧{♦!niϕi : 0 6 i 6 k + 1} → ♦!n0+···+nk+1
(∨{ϕi : 0 6 i 6 k + 1})

� Ò´·��y�ÀÜ"â �§�µ

� ` ∧{¬(ϕi ∧ ϕj) : 0 6 i < j 6 k}

� ` ∧{¬(ϕi ∧ ϕk+1) : 0 6 i 6 k}

â � Ú8Bb�§� �"2â �§�

� ` ∧{♦!niϕi : 0 6 i 6 k + 1} → ♦!n0+···+nk
(∨{ϕi : 0 6 i 6 k}) ∧ ♦!nk+1

ϕk+1

�y �§d �§�Iyµ

� ` ♦!n0+···+nk
(∨{ϕi : 0 6 i 6 k}) ∧ ♦!nk+1

ϕk+1 → ♦!n0+···+nk+1
(∨{ϕi : 0 6

i 6 k + 1})

Ó k = 1 ��¹ y£�Iò k = 1 �y²S�¥� ϕ0, ϕ1, n0, n1 Ñ©OO�

� (∨{ϕi : 0 6 i 6 k}), ϕk+1, n0 + · · ·+ nk, nk+1¤µ

� ` ¬((∨{ϕi : 0 6 i 6 k}) ∧ ϕk+1)


ù�d � Ú

` ∧{¬(ϕi ∧ ϕk+1) : 0 6 i 6 k} ↔ ¬ ∨ {(ϕi ∧ ϕk+1) : 0 6 i 6 k}

` ¬ ∨ {(ϕi ∧ ϕk+1) : 0 6 i 6 k} ↔ ¬((∨{ϕi : 0 6 i 6 k}) ∧ ϕk+1)

´�§�d8B�."∴ (F) ¤á§l
TÚn�y" a

§3.2 'X�Ú\

�
�x©?ù�g�§I�Ú\��­�¼ê"
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½Â3.2.1. - Γ,∆ ∈ Θ§ϕ ∈ L"½Â¼ê fµΘ×Θ→ ω + 1 Xeµ

f(Γ,∆) =

 ω ?� ϕ ∈ ∆, n ∈ N§Ñk ♦n+1ϕ ∈ Γ

min{n ∈ N : ϕ ∈ ∆ & ♦!nϕ ∈ Γ} ÄK"

`²µ

� âÚn 3.1.2(b) Úún8ÜØ��'�£§́ � f ´û½Â�"

� f(Γ,∆) L« Γ£�z�B�¤�Ï��� ∆ �B�ê8"1

� ¼ê f é4���8�­Egê?1
5½§Ïd§34���8�

mïá
,«©?�¡�éX"5¿ f(Γ,∆) Q�±w�´Sê§��±w�

´8Ü"

~f3.2.2. 0 Q�±w�´���Sê 0§��±w�´8Ü ∅¶ω Q�±w�

´���Ã¡Sê§��±w�´8Ü {0, 1, · · · , n, n+ 1, · · ·}"

�
y²��B§�©é Fine [11] ¥¤½Â���­�'X Rk ?1?

U"Rk£k ´?¿g,ê¤½ÂXeµ?� Γ,Γ′ ∈ Θ ±9 ϕ ∈ L§

ΓRkΓ
′ iff (ϕ ∈ Γ′ ⇒ ♦kϕ ∈ Γ)

â Rk �½Â§́ �µΓRkΓ
′ iff (�kϕ ∈ Γ ⇒ ϕ ∈ Γ′)

ΓRkΓ
′ ��*)º´µ/���3 k � Γ′ a�­.£= Γ′ �B�¤§ù
­

.Ñ´l Γ �Ï��"0ù� Rk Úc¡½Â�¼ê f �éX�±^XeÚn

L«µ

Ún3.2.3. ?� Γ,Γ′ ∈ Θ ±9 k ∈ N§ÑkµΓRkΓ
′ iff f(Γ,Γ′) > k"

y²µk = 0 �TÚnw,¤á§�I�Ä k > 1 ��/"

/⇒0µe f(Γ,Γ′) < k§K�3 l < k§¦� f(Γ,Γ′) = l"â f �½Â§kµ�

3 ϕ§ϕ ∈ Γ′ � ♦!lϕ ∈ Γ"â�ö§́ � ♦l+1ϕ /∈ Γ"q k > l + 1§Ïd ♦kϕ /∈ Γ§

gñu ϕ ∈ Γ′ Ú ΓRkΓ
′"

/⇐0µe ΓRkΓ
′Ø¤á§K�3 ϕ§¦� ϕ ∈ Γ′� ♦kϕ /∈ Γ"e f(Γ,Γ′) > k§

�Äü«�/µ

�/ aµf(Γ,Γ′) = ω"â f �½Â!ϕ ∈ Γ′ Ú k − 1 ∈ N§k ♦kϕ ∈ Γ"gñu

1¤¢ Γ �B�§Ò´`Ú Γ äkÓ�ý����@
­.£=4���8¤§�é{`§́ Ú Γ ¦

�Ó���é3Ù¥���Ó�@
­.§�{ü�`§§£�¤Ú Γ y¢
Ó���é"AO/§Γ ´

Γ g����B�§¤±?�­.�B�o´�3�"∆ ��/�aq"
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♦kϕ /∈ Γ"

�/ bµf(Γ,Γ′) = m � m ∈ N"K ♦!mϕ ∈ Γ§lù��±�Ñ ♦mϕ ∈ Γ"2â

m > k§k ♦kϕ ∈ Γ"gñu ♦kϕ /∈ Γ" a

þãÚn�?�ÚL²
 f(Γ,Γ′)��*¿g§= Γ£�z�B�¤¤Ï�

�� Γ′ �B�ê8"P R1 � R§KlþãÚnéN´�Ñµ

íØ3.2.4. ΓRΓ′ iff f(Γ,Γ′) 6= 0"£Ù¥ Γ,Γ′ ∈ Θ¤

e¡·�òLã��Ü6¥��Ù���~­��Ún"

Ún3.2.5. - Γ ∈ Θ§ϕ ∈ L"e ♦ϕ ∈ Γ§K�3 Γ′ ∈ Θ§¦� ΓRΓ′ � ϕ ∈ Γ′"

y²µë� P. Blackburn et al. [1]¥�Ún 4.20"�5¿µ�,·�ùpØ´3

;��.¥é§?1y²§�du Rk ½Â�AÏ5§� ♦1 ��u ♦§¢Sþ

y²Ún¤I��^�Ñ÷v§ÏdTÚn¤á" a

âíØ 3.2.4 ÚÚn 3.2.5§·��±�Ñ���~­��(J§T(J3

�¡ò¬õg�^�µ2

íØ3.2.6. - Γ ∈ Θ§ϕ ∈ L"e ♦ϕ ∈ Γ§K�3 Γ′ ∈ Θ§¦� f(Γ,Γ′) 6= 0 �

ϕ ∈ Γ′"

·���±�Ñ?�Ú�(Ø"'X§þãíØ�_w,´¤á�"¯¢

þ§â Rk (k ∈ N) �½Â§�������(Øµ

íØ3.2.7. - Γ ∈ Θ§ϕ ∈ L"e�3 Γ′ ∈ Θ§¦� f(Γ,Γ′) > k � ϕ ∈ Γ′§K

♦kϕ ∈ Γ"

,	§�â8ÜØ��£§·��±ò ΓRkΓ
′ P� 〈Γ,Γ′〉 ∈ Rk"Ïd§l

Rk �½Â§·����Ñe�k��Únµ⊆ �éu Rk (k ∈ N) Ø´ûÄ�"

Äk§·��ÑXe½Âµ

½Â3.2.8. ¡ ⊆ �éu Rk (k ∈ N) ´ûÄ�§XJØ�3Ã¡S� · · · ⊆ R2 ⊆

R1 ⊆ R0"
2ë� De Caro [5]"3¦�©Ù¥§�
y²íØ 3.2.6§De Caro I�y²ü�­�Ún§¿�éu

3.2.6 �y²�´$^
éá8B{§'�E,¶
·�3�©¥ÏL½Â Rk§��{z
 3.2.6 �y²

L§"
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�e5y²·��(¡§=

Ún3.2.9. �3Ã¡S� · · · ⊆ R2 ⊆ R1 ⊆ R0"

y²µØ���5§·��Iy²µ

£N¤- k, l ∈ N"e k > l§K Rk ⊆ Rl"

?� Γ,Γ′ ∈ Θ§e 〈Γ,Γ′〉 ∈ Rk§= ΓRkΓ
′"�y 〈Γ,Γ′〉 ∈ Rl§=y ΓRlΓ

′"

- ϕ ∈ Γ′§Kd ΓRkΓ
′ Ú Rk (k ∈ N)�½Â§k ♦kϕ ∈ Γ"q k > l§k ♦lϕ ∈ Γ"

2�â Rk (k ∈ N) �½Â§� ΓRlΓ
′"Ïd Rk ⊆ Rl§l
£N¤�y§?
Ún

�y" a

lþãÚn§́ �

Ún3.2.10. (X = {R0, R1, · · · , Rk, · · ·},⊆) (k ∈ N) ´�S8§�Ø´ûS8"

y²µw, ⊆ ´g�!�é¡ÚD4�§q?� Rk, Rl ∈ X§du k, l ∈ N§o

k k > l ½ö k 6 l§l
âþãÚn¥�£N¤§k Rk ⊆ Rl ½ö Rl ⊆ Rk"Ïd

(X,⊆)´�S8"��âþãÚn§́ �µX ��g����f8vk���§

Ïd (X,⊆) Ø´ûS8" a

Fattorosi-Barnaba et al. [8] Ú\
��#��c ♦ω£ω ´��Ã¡Sê¤§

½Â ♦ωϕ := ∧{♦nϕ : n < ω}"3 XJ·�òþã Rk �½Âí2�Ã¡�/§=

½Â

ΓRωΓ′ iff (ϕ ∈ Γ′ ⇒ ♦ωϕ ∈ Γ)

Kéþã�AÚnÚíØ�y²�\?U§·��±ò k ∈ N ��/í2

�Ã¡�/§=

Ún3.2.11. (1) ?� Γ!Γ′ ∈ Θ§kµΓRωΓ′ iff f(Γ,Γ′) > ω"

(2) - Γ ∈ Θ§ϕ ∈ L"e�3 Γ′ ∈ Θ§¦� f(Γ,Γ′) > ω � ϕ ∈ Γ′§K

♦ωϕ ∈ Γ"

(3) ⊆ �éu Rk (k ∈ ω+ 1) Ø´ûÄ�§=�3Ã¡S� Rω ⊆ · · · ⊆ R2 ⊆

R1 ⊆ R0"

(4) ({R0, R1, · · · , Rk, · · · , Rω},⊆) (k ∈ ω+ 1) ´�S8§�Ø´ûS8"Ï�

§���f8 {R0, R1, · · · , Rk, · · ·} (k ∈ N) vk���"

3�
BuLã§·�3dr ♦ωϕ w�Üªúª"
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Fattorosi-Barnaba y²
µ;�5½n�·^uk¡Äê��/§
ØU

í2�Ã¡Äê"�Ò´`§XJò©?��cí2�Ã¡�/§K;�5½

nØ¤á"y²Xeµ�Ä ♦ω§Ù�Â½Â�µ?��. M = 〈W,R, V 〉 ±9

w ∈W§

V (♦ωϕ,w) = 1 ⇔ | {w′ ∈W : w′ ∈ R(w) & V (ϕ,w′) = 1} | > ω. 4

?��êõ�·KC� p, q0, q1, · · ·§½Â φ0 := p∧ q0, φ1 := p∧¬q0 ∧ q1, · · · , φn :=

p ∧ ¬q0 ∧ · · · ∧ ¬qn−1 ∧ qn, · · ·"y3�Ä Ω = {♦φn : n < ω} ∪ {¬♦ωp}"éN´y

²µΩ ´k¡�÷v�§� Ω Ø�÷v"Ïd§;�5½nØ¤á"

§3.3 ½n�y²

ù�!·�5y²c¡J�����5©?XÚ���5½n"Äk5y

²XÚ Gr(K)���5§,��ÑÙ§�5©?XÚ���5"Äk·���

Ñ��­��Vgµ�÷v8x"

½Â3.3.1. �÷v8x

- Γ ∈ Θ"½Â Γ ��÷v8x SF (Γ) Xeµ

SF (Γ) := ∪{{∆} × f(Γ,∆) : ∆ ∈ Θ}

`²µSF (Γ) ��*/ª´äkA½5��k¼È�¿"äN/`§z

�4���8 ∆ �B�Ñ­E
 f(Γ,∆) g§¤k�ù
Ñ|Üå5Ò�¤


 SF (Γ)"duk¼È´kSé�8Ü§¤± SF (Γ) ¥���Ñ´�
/X

〈∆, n〉£n ∈ N¤�kSé§Ù¥ n ∈ f(Γ,∆) ½ö` n < f(Γ,∆)£∵ âún8Ü

Ø��£§Sêþ��u'X�duáu'X¤5§â f �½Â§ù´Ün�"

�
e©Lã�B§·�k�ÿòkSé 〈∆, n〉 {P� ∆"

½n3.3.2. ?� ϕ ∈ L§n ∈ N ±9 Γ ∈ Θ§

♦nϕ ∈ Γ ⇔ | {∆ ∈ SF (Γ) : ϕ ∈ ∆} | > n

4¯¢þ§·��±�Ñ,���d��Â½ÂµV (♦ωϕ,w) = 1⇔?� n < ω§Ñk V (♦nϕ,w) = 1"
5ë� K. J. Devlin [7], pp.22-23"
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y²µn = 0 �T½nw,¤á§�I�Ä n > 1 ��/"

/⇐0µb� | {∆ ∈ SF (Γ) : ϕ ∈ ∆} | > n ¤á§�y² ♦nϕ ∈ Γ"

âb�§�ÄXeü«�/µ

�/ 1µ�3 ∆ ∈ SF (Γ)§¦� ϕ ∈ ∆� f(Γ,∆) > n"â�öÚÚn 3.2.3§

k ΓRn∆"2â Rn �½ÂÚ ϕ ∈ ∆§k ♦nϕ ∈ Γ"

�/ 2 µ?� ∆ ∈ SF (Γ)§e ϕ ∈ ∆§K f(Γ,∆) < n"d�§7�3üüØ

Ó�4���8 ∆1§· · ·§∆h ∈ SF (Γ) (h > 2)§¦� ϕ ∈ ∆i§0 < ni = f(Γ,∆i) <

n (i = 1, · · · , h)§� s = n1 + · · ·+ nh > n"âÚn 3.1.1§�3 ψ1, · · · , ψh ∈ L§¦

� ψi ∈ ∆i (1 6 i 6 h)§� ` ∧{¬(ψi ∧ ψj) : 1 6 i < j 6 h}"- φ1, · · · , φh ∈ L§¦

� φi ∈ ∆i � ♦!niφi ∈ Γ (1 6 i 6 h)"- ξi = ϕ ∧ ψi ∧ φi (1 6 i 6 h)"Äk5¿�

(1) ξi = ϕ ∧ ψi ∧ φi ∈ ∆i (1 6 i 6 h)

Ùg§�Ä� (ξi ∧ ξj)→ (ψi ∧ ψj), ¬(ψi ∧ ψj)→ ¬(ξi ∧ ξj) (1 6 i < j 6 h) Ñ´

­óª§Ïd ∧{¬(ψi ∧ ψj) : 1 6 i < j 6 h} → ∧{¬(ξi ∧ ξj) : 1 6 i < j 6 h} �´

­óª§l
´ Gr(K) �S½n"q ∧{¬(ψi ∧ ψj) : 1 6 i < j 6 h} �´ Gr(K)

�S½n§â MP§k

(2) ` ∧{¬(ξi ∧ ξj) : 1 6 i < j 6 h}

2g§5¿� ` ξi → φi§� ♦!niφi ∈ Γ"âÚn 3.1.2(c)§�3 m 6 ni§¦�

♦!mξi ∈ Γ",��¡§d ♦!mξi ∈ ΓÚ (1)§�� m > f(Γ,∆i) = ni§Ïd m = ni§

l
k

(3) ♦!niξi ∈ Γ (1 6 i 6 h)

y3- χ = ∨{ξi : 1 6 i 6 h}"â (2)(3) ÚÚn 3.1.3§kµ♦!sχ ∈ Γ§∴ ♦sχ ∈ Γ"

Ó�§χ→ ϕ´­óª§Ïd ` χ→ ϕ"âù�ÚØä 2.2.3�§k ` ♦sχ→ ♦sϕ§

?
k ♦sϕ ∈ Γ"q s > n§∴ ♦nϕ ∈ Γ"

/⇒0µb½ ♦nϕ ∈ Γ"K ♦1ϕ ∈ Γ§= ♦ϕ ∈ Γ"âíØ 3.2.6§k

£*¤ �3 ∆ ∈ Θ§¦� ϕ ∈ ∆ � f(Γ,∆) 6= 0"

- S ´÷v£*¤�@
4���8¤|¤�a"e S ´Ã¡�§Kw,k

| {∆ ∈ SF (Γ) : ϕ ∈ ∆} | > n"�I�Ä S k¡��/§=?� ∆ ∈ S§Ñk

0 < f(Γ,∆) < ω"Ø�� S = {∆1, · · · ,∆h} � S ¥���üüØÓ"K ϕ ∈ ∆i

� 0 < ni = f(Γ,∆i) < ω (1 6 i 6 h)"Äkb½ h > 2§�Iy²

s = | {∆ ∈ SF (Γ) : ϕ ∈ ∆} | = n1 + · · ·+ nh > n"

Xc½Â ξi Ú χ§Ón�y ψi, φi, ξi (1 6 i 6 h) Ú χ ÷vc¡� (1)(2)(3)"-
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β = ¬ ∨ {ψi ∧ φi : 1 6 i 6 h}"�Äe�­óªS�µ

(ϕ ∧ ¬β)↔ ϕ ∧ ∨{ψi ∧ φi : 1 6 i 6 h}

(ϕ ∧ ¬β)↔ ∨{ϕ ∧ ψi ∧ φi : 1 6 i 6 h}

(ϕ ∧ ¬β)↔ ∨{ξi : 1 6 i 6 h}

ϕ↔ (ϕ ∧ β) ∨ (ϕ ∧ ¬β)

ϕ↔ (ϕ ∧ β) ∨ χ

Ïd

(4) ` ϕ↔ (ϕ ∧ β) ∨ χ

â·KÜ6��£§́ �µ

(5) ` ¬(ξi ∧ (ϕ ∧ β)) (1 6 i 6 h)

Ó�§·�kµ

(6) ♦!0(ϕ ∧ β) ∈ Γ

eØ,§K ♦1(ϕ ∧ β) ∈ Γ§= ♦(ϕ ∧ β) ∈ Γ"âíØ 3.2.6§�3 ∆ ∈ Θ§¦�

ϕ ∧ β ∈ ∆ � f(Γ,∆) 6= 0"â ϕ ∧ β ∈ ∆§� ϕ ∈ ∆"K ∆ ÷v£*¤§= ∆ ∈ S"

â (1)§k ξi ∈ ∆§Ïd ξi ∧ (ϕ ∧ β) ∈ ∆"qâ (5)§k ¬(ξi ∧ (ϕ ∧ β)) ∈ ∆§gñ

u ∆ ���5"

- γ = χ ∨ (ϕ ∧ β)"w, ¬(χ ∧ (ϕ ∧ β)) ´­óª§Ïd ` ¬(χ ∧ (ϕ ∧ β))"

Ó�5¿� ♦!sχ ∈ Γ ±9 (6)"âù
ÚÚn 3.1.3§k ♦!sγ ∈ Γ"qâ (4)§k

` ϕ↔ γ"âØä 2.2.3�§́ � ♦!sϕ ∈ Γ"e s < n§K s+1 6 n"âb½ ♦nϕ ∈ Γ§

k ♦s+1ϕ ∈ Γ§gñ"Ïd s > n"

EI�Ä h = 1 ��/"3T�/e§ψi (i = 1, · · · , h) Ø�3§φ1 ∈

∆1§♦!n1φ1 ∈ Γ§s = | {∆ ∈ SF (Γ) : ϕ ∈ ∆} | = n1 = f(Γ,∆1)§ϕ ∈ ∆1"Ï

d χ = ξ1 = ϕ ∧ φ1 ∈ ∆1"qk β = ¬φ1§γ = χ ∨ (ϕ ∧ ¬φ1)§́ � γ ↔ ϕ ´­ó

ª§l
 ` γ ↔ ϕ"Óc¡�y§s > n"�dT½ny²�." a

y3·�O�y² Gr(K)���5½n"©üÚµ1�Ú§ïá;��.¶

1�Ú§y²ý�Ún"31�Ú�§·�æ^ Henkin�{§=3 Gr(K)�;

��. MΛ = 〈WΛ, RΛ, V Λ〉¥§éu;�­.8 WΛ ¥�z���·��Ä4

� Λ ��8§6 ¿�§du·���Ä�©?§·�7L�z�4���8�

6·��½§e¤J��XÚ Λ vk�)· ½Ø­�§·�Ï~r/4� Λ ��80{¡�/4�

��80"
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B�¶;�'X RΛ �Ü·�½Â§I��Ä�©?*g¶;�D� V Λ ÷v

ý�Ún¥·KC���/§=/áu��=�3Ù¥�ý0"31�Ú�§y

²µ/áu��=�3Ù¥�ý0ù�á5·^u¤k©?��úª"

k
ù
©Û§·��±½Â Gr(K) �;��.Xeµ

½Â3.3.3.£Gr(K) �;��.¤

¡ MΛ = 〈WΛ, RΛ, V Λ〉 ´ Gr(K) �;��.§XJ

(1) WΛ = {〈Γ, i〉 : Γ ∈ Θ, i < ω}

(2) 〈Γ, i〉RΛ〈∆, j〉 ⇔ j < f(Γ,∆)

(3) V Λ(p, 〈Γ, i〉) = 1 ⇔ p ∈ Γ

lþã½Â§N´y²e¡�(Øµ

íØ3.3.4. 〈Γ, i〉RΛ〈∆, j〉 ⇔ 〈∆, j〉 ∈ SF (Γ)

y²µe 〈Γ, i〉RΛ〈∆, j〉§Kâ RΛ �½Â§k j < f(Γ,∆)§2â�÷v8x�

½Â§� 〈∆, j〉 ∈ SF (Γ)"�L5§e 〈∆, j〉 ∈ SF (Γ)§K j < f(Γ,∆)§â RΛ �

½Â§� 〈Γ, i〉RΛ〈∆, j〉" a

e¡y²ý�Ún§=y²µ

Ún3.3.5.£ý�Ún¤

?� 〈Γ, i〉 ∈WΛ§±9 ϕ ∈ L§Ñk

V Λ(ϕ, 〈Γ, i〉) = 1 ⇔ ϕ ∈ Γ

y²µ�8Bu ϕ �(�"

ϕ = p ∈ PV"â V Λ �½Âw,"

ϕ = ¬ψ ±9 ϕ = ϕ1 → ϕ2 ��/â�Â½Â§4���5Ú8Bb�´

�"

ϕ = ♦nψ"d�§·�kµV Λ(♦nψ, 〈Γ, i〉) = 1 iff | {〈∆, j〉 ∈ WΛ :

〈Γ, i〉RΛ〈∆, j〉 & V Λ(ψ, 〈∆, j〉) = 1} | > n iff | {〈∆, j〉 ∈ WΛ : 〈∆, j〉 ∈

SF (Γ) & ψ ∈ ∆} | > n iff ♦nψ ∈ Γ§�y" a

âc¡�©Û§·��Ñ Gr(K) ���5½n"
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½n3.3.6.£Gr(K) ���5½n¤

Gr(K) �éu¤kµe�a´���"

�e5§·�y²Ù¦©?��XÚ���5½n"Äk·�5y²µ

Ún3.3.7.£ÌÚn¤

- Λ ´?¿©?��XÚ"

(1) e Λ �¹ún D0§K?� Γ ∈ Θ§Ñ�3 ∆ ∈ Θ§¦� f(Γ,∆) 6= 0"

(2) e Λ �¹ún T 0§K?� Γ ∈ Θ§ok f(Γ,Γ) 6= 0"

(3) e Λ�¹ún B0§K?� Γ,∆ ∈ Θ§ok f(Γ,∆) 6= 0 iff f(∆,Γ) 6=

0"

(4) e Λ �¹ún 40§K?� ∆,∆1,∆2 ∈ Θ§ÑkµXJ f(∆1,∆2) 6= 0§

K f(∆1,∆) > f(∆2,∆)"

(5) e Λ �¹ún 50§K?� ∆,∆1,∆2 ∈ Θ§ÑkµXJ f(∆,∆1) 6= 0§K

f(∆1,∆2) > f(∆,∆2)"

y²µ(1) - Γ ∈ Θ"©üÚµ

(i) S = {ϕ : ϕ ∈ L & �ϕ ∈ Γ} ´ Gr(KD) ���µe S Ø��§K�3

ϕ1, · · · , ϕn ∈ L§¦� �ϕ1, · · · ,�ϕn ∈ Γ§� ` ¬(ϕ1 ∧ · · · ∧ ϕn)"��¡§âcö§

´�µ�(ϕ1 ∧ · · · ∧ϕn) ∈ Γ",��¡§â�öÚ RN§k ` �¬(ϕ1 ∧ · · · ∧ϕn)"â

D0§k ` ♦¬(ϕ1 ∧ · · · ∧ ϕn)§= ` ¬�(ϕ1 ∧ · · · ∧ ϕn)§Ïd ¬�(ϕ1 ∧ · · · ∧ ϕn) ∈ Γ§

gñu Γ ���5"

â (i)Ú LindenbaumÚn§S �±*¿� Gr(KD)�4���8 ∆"Ïd

kµ

(ii) ?�úª ϕ ∈ ∆§Ñk ♦!0ϕ /∈ ΓµeØ,§K�3 ϕ ∈ ∆§¦� �¬ϕ ∈ Γ§

?
d S �½Â±9 S ⊆ ∆§� ¬ϕ ∈ ∆§gñu ∆ ���5"

d (ii) Ú f �½Â§k f(Γ,∆) 6= 0"

(2) â T 0§kµϕ ∈ Γ⇒ ♦ϕ ∈ Γ§â Rk (k ∈ N) �½Â§k ΓR1Γ"âíØ

3.2.4§k f(Γ,Γ) 6= 0"

(3) b� f(Γ,∆) 6= 0 �- ϕ ∈ L"KdíØ 3.2.4§k ΓR1∆"e ϕ ∈ Γ§

Kâ B0 ∈ Γ§� �♦ϕ ∈ Γ"d ΓR1∆§�♦ϕ ∈ Γ Ú Rk (k ∈ N) �½Â§��

♦ϕ ∈ ∆§ù�·�y�
 ϕ ∈ Γ ⇒ ♦ϕ ∈ ∆§Ïd ∆R1Γ"2díØ 3.2.4§=�

f(∆,Γ) 6= 0"_��Ón�y"
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(4) b� f(∆2,∆) > h (h 6 ω)"âÚn 3.2.3ÚÚn 3.2.11(1)§k ∆2Rh∆§

=?� ϕ ∈ L§Ñk ϕ ∈ ∆ ⇒ ♦hϕ ∈ ∆2",��¡§e ♦hϕ ∈ ∆2§KâK�

f(∆1,∆2) 6= 0§´� ♦♦hϕ ∈ ∆1§2d 40 ∈ ∆1§k ♦hϕ ∈ ∆1"ù�·�y�


 ϕ ∈ ∆ ⇒ ♦hϕ ∈ ∆1§¤± ∆1Rh∆§= f(∆1,∆) > h"âù�Úb�§7k

f(∆1,∆) > f(∆2,∆)"

(5) b� f(∆,∆2) > h (h 6 ω)"âÚn 3.2.3ÚÚn 3.2.11(1)§k ∆Rh∆2§

=?� ϕ ∈ L§Ñk ϕ ∈ ∆2 ⇒ ♦hϕ ∈ ∆",��¡§e ♦hϕ ∈ ∆§Kâ 50 ∈ ∆§

k �♦hϕ ∈ ∆§âù�ÚK� f(∆,∆1) 6= 0§´� ♦hϕ ∈ ∆1"ù�·�y�


ϕ ∈ ∆2 ⇒ ♦hϕ ∈ ∆1§¤± ∆1Rh∆2§= f(∆1,∆2) > h"âù�Úb�§7k

f(∆1,∆2) > f(∆,∆2)" a

lÌÚn§́ �

íØ3.3.8.£ÌíØ¤

(1) �¹ D0 �ún��5©?XÚ�;�'Xäk±Y5"

(2) �¹ T 0 �ún��5©?XÚ�;�'Xäkg�5"7

(3) �¹ B0 �ún��5©?XÚ�;�'Xäké¡5"

(4) �¹ 40 �ún��5©?XÚ�;�'XäkD45"

(5) �¹ 50 �ún��5©?XÚ�;�'Xäkî5"

lÌíØ��c¡J����©?��XÚ���5§·�ùp�LãÙ

§Ä�XÚ���5§Ùy²L§ë� Fine et al. [2, 5, 8, 9, 11]"

½n3.3.9.£Ù§Ä�XÚ���5½n¤

(1) Gr(KD) �éu±Yµea´���"

(2) Gr(KT ) �éug�µea´���"

(3) Gr(KTB) �éug��é¡µea´���"8

(4) Gr(S4) �éug��D4µea´���"

(5) Gr(S5) �éug��î5µea´���"

7Gr(T ) Ø	§Ï� Gr(T ) �;�'X RGr(T ) Ø�½äkg�5"ÏdI�3 RGr(T ) �Ä:þ­

#½Â��#�g�'X§ë� De Caro [5]"
8Ï~�;��.EâØ·^u¹kún B0 �XÚ§ÏdI�­#½Â��#��.µ��;��

."äN�¹ë� Cerrato [2]"Fine [11] ¥�Ñ
,�«y²�{"
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1oÙ éA½n!��5½nÚý*¿½n

ù�Ù·�5�	©?��Ü6�éA½n!��5½nÚý*¿½n"

�Ù©n!µ§4.1y²éA½n§�Ñ��k��(Jµ©?��Ü6é�AI

O��Ü6�*¿==´á3�{��¡þ¶§4.2 Ú\í©?��c�{§Ï

L$^�/Ú�Âü«�{5y²��5½n§l
�·�c¡éu4���

8�$^Jø
Ü{5�â¶§4.3 ÏLy²��.Ún§�Ñý*¿½n§=

c¡J��Ä�XÚ�m�*¿'X¢Sþ´�«ý*¿"

§4.1 éA½n

·�3c¡J�§©?��XÚ´�AIO��XÚ�©?*¿"
·�

Ñ��§éA½n´IO��Ü6���­�(J"@o§©?��Ü6�é

A½n´Ä�¤áQº�Ò´`§3,
©?��úªÚ��úª�m´Ä�

k,«éA'XQº£�´�½�"̄ ¢þ§·��±����k��(Jµ©

?��Ü6�µe��AIO��Ü6�µe´�Ó�§cöé�ö�*¿=

=´á3�{��¡þ"e¡·�ò�y²ù�:"ÄkI�e�O�ó�"

½Â4.1.1. ¡ P ´ F = 〈W,R〉 ��8µe^�§XJ P ¥�z�^�Ñ�½


 R �,�5�"d�·��¡ F ÷v P"¡�. M ÷v P§XJ§�µe

÷v P"¡µeÚ�.©O� P -µeÚ P -�.§XJTµeÚ�.÷v P"

¡¤k P -µe�a£P -�.�a¤� P -µea£P -�.a¤"

½Â4.1.2.£〈W,R〉 þ�µe5�¤

±Y5µ ∀x∃y (xRy)

g�5µ ∀x (xRx)

é¡5µ ∀xy (xRy → yRx)

D45µ ∀xyz (xRy ∧ yRz → xRz)

î5µ ∀xyz (xRy ∧ xRz → yRz)

½Â4.1.3. - ϕ ∈ L§A ´���é"

¡ ϕ éAu A§XJ?� 〈W,R〉§Ñk 〈W,R〉 � ϕ ��=� 〈W,R〉 � A"
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·���§kún�ª�únXÚ�duk�\5K��ún�ª�ún

XÚ"1 Ïd§�
Lã��B§e¡·�^k�\5K��ún�ª�ún

XÚ5O�c¡�A�kún�ª�únXÚ"XµAx.3 �(ϕ→ ψ)→ (♦nϕ→

♦nψ) (n ∈ N)O�� �(p→ q)→ (♦np→ ♦nq) (n ∈ N)\þ�\5K US"US

�½ÂXeµ

½Â4.1.4. - Gr(Λ) ´?¿©?��XÚ"e `Gr(Λ) ϕ§K `Gr(Λ) ϕ
σ§Ù¥ σ

´l PV � L ��\N�"

e¡·��±?Ø,
©?��úªÚ��úª�m�éA'X§=Í¶

�éA½n"

½n4.1.5.£éA½n¤

(1) D0 éAu±Y5§

(2) T 0 éAug�5§

(3) B0 éAué¡5§

(4) 40 éAuD45§

(5) 50 éAuî5"

y²µdu D0, T 0, B0 ©O�ÓuIO��Ü6¥�ún D,T,B§¤±þã

(1)-(3)�y²�ë���Ü6©z£Xo�Ê [28]§pp.114-115¤§·�­:y²

(4) Ú (5)"Ø�½Â V ′(ϕ) := {w | V (ϕ,w) = 1}"

(4)µ?� 〈W,R〉"=yµ〈W,R〉 � 40 ⇔ 〈W,R〉 � ∀xyz (xRy ∧ yRz → xRz)"

b� 〈W,R〉 2 40"K�3µe 〈W,R〉 þ�D� V§w ∈W ±9 n ∈ N§¦�

� V (♦♦np, w) = 1 �

� V (♦np, w) = 0

â �§�3 v ∈W§¦� wRv �

� V (♦np, v) = 1

â �§kµ| {u ∈ W : vRu & V (p, u) = 1} | > n§= | R(v) ∩ V ′(p) | > n"e

R(v) ⊆ R(w)§K | R(w) ∩ V ′(p) | > | R(v) ∩ V ′(p) | > n§=

| {u ∈W : wRu & V (p, u) = 1} | > n

= V (♦np, w) = 1§gñu �"∴ 〈W,R〉 2 ∀xyz (xRy ∧ yRz → xRz)"

1ù�`{�î�y²�ë�M² [32] ¥ 5.7 !�SN§AO´ 5.7.2 �!"¦+@p==�´é²

;·KÜ6��/?1
y²§�¦¤$^�y²�{�Ó�·^u©?��Ü6"
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b� 〈W,R〉 2 ∀xyz (xRy∧yRz → xRz)"K�3 w, v, u ∈W§¦� wRv, vRu

� ∼ wRu"-D� V£�A� V ′¤÷vµ| R(v)∩V ′(p) | > n� | R(w)∩V ′(p) | < n"

Ï� R(v) * R(w)§¤± V ′£�A� V¤�½Â´Ün�"â | R(v)∩V ′(p) | > n§

k �§2â wRv§k �",��¡§â | R(w) ∩ V ′(p) | < n§k �§Ïd

〈W,R〉 2 40 �¤¦"

(5)µ?� 〈W,R〉"=yµ〈W,R〉 � 50 ⇔ 〈W,R〉 � ∀xyz (xRy ∧ xRz → yRz)"

b� 〈W,R〉 2 50"K�3µe 〈W,R〉 þ�D� V§w ∈W ±9 n ∈ N§¦�

� V (♦np, w) = 1 �

� V (�♦np, w) = 0

â �§kµ| {u ∈ W : wRu & V (p, u) = 1} | > n"= | R(w) ∩ V ′(p) | > n"â �§

�3 v ∈W§¦� wRv �

� V (♦np, v) = 0

e R(w) ⊆ R(v)§K | R(v) ∩ V ′(p) | > | R(w) ∩ V ′(p) | > n§= V (♦np, v) = 1§g

ñu �"∴ 〈W,R〉 2 ∀xyz (xRy ∧ xRz → yRz)"

b� 〈W,R〉 2 ∀xyz (xRy∧xRz → yRz)§K�3 w, v, u ∈W§¦� wRv,wRu

� ∼ vRu"-D� V£�A� V ′¤÷vµ| R(w)∩V ′(p) | > n� | R(v)∩V ′(p) | < n"

Ï� R(w) * R(v)§¤± V ′£�A� V¤�½Â´Ün�"â | R(w)∩V ′(p) | > n§

k�",��¡§â | R(v)∩V ′(p) | < n§k�§2â wRv§k�§Ïd 〈W,R〉 2 50

�¤¦" a

§4.2 ��5½n

5¿�·�c¡!�
4� Λ��8"�´§XJ ΛØ´���XÚ§K

�±y�Ø�34� Λ��8"
ùØ´·�¤���§Ï�·�3 Λ���

5½n�y²¥é²w^�
4� Λ��8ù�­�Vg"Ïd§·�7Ly

² Λ ´���XÚ"�·�(¢y²
XÚ Λ ���5�§·�â�±!Ø

/Λ��80Ú/4� Λ��80§l
�·�c¡éu4���8�$^Jø

Ü{5�â"2 y3·�XÃy²ù�:"Äk�ÑXÚ���½Â"- Λ ´

?¿XÚ"

2ù�:  �©?��Ü6ù�+��Æö�¤�Ñ"ë� De Caro [5] �½n 2§�ö´ù�Lã

�µ/If Λ is a consistent NLGM · · ·0§��y²ù�b�"Ù§©?��Ø©�vkéù�:��y²"
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½Â4.2.1.£Λ ��¤

Λ ´��� ⇔ 0Λ ⊥"

-XÚ Gr(Λ)´c¡J��?¿©?��XÚ"�e5y²XÚ Gr(Λ)�

��5§ùÒ´e¡� Gr(Λ) ��5½n"

½n4.2.2.£Gr(Λ) ���5½n¤

-XÚ Gr(Λ) ´c¡J��?¿©?��XÚ"K Gr(Λ) ´���"

y²µâ��5½n§�µGr(Λ) �éuA½µea£P� F¤´���"K

F � Th(Gr(Λ))"e Gr(Λ) Ø��§K `Gr(Λ) ⊥"Ïd F � ⊥"gñ" a

Ó�§·�æ^�«�/�y²�{µí©?��c�{"ù«�{k:

aqu©z¥�í��{£ë�o�Ê [28]§pp.13-14¤"=µ½Â��í©?�

��f�N�§,�ò Gr(Λ) ���5z8�²;·KÜ6 PC ���5"


PC���5´·�3²;·KÜ6¥®��(Ø"Ø�� L1 ´ PC¤á��

ó"

y²µ48½Â��í©?���f�N� ς : L → L1 Xeµ

ς (p) = p £?� p ∈ PV¤

ς (¬ϕ) = ¬ ς (ϕ)

ς (ϕ→ ψ) = ς (ϕ)→ ς (ψ)

ς (♦nϕ) = ς (ϕ) £?� n ∈ N¤

lþã ς �½Â§N´��µ

ς (ϕ ∧ ψ) = ς (ϕ) ∧ ς (ψ)

ς (ϕ ∨ ψ) = ς (ϕ) ∨ ς (ψ)

ς (ϕ↔ ψ) = ς (ϕ)↔ ς (ψ)

ς (�nϕ) = ς (ϕ)

ς (♦!nϕ) = ⊥

Å�u�ún Ax.1-Ax.6!D0!T 0!B0!40!50 ±95K MP!RN§́ yµ

£♣¤?� ϕ ∈ L§e `Gr(Λ) ϕ§K `PC ς(ϕ)"

b� Gr(Λ)Ø��§= `Gr(Λ) ⊥§Kâ£♣¤§k `PC ⊥§� PC���5g

ñ§Ïd Gr(Λ) ´���"l
 Gr(Λ) ���5½n�y" a
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§4.3 ý*¿½n

â��©?��XÚ���5½nÚ��5½n§·�N´��©?��

XÚ�m��^*¿óµ

Gr(K) ⊆ Gr(KD) ⊆ Gr(KT )

 ⊆ Gr(S4)

⊆ Gr(KTB)

 ⊆ Gr(S5)

y3·��y²�´µù^*¿ó¢Sþ´ý*¿ó"Ùy²�'�Ò3u�

�.½n"�
y²ù�­�½n§Äk·�7L�Ñ��.�½Â"

½Â4.3.1.£��.¤ - Λ ´©?��XÚ§ϕ ∈ L"

¡ M ´ ϕ � Λ ��.§XJ M ´ Λ ��.§¿� M ´ ϕ ���.§=

M � Th(Λ) � M 2 ϕ"

5¿·�3c�!®²y²
�©¤J9���©?��XÚ���5½

n§Ïd Λ 7k�."

Ún4.3.2.£��.Ún¤

e�3 ϕ � Λ ��.§K ϕ /∈ Th(Λ)"

y²µb��3 ϕ� Λ��.§PT�.�M"â��.½Â§kM � Th(Λ)

� M 2 ϕ"e ϕ ∈ Th(Λ)§K M � ϕ§gñu M 2 ϕ§Ïd ϕ /∈ Th(Λ)" a

e¡·�5Lã¿y²��.½n"

½n4.3.3.£��.½n¤

(1) �3ún D0 � Gr(K) ��."

(2) �3ún T 0 � Gr(KD) ��."

(3) �3ún B0 � Gr(KT ) ��."

(4) �3ún 40 � Gr(KT ) ��."

(5) �3ún 50 � Gr(S4) ��."

(6) �3ún 50 � Gr(KTB) ��."

y²µ (1)-(3) �y²�ë�o�Ê [28]§p.131§3dØ2Kã"·�òy²�

­:�3 (4)-(6)"
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(4) ïá��g���D4��. M1 = 〈W,R, V 〉 Xeµ

w	¬p −→ v	¬p −→ u	ip (i = 0, · · · , n− 1)

K?� 0 6 i 6 n− 1§Ñk wRv � vRui � ∼ wRui§∴ w Ø´D4:"Ïd R

Ø÷vD45§�éN´wÑ R ´g��"∴ M1 ´�� Gr(KT ) �."

,��¡§·�´� σ(p) = {u0, · · · , un−1} ±9 vRu0, · · · , vRun−1§Ïd

·�k | {u : vRu & V (p, u) = 1} | > n§= V (♦np, v) = 1"â wRv§k �

V (♦♦np, w) = 1"qdu R(w) = {w, v}§V (p, w) = 0 � V (p, v) = 0§∴ | {u :

wRu & V (p, u) = 1} | = 0 6 n− 1 < n§= � V (♦np, w) = 0"

â�Ú�§kµV (♦♦np→ ♦np, w) = 0§∴ M1 2 40"â��.½Â§M1 ´

40 � Gr(KT ) ��."

(5) �ï��g�D4��î5��. M2 = 〈W,R, V 〉 Xeµ

v	¬p ←− w	¬p −→ u	ip (i = 0, · · · , n− 1)

K?� 0 6 i 6 n− 1§k wRv � wRui � ∼ vRui§∴ w Ø´î5:"Ïd R Ø

÷vî5"�éN´wÑ R ´g��D4�"∴ M2 ´ Gr(S4) �."

,��¡§·�´� σ(p) = {u0, · · · , un−1}±9 wRu0, · · · , wRun−1§Ïd·

�k | {u : wRu & V (p, u) = 1} | > n§= � V (♦np, w) = 1"qdu R(v) = {v}

� V (p, v) = 0§∴ | {u : vRu & V (p, u) = 1} | = 0 6 n − 1 < n§= V (♦np, v) = 0"

â wRv§k � V (�♦np, w) = 0"

â�Ú�§k V (♦np→ �♦np, w) = 0§∴ M2 2 50"â��.½Â§M2 ´

50 � Gr(S4) ��."

(6) �ï��g�é¡��î5��. M3 = 〈W,R, V 〉 Xeµ

v	¬p ←→ w	¬p ←→ u	ip (i = 0, · · · , n− 1)

K?� 0 6 i 6 n− 1§k wRv � wRui � ∼ vRui§∴ w Ø´î5:"Ïd RØ

÷vî5"�éN´wÑ R ´g��é¡�"∴ M3 ´ Gr(KTB) �."

,��¡§·�´� σ(p) = {u0, · · · , un−1}±9 wRu0, · · · , wRun−1§K | {u :

wRu & V (p, u) = 1} | > n§= � V (♦np, w) = 1"q R(v) = {w, v}§V (p, w) = 0

� V (p, v) = 0§∴ | {u : vRu & V (p, u) = 1} | = 0 6 n − 1 < n§= V (♦np, v) = 0"

â wRv§k � V (�♦np, w) = 0"
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â �Ú �§k V (♦np→ �♦np, w) = 0§∴ M3 2 50"â��.½Â§M3 ´

50 � Gr(KTB) ��."

�d��.½n�y" a

Ón§·��±ÏLaq��{y²µ�3ún 40 � Gr(KTB) ��.§

±9�3ún B0 � Gr(S4) ��.§ÏdXÚ Gr(S4) Ú Gr(KTB) �m´p

�Õá�"3

l��.½nÚ��.Ún´�§3�!mÞJ��*¿ó¢Sþ´�«

ý*¿ó§=XeXÚé�m�3�«ý�¹'X"

½n4.3.4.£ý*¿½n¤

(1) Gr(K) ⊂ Gr(KD)

(2) Gr(KD) ⊂ Gr(KT )

(3) Gr(KT ) ⊂ Gr(KTB)

(4) Gr(KT ) ⊂ Gr(S4)

(5) Gr(S4) ⊂ Gr(S5)

(6) Gr(KTB) ⊂ Gr(S5)

3¤¢/ü�XÚ�mp�Õá0§´�ü�XÚ�mØ�3?Û�¹'X"
�XÚ Gr(K) Ú

Gr(KD) �mdu�3�¹'X Gr(K) ⊆ Gr(KD)§¤±§��mØ´p�Õá�"
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1ÊÙ �.Ø5�

ù�Ù·�5?Ø©?��Ü6��.Ø5�§�);�5!Löwenheim-

Skolem5�!ØC5(J!p�[�"§5.1ÏLÚ\©?��Ü6�IO�È§

ò©?��Ü6�;�5Ú Löwenheim-Skolem 5�8����Ü6¥�'5

��y²"§5.2 ïÄ©?��Ü63�.�g�ØC5(J"Äk0�IO�

�Ü63�.�g�ØC5(J§,�òù
(J=£�©?��Ü6"§5.3

ÏLÚ\©?p�[£{¡�/g-p�0¤ù�óä5?Ø©?��Ü6¥�

Van Benthem�x½n±9�½Â5(J"�Ù�Ì�ë�©zk Blackburn et

al. [1]§de Rijke [24]§ê²� [29]¶��Ü6��.Ø5��ë�?Û���9

���.Ø��á§X A. G. Hamilton [14]§!E, [30]§=² [31]"

§5.1 IO�È

c¡·�3?Ø©?��Ü6��Â�§·��©?�U�f ♦n ��Â

½Â£�½Â 2.1.5�¤́ µ

V (♦nϕ,w) = 1 ⇔ | {w′ ∈W : w′ ∈ R(w) & V (ϕ,w′) = 1} | > n

�
�Ù�8�§·�3½Â 2.1.5 �Ä:þ½Â�÷v'X 
 Xeµ

M, w 
 ϕ iff V (ϕ,w) = 1 £Ù¥ M = 〈W,R, V 〉§w ∈W§ϕ ∈ L¤

Ïd§éu©?�U�f ♦n ��Â§·��±æ^Xe�d�½Â£·�¡�

�/♦n ��Â½Â 20¤µ

M, w 
 ♦nϕ iff ∃v1 · · · vn(
∧

16i 6=j6n
(vi 6= vj) ∧

∧
16i6n

(wRvi ∧M, vi 
 ϕ))

½Â5.1.1. - L1 ��ê��c����ó§ML ´IO���ó"·��±

½Â��N� STx :ML→ L1 Xeµ1

?� p ∈ PV§STx(p) = Px

STx(¬ϕ) = ¬STx(ϕ)

STx(ϕ→ ψ) = STx(ϕ)→ STx(ψ)

STx(♦ϕ) = ∃y(xRy ∧ STy(ϕ))

1k
©z¡ STx �/IO�È0§ë� Blackburn et al. [1] ½Â 2.45"
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â½Â 5.1.1Ú��Ü6��£§·��±y²§IO���ó���c�

���ó3�.�gþke�ÛÜéA(Jµ

½n5.1.2. ?�IO��úª ϕ§�.M = 〈W,R, V 〉±9 W þ�: w§Ñkµ

M, w 
 ϕ iff M � STx(ϕ)[w]

â½n 5.1.2§·��±ò��Ü6��
­���.Ø5�§X;�5Ú

Löwenheim-Skolem5�=£�IO��Ü6§3d·��LãIO��Ü6�

ù
5�§Ùy²aqu�¡'u©?��Ü6�A5��y²"

½n5.1.3.£IO��Ü6�;�5½nÚ Löwenheim-Skolem ½n¤

(1) £;�5½n¤- Σ ´?¿IO��úª8"XJ Σ �z�k¡f8

Ñ´�÷v�§@o Σ ���´�÷v�¶

(2) £Löwenheim-Skolem ½n¤- Σ ´?¿IO��úª8"XJ Σ k�

.§@o Σ k�ê�.§= Σ k�Ø���ê8Ü��."

¢Sþ§·�Ó��±ò��Ü6�;�5Ú Löwenheim-Skolem5�=£

�©?��Ü6"Äk§l ♦n ��Â½Â 2§·�éN´òIO���ó�I

O�Èí2�©?���ó§=

½Â5.1.4.£©?���ó�IO�È¤- L1 ��ê��c����ó"½Â

©?���ó L �IO�È GSTx : L → L1 Xeµ

?� p ∈ PV§GSTx(p) = Px

GSTx(¬ϕ) = ¬GSTx(ϕ)

GSTx(ϕ→ ψ) = GSTx(ϕ)→ GSTx(ψ)

GSTx(♦nϕ) =

∃y1 · · · yn(
∧

16i 6=j6n
(yi 6= yj) ∧

∧
16i6n

(xRyi ∧GSTyi(ϕ)))

Ó�éN´y²§©?���óÚ��c����ó3�.�gþke�

ÛÜéA(Jµ

½n5.1.5. ?�©?��úª ϕ§�.M = 〈W,R, V 〉±9 W þ�: w§Ñkµ

M, w 
 ϕ iff M � GSTx(ϕ)[w]
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y²µ�8Bu ϕ �(�"

(i) ϕ = p ∈ PV§d� GSTx(ϕ) = Px"

KkµM � GSTx(ϕ)[w]

iff M � GSTx(p)[w]

iff M � Px[w]

iff w ∈ σ(p)£∵ P 3 M ¥�)º´ σ(p)¤

iff M, w 
 p

iff M, w 
 ϕ"

(ii) ϕ = ¬φ Ú (iii) ϕ = ϕ1 → ϕ2 ��/â½Â 5.1.4§�Â½Â£�½Â

2.1.5¤§�÷v'X 
 �½ÂÚ8Bb�´�"

(iv) ϕ = ♦nφ§d�

GSTx(ϕ) = ∃y1 · · · yn(
∧

16i 6=j6n(yi 6= yj) ∧
∧

16i6n(xRyi ∧GSTyi(φ)))"Kkµ

M � GSTx(ϕ)[w]

iff ∃y1 · · · yn(
∧

16i 6=j6n(yi 6= yj) ∧M �
∧

16i6n(xRyi ∧GSTyi(φ))[w])

iff ∃v1 · · · vn(
∧

16i 6=j6n(vi 6= vj)∧
∧

16i6nwRvi∧M �
∧

16i6nGSTyi(φ)[vi])£∵

'XÎ R 3 M ¥�)º´��'X R¤

iff ∃v1 · · · vn(
∧

16i 6=j6n(vi 6= vj) ∧
∧

16i6nwRvi ∧
∧

16i6nM, vi 
 φ)£d8B

b�¤

iff M, w 
 ♦nφ

iff M, w 
 ϕ§�¤¦" a

âþã½n§·��±ò��Ü6�;�5Ú Löwenheim-Skolem5�=£

�©?��Ü6§=

½n5.1.6.£©?��Ü6�;�5½nÚ Löwenheim-Skolem ½n¤

(1) £;�5½n¤- Σ ´?¿©?��úª8"XJ Σ �z�k¡f8

Ñ´�÷v�§@o Σ ���´�÷v�¶

(2) £Löwenheim-Skolem ½n¤- Σ ´?¿©?��úª8"XJ Σ k�

.§@o Σ k�ê�.§= Σ k�Ø���ê8Ü��."

y²µ(1)�y²Xeµb�©?��úª8 Σ�z�k¡f8Ñ´�÷v�§

�Ä8Ü S = {GSTx(ϕ) | ϕ ∈ Σ}"âb� Σ�z�k¡f8Ñ´�÷v�±9

½n 5.1.5§��µS �z�k¡f8�Ñ´�÷v�"5¿� S ´����ú
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ª8§Ïdâ��Ü6�;�5§S ���÷v"2�â½n 5.1.5§́ � Σ �

��÷v"

(2) �y²Xeµb�©?��úª8 Σ k�.§=�3�. M ±9 M

¥�: w§¦� M, w 
 Σ"Ó��Ä8Ü S = {GSTx(ϕ) | ϕ ∈ Σ}"5¿� S ´

����úª8"â½n 5.1.5§́ �µM � S[w]§= S k�."â��Ü6�

Löwenheim-Skolem 5�§S k�ê�.§=�3�ê�. N ±9 N ¥�: v§

¦� N � S[v]"2�â½n 5.1.5§k N, v 
 Σ§= Σ k�ê�." a

§5.2 ØC5(J

�!·�ïÄ©?��Ü63�.�g�ØC5(J"·�Äk0�IO

��Ü63�.�g�ØC5(J§,�òù
(J=£�©?��Ü6"Ä

k½ÂIO��Ü6¥�.�E�n«�{µØ�¿!)¤f�.Úk.��§

¿Lã�.�gþ�g�ØC5(J§Ùy²ë� Blackburn et al. [1]�1�Ù

£·K 2.3, 2.6, 2.14¤"

½Â5.2.1.£Ø�¿¤

¡ü��.´Ø��§XJ§��Ø�£=�U­.8¤vkú���"-

Mi = 〈Wi, Ri, Vi〉(i ∈ I) ´üüØ���."Kù
�.�Ø�¿� ]i∈IMi =

〈W,R, V 〉§Ù¥ W = ∪i∈IWi§R = ∪i∈IRi§� V ÷vµ?� p ∈ PV§Ñk

V (p) = ∪i∈IVi(p)"

�âØ�¿�½Â§·�kXeØC5(Jµ

½n5.2.2. IO��úª3Ø�¿eØC§=µ- Mi(i ∈ I) Ú ]i∈IMi Xþ½

Â"K?�IO��úª ϕ ±9 w ∈Wi§k Mi, w 
 ϕ iff ]i∈I Mi, w 
 ϕ"

½Â5.2.3.£)¤f�.¤

- M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉 ´ü��."¡ M′ ´ M �)¤f

�.£P�M′�M¤§XJ W ′ ⊆W§R′ = R∩(W ′×W ′)§?� p ∈ PV§V ′(p) =

V (p)∩W ′ ±9 W ′ 3k¡� R ÚSµ4£=e w ∈W ′ � wRv§K v ∈W ′¤"2

2ùp�/k¡ R Ú0£
Ø /́R Ú0¤́ ��î��`{§nd´µ,�úª3,:�����§

�fúª3T:½ R �U���k'§
§�fúª�kk¡õ�§ÏdTúª3,:�����k¡

ÚÏ��:£=g�ÚT:� R �U§ù
�U� R �U§ù
�U� R �U� R �U§��§�=

T: 0 Ú!1 Ú!2 Ú!3 Ú�k¡ÄêÚÏ��@
:¤k'"ë� R. Goldblatt [13], p.10"
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�â)¤f�.�½Â§·�kXeØC5(Jµ

½n5.2.4. IO��úª3)¤f�.eØC"=µ- M Ú M′ Xþ½Â"K

?�IO��úª ϕ ±9 w ∈W ′§k M, w 
 ϕ iff M′, w 
 ϕ"

½Â5.2.5.£k.��¤

- M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉 ´ü��."¡N� f : M→M′ ´

k.��§XJ (i) ?� p ∈ PV§M, w 
 p iff M′, f(w) 
 p¶(ii) e wRv§K

f(w)R′f(v)¶(iii) e f(w)R′v′§K�3 v ∈W§¦� wRv � f(v) = v′"

Ó�§�âk.���½Â§·�kXeØC5(Jµ

½n5.2.6. IO��úª3k.��eØC"=µ- f ´�. M��. M′ �

k.��§K?�IO��úª ϕ±9 w ∈W§kM, w 
 ϕ iff M′, f(w) 
 ϕ"

e¡·�m©òþãIO��Ü6¥�.�E��{ÚØC5(J=£�

©?��Ü6"Äk�	Ø�¿Ú)¤f�."·��±éN´��§Ø�¿

Ú)¤f�.ÑØUC��.¥�U­.�m��Ï�'X§Ó�§du)¤

f�.�Ø�3�5�'Xe´k¡Úµ4�§
Ø�¿�?¿�¤Ü©Ñ´

Ø�¿�)¤f�.§·��Ä�©?��Ü6q´3k¡Äê£=�Ï�­

.8�Äê´k¡�¤���S§ÏdIO��Ü6�ù
�.�EgÄ·Ü

©?��Ü6"�
��Ù�w�ù�:§·�±)¤f�.�~§5y²©

?��úª3)¤f�.eØC§=e�ØC5(Jµ

½n5.2.7. ©?��úª3)¤f�.eØC"=µ-M′ = 〈W ′, R′, V ′〉�M =

〈W,R, V 〉"K?�©?��úª ϕ ±9 w ∈W ′§k M, w 
 ϕ iff M′, w 
 ϕ"

y²µ�8Bu ϕ �(�"�I�Ä©?�U�f��/§= ϕ = ♦nφ"kb

� M′, w 
 ♦nφ§= ∃v1 · · · vn ∈ W ′(
∧

16i 6=j6n(vi 6= vj) ∧
∧

16i6n(wR′vi ∧M′, vi 


φ))£� ♦n ��Â½Â 2¤§â)¤f�.�½ÂÚ8Bb�§́ �µ∃v1 · · · vn ∈

W (
∧

16i 6=j6n(vi 6= vj) ∧
∧

16i6n(wRvi ∧M, vi 
 φ))§= M, w 
 ♦nφ"��§b�

M, w 
 ♦nφ§= ∃v1 · · · vn ∈W (
∧

16i 6=j6n(vi 6= vj)∧
∧

16i6n(wRvi ∧M, vi 
 φ))§â

w ∈W ′Ú W ′ 3k¡� RÚSµ4§k v1, · · · , vn ∈W ′§Ïd?� 1 6 i 6 n§Ñ

k wR′vi"â v1, · · · , vn ∈W ′ Ú8Bb�§?� 1 6 i 6 n§ÑkM′, vi 
 φ§�n

¤��(J§= ∃v1 · · · vn ∈ W ′(
∧

16i 6=j6n(vi 6= vj) ∧
∧

16i6n(wR′vi ∧M′, vi 
 φ))§

Ïd M′, w 
 ♦nφ§�¤¦" a
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�e5�	k.��"eã~f`²
IO��Ü6�k.��Vg¿Ø

�±©?��úª��Â"

~f5.2.8. �Ä�. M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉§Ù¥

(1) W = {w, v1, v2}, R = {〈w, v1〉, 〈w, v2〉}, V (p) = {v1, v2},

(2) W ′ = {w′, v′}, R′ = {〈w′, v′〉}, V ′(p) = {v′}.

y3§½ÂN� f : W →W ′ Xeµ

f(x) =

 w′, x = w§

v′, x = vi§Ù¥ i ∈ {1, 2}"

´y¤½Â� f ´ M � M′ �k.��"�,��¡§é²w M, w 
 ♦2p �

M′, w′ 1 ♦2p"

Ïd§·�I�½Â·Üu©?��Ü6�k.��Vg§·�¡��/©

?k.��0§{¡�/g-k.��0"ÏL©Û~f 5.2.8§·��±uy§©?

��úª ♦2p��Â3k.�� f e�¤±Ø��±§'�3u w Ú w′ ùü

�:�Ï�­.�ê8Ø��"Äuù��Ä§·�½Â/g-k.��0Xe"

Äk§�
½ÂÚy²��B§·�I��Ñ�
Eâ5�P{µe w ´

�U­.§X ´�U­.8§R´�Ï�'X§·�^ wRallX L«?� x ∈ X§

Ñk wRx¶e ϕ´úª§X ´�U­.8§X ¤3��.´M§·�^ X 
 ϕ

L«?� x ∈ X§Ñk M, x 
 ϕ£{P�µx 
 ϕ¤"e¡·�5½Â/g-k.�

�0"

½Â5.2.9.£g-k.��¤£ë�ê²� [29]¤

- M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉 ´ü��."¡N� f : M→M′ ´

g-k.��§XJe�^�¤áµ

(i) XJ f({w}) = {w′}§K?� p ∈ PV§M, w 
 p iff M′, f(w) 
 p¶

(ii) XJ f(X) = Y§K |X| = |Y |¶

(iii) XJ wRallX§K w′R′allf(X)§Ù¥ w′ ∈ f({w})¶

(iv) XJ w′R′allY � f({w}) = {w′}§K�3 X ⊆fin W§3 ¦� f(X) = Y

� wRallX¶

(v) XJ f(X) = Y§K?� x ∈ X§Ñ�3 y ∈ Y§¦� f({x}) = {y}¶¿

�?� y ∈ Y§Ñ�3 x ∈ X§¦� f({x}) = {y}"
3ù�P{5g Blackburn et al. [1] ¥ p.180 �½n 3.19 �y²§§L« X ´ W �k¡f8"
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d g-k.���½Â§·�kXeØC5(Jµ

½n5.2.10. ©?��úª3 g-k.��eØC"=µ- f ´�.M = 〈W,R, V 〉

��. M′ = 〈W ′, R′, V ′〉 � g-k.��¦� f({w}) = {w′}§K?�©?��ú

ª ϕ§Ñk M, w 
 ϕ iff M′, w′ 
 ϕ"

y²µb� f ´ M � M′ � g-k.��¦� f({w}) = {w′}"�8Bu ϕ �(

�"

ϕ = p ∈ PV"âb�Ú½Â 5.2.9(i) w,"

ϕ = ¬φ Ú ϕ = ϕ1 → ϕ2 ��/â�Â½Â£�½Â 2.1.5¤§�÷v'X 


�½ÂÚ8Bb�´�"

ϕ = ♦nφ"kb� M, w 
 ♦nφ§K�3 X ⊆ W§¦� |X| = n§wRallX

� X 
 φ"âb�§wRallX Ú½Â 5.2.9(iii)§k w′R′allf(X)"?
d |X| =

n§f(X) = f(X) Ú½Â 5.2.9(ii)§�� |f(X)| = |X| = n"qâ f(X) = f(X)

Ú½Â 5.2.9(v)§kµ?� y ∈ f(X)§Ñ�3 x ∈ X§¦� f({x}) = {y}"?


�â x ∈ X Ú X 
 φ§k x 
 φ"â�ö§f({x}) = {y} ±98Bb�§k

y 
 φ"2â y �?¿5§k f(X) 
 φ"ù�·�y�
µ�3 f(X) ⊆ W ′§¦

� |f(X)| = n§w′R′allf(X) � f(X) 
 φ§Ïd M′, w′ 
 ♦nφ"

��§b�M′, w′ 
 ♦nφ§K�3 Y ⊆W ′§¦� |Y | = n§w′R′allY � Y 
 φ"

âb�§w′R′allY Ú½Â 5.2.9(iv)§�3 X ⊆fin W§¦� f(X) = Y � wRallX"

?
d f(X) = Y§|Y | = nÚ½Â 5.2.9(ii)§�� |X| = |Y | = n"qâ f(X) = Y

Ú½Â 5.2.9(v)§kµ?� x ∈ X§Ñ�3 y ∈ Y§¦� f({x}) = {y}"?
�â

y ∈ Y Ú Y 
 φ§k y 
 φ"â�ö§f({x}) = {y}±98Bb�§k x 
 φ"2â

x �?¿5§k X 
 φ"ù�·�y�
µ�3 X ⊆ W§¦� |X| = n§wRallX

� X 
 φ§= M, w 
 ♦nφ" a

§5.3 p�[

ù�!·�?Ø©?��Ü6�p�[£{¡�/g-p�0¤§$^ g-p�

ù�óä���©?��Ü6¥� Van Benthem �x½n±9�½Â5(J"

·�Äk0�IO��Ü6�p�[§�ÑIO��Ü6¥� Van Benthem�

x½n±9�½Â5(J§,�òù
(J=£�©?��Ü6"
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½Â5.3.1.£p�[¤

- M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉 ´ü��."¡ Z ⊆ W ×W ′ � M

� M′ �m�p�[£P�µZ : M
M′¤§��=�e�^�¤áµ

(i) Z 6= ∅¶

(ii) e wZw′§K?� p ∈ PV§M, w 
 p iff M′, w′ 
 p¶

(iii) e wZw′ � wRv§K�3 v′ ∈W ′§¦� vZv′ � w′R′v′¶

(iv) e wZw′ � w′R′v′§K�3 v ∈W§¦� vZv′ � wRv"

XJk Z : M 
 M′ � wZw′§K·�L«� Z : M, w 
 M′, w′ §¿g´

(M, w) Ú (M′, w′) ùü�:�.�mkp�['X Z"4XJ�3p�[ Z ¦

� Z : M, w 
M′, w′§K·�L«� M, w 
M′, w′§k�{P� w 
 w′§·�

�¡ (M, w) Ú (M′, w′) p�p�[�."

�âp�[�½Â§·�kXeØC5(J£y²ë� Blackburn et al. [1]§

½n 2.20¤µ

½n5.3.2. IO��úª3p�[eØC"=µ- M = 〈W,R, V 〉 Ú M′ =

〈W ′, R′, V ′〉 ´ü��."K?� w ∈W§w′ ∈W ′§e w 
 w′§K w ≡ w′£=?

�IO��úª ϕ§k M, w 
 ϕ iff M′, w′ 
 ϕ¤"

¡��úª α(x)3p�[eØC§XJ?� Z ÷v Z : M, w 
M′, w′§K

M � α(x)[w]��=�M′ � α(x)[w′]"$^p�[·��±y²IO��Ü6¥

� van Benthem �x½nµ��úª�du,���úª�IO�È�¿©7

�^�´T��úª3p�[eØC§ÏdIO��Ü6�±w�´��Ü6

�p�[ØC¡ä"=µ

½n5.3.3.£Van Benthem �x½n¤

- α(x) ´�ê��c���ó�úª"K α(x) �du,���úª�I

O�È��=� α(x) 3p�[eØC"

- K ´�a:�."¡ K ´d�8��úª�½Â�§XJ�3��ú

ª8 ∆ ¦� ∆ TÐ3 K ¥k�§= K = {(M, w) | M, w 
 ∆}¶¡ K ´d,�

��úª�½Â�§XJ§´d,�ü���úª8�½Â�"¡ K3p�[

4:�.3IO��Ü6Ú©?��Ü63�.�gþ��½Â5(J�y²¥Ñ´é­��Vg"

¡ (M, w) ´:�.§XJ M ´�.§¿� w ´ M ¥�:"
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eµ4§XJl (M, w) ∈ K ��Ñ (M, w) �z�p�[�.�áu K¶¡ K

3�È£��¤eµ4§XJl (Mi, wi) ∈ K ��Ñù
:�.��È£��¤

�áu K"Ó�½Â K �Öa := {(M, w) | (M, w) /∈ K }"

dd�±y²IO��Ü6¥��½Â5(Jµ

½n5.3.4. - K ´�a:�."K

(i) K´d�8��úª�½Â�§��=� K3p�[Ú�Èeµ4§¿

� K �Öa3��£Úp�[¤eµ4¶

(ii) K ´d,���úª�½Â�§��=� K Ú K �Öa3p�[Ú

�ÈeÑµ4"

±þ´IO��Ü6�p�[§Van Benthem �x½n±9�½Â5(

J§e¡·�òù
(J=£�©?��Ü6"E,÷^~f 5.2.8 ¥��.§

·�5`²IO��Ü6�p�[Ø�±©?��úª��Â"£ù�`²


♦n (n > 1) 3IO���ó¥´Ø�½Â�"¤

~f5.3.5. �Ä�. M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉§Ù¥

(1) W = {w, v1, v2}, R = {〈w, v1〉, 〈w, v2〉}, V (p) = {v1, v2},

(2) W ′ = {w′, v′}, R′ = {〈w′, v′〉}, V ′(p) = {v′}.

y3½Â Z = {〈w,w′〉, 〈v1, v
′〉, 〈v2, v

′〉}§́ y Z ´ M Ú M′ �m�p�['X§

�,��¡§é²w M, w 
 ♦2p � M′, w′ 1 ♦2p"

¢Sþ§·�éuþã~f�±�ÑXe�n)µ�â~f 5.2.8§©?�

�úª��Â3IO��Ü6�k.��VgeØ��±"
k.��´�«

AÏ�p�[§Ïd§g,�Òk©?��úª��Â3£��5�¤p�[

eØ��±"

Ïd§·�I�½Â·Üu©?��Ü6�p�[Vg§·�¡��/©

?p�[0§{¡�/g-p�0"XÓ~f 5.2.8 �¡�`²§©?��úª ♦2p

��Â3p�[ Z e�¤±Ø��±§'�3u w Ú w′ ùü�:�Ï�­.

�ê8Ø��"Äuù��Ä§·�½Â/g-p�0Xe"

½Â5.3.6.£g-p�¤

- M = 〈W,R, V 〉 Ú M′ = 〈W ′, R′, V ′〉 ´ü��."¡'XS� Z =

(Z1, Z2, · · ·) ´ M � M′ �m� g-p�£P�µZ : M
g M
′¤§XJ
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(i) Z1 6= ∅ �?� i > 1§Ñk Zi ⊆ ℘<ω(W )× ℘<ω(W ′)¶5

(ii) e {w}Z1{w′}§K?� p ∈ PV§M, w 
 p iff M′, w′ 
 p¶

(iii) e XZiY§K |X| = |Y | = i¶

(iv)e {w}Z1{w′}§wRallX � |X| = i > 1§K�3 Y ⊆fin W ′§¦� w′R′allY

� XZiY¶

(v) e {w}Z1{w′}§w′R′allY � |Y | = i > 1§K�3 X ⊆fin W§¦� wRallX

� XZiY¶

(vi) e XZiY§K?� x ∈ X§Ñ�3 y ∈ Y§¦� {x}Z1{y}¶¿�?�

y ∈ Y§Ñ�3 x ∈ X§¦� {x}Z1{y}"

XJk Z : M 
g M′ � {w}Z1{w′}§K·�L«� Z : M, w 
g M′, w′ §

¿g´ (M, w) Ú (M′, w′) ùü�:�.�mk g-p�['X Z"XJ�3p

�[ Z ¦� Z : M, w 
g M′, w′§K·�L«� M, w 
g M′, w′§k�{P�

w 
g w
′§·��¡ (M, w) Ú (M′, w′) p� g-p��."

�â g-p��½Â§·�éN´��©?��Ü63�.�gþ�Xe5

�µg-p�%º©?���d"�é{`§g-p��±©?��úª��Â"

½n5.3.7. ©?��úª3 g-p�eØC"=µe w 
g w
′§K w ≡g w′£=?

�©?��úª ϕ§k M, w 
 ϕ iff M′, w′ 
 ϕ¤"

y²µ� w 
g w
′§=µkp�[ Z ¦� Z : M
g M

′ � {w}Z1{w′}"

�8Bu ϕ �(�"�I�Ä©?�U�f��/§= ϕ = ♦iφ"i = 0 �

(Øw,¤á"e� i > 1"

b� M, w 
 ♦iφ"K�3 X ⊆fin W§¦� |X| = i > 1§wRallX � X 
 φ"

d {w}Z1{w′}§wRallX§|X| = i > 1Ú½Â 5.3.6(iv)§kµ�3 Y ⊆fin W ′§¦�

w′R′allY � XZiY"?� y ∈ Y§d XZiY Ú½Â 5.3.6(vi)§��µ�3 x ∈ X§¦

� {x}Z1{y}"â X 
 φ Ú x ∈ X§k x 
 φ"?
d {x}Z1{y}§x 
 φ Ú8Bb

�§� y 
 φ"2â y�?¿5§k Y 
 φ"qd XZiY§|X| = iÚ½Â 5.3.6(iii)§

k |Y | = |X| = i"ù�·�y�
µ�3 Y ⊆fin W ′§¦� |Y | = i§w′R′allY �

Y 
 φ§Ïd M′, w′ 
 ♦iφ"_��Ón�y" a

éN´y² g-k.��´�« g-p�"=

5?�8Ü W§½Â ℘<ω(W ) := {X | X ⊆fin W}§= ℘<ω(W ) ´ W �¤kk¡f8�¤�a"
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íØ5.3.8. - f ´�. M = 〈W,R, V 〉 ��. M′ = 〈W ′, R′, V ′〉 � g-k.��

¦� f({w}) = {w′}§Kk w 
g w
′"

y²µ�I- Zi = {〈X, f(X)〉 | X ⊆fin W � |X| = i}"�±y� g-p�½Â¥

� 6 �^�Ñ¤á" a

¡��úª α(x)3 g-p�eØC§XJ?� Z ÷v Z = (Z1, · · ·) : M, w 
g

M′, w′§K M � α(x)[w] ��=� M′ � α(x)[w′]"$^ g-p�·��±y²©?

��Ü6¥� Van Benthem�x½nµ��úª�du,�©?��úª�I

O�È�¿©7�^�´T��úª3 g-p�eØC£ë� de Rijke [24]§½n

4.9¤"=µ

½n5.3.9.£©?��Ü6� Van Benthem �x½n¤

- α(x) ´�ê��c���ó�úª"K α(x) �du,�©?��úª

�IO�È��=� α(x) 3 g-p�eØC"

½n 5.3.9 `²µ©?��Ü6�±w�´��Ü6� g-p�ØC¡ä"

- K ´�a:�."¡ K ´d�8©?��úª�½Â�§XJ�3©

?��úª8 ∆ ¦� ∆ TÐ3 K ¥k�§= K = {(M, w) | M, w 
 ∆}¶¡ K

´d,�©?��úª�½Â�§XJ§´d,�ü�©?��úª8�½Â

�"¡ K 3 g-p�eµ4§XJl (M, w) ∈ K ��Ñ (M, w) �z� g-p��

.�áu K¶K3�È£��¤eµ4±9 K�Öa�½ÂÓuc¡IO��

Ü6¥��'½Â"

dd�±y²©?��Ü6¥��½Â5(J£ë� de Rijke [24]§½n

4.10¤µ

½n5.3.10. - K ´�a:�."K

(i) K ´d�8©?��úª�½Â�§��=� K 3 g-p�Ú�Èeµ

4§¿� K �Öa3��£Ú g-p�¤eµ4¶

(ii) K ´d,�©?��úª�½Â�§��=� K Ú K �Öa3 g-p

�Ú�ÈeÑµ4"
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18Ù (�

�©3éc<ïÄ¤J?1nã�Ä:þ§é©?��Ü6��nØ?1


ÐÚ&?ÚïÄ§Ù¥�)XÚ���5!��5!éA½n!��5½n

Úý*¿½n§±9�
�.Ø5�X;�5!Löwenheim-Skolem 5�!ØC

5(J!Van Benthem �x½n±9�½Â5(J�"©Ù��:Ì�kµ

�!½Â
��­�'X Rk§ÏL|^ Rk��{z
 De Caro [5]¥ Gr(K)

���5½n�y²"Rk �½ÂØ´#�§�$^ù�½Â5y²íØ 3.2.6

ù��{´#�"¿�§·��ÐÚïÄ
 Rk ��
k��8ÜØ5�§'X

⊆ �éu Rk (k ∈ N) ��ûÄ5"

�!y²
©?��Ü6�éA½n!ý*¿½n"ÏLéA½n§·�

uy§©?��Ü6�IO��Ü63�Âþ´�Ó�§cöé�ö�*¿=

3u�{��gþ§=�óÚúnþ"¿�§ÏL�
'�{ü�P{§·�

�'�|©/y²
ý*¿½n§;�
Ï©?
�5�E,5"

n!ÏLÚ\í©?��c��/y²�{§y²
©?��Ü6���

5½n"¯¢þ§y²XÚ��5��{kNõ§X·�©¥1oÙÓ��Ñ

��Ây²�{£$^��5½n¤"í©?��c�{�í��c�{��§

áu�«z8�{§§ÏL½Â��N�§ò©?��Ü6���5¯Kz8

�²;·KÜ6���5§Ù¥N��½ÂI��½�E|"

,	§�©�'�XÚ/&?
©?��Ü6��.Ø5�§�¤
,


½n±9íØ�y²"

��§·�JÑ�
k�ïÄ�¯K§F"ù
¯KU
ÚåïÄö�,

�Ú5¿"

1�§<�éu©?��XÚ�ïÄ§Ï~´Xúu�	©?��XÚÚ

IO��XÚ�m�'X"·���±ïÄØÓ?Ý�©?��XÚ�'X"

�Ò´`§·��±kUì�Ï�­.�ê8½Â k ?���óÚ l ?���

ó§2éc¡©?���ÂÚXÚ?1�A�?U§�©O�� k ?��XÚ

Ú l ?��XÚ£Ù¥ k, l ∈ N� k 6= l¤§ïÄùü«ØÓ?Ý�©?��XÚ

�'X"ù3,«§Ýþ´l©?��XÚSÜ�ïÄ©?��XÚ�m�'

X"
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1�§©?��nØ®'��õ§Ó�§·���±ò©?g�í2��

�Vg§ïá���©?��XÚ§ïÄ©?����nØ"

1n§3?Ø©?��Ü6��.�E�§·��!�n«�{µØ�¿!
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