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�� 5.1
�� LPAL(RC,D,E) 
 IJ	>C��K N �	>C9D�EK P ��
	
	%& LPAL(RC,D,E) ��%:B;JF<*L

ϕ ::= p | ¬ϕ | (ϕ ∧ ψ) | Kiϕ | EBϕ | CB(ϕ, ψ) | DBϕ | [ϕ]ψ |
=� Kiϕ $>�� i �M ϕ � [ϕ]ψ $><N�� ϕ OPG ψ O
Q EBϕ $> ϕ �
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3� B
 B ⊆ N 
��?R��Q CB(χ, ϕ) $> ϕ ?�� χ �3� B ������Q
DBϕ $> ϕ �3� B ��@F��Q [ϕ]ψ $><N�� ϕ OPG ψ O
!

�� 5.2
�	��
 IJ	>C��K N �	>C9D�EK P , 	���@
H�AI*BJC�DEK M =< W,R, V > L

•W �= ∅ � W �	�SE���FG�KT!

•R : N −→ 2W ∗W � R �H���LI W ��	�4JU�!

•V : P −→ 2W � V �H�9D�E�H���FG���VM!

*/K (R1 ∪ ... ∪ Rn) LN REB �G R∗
EB
$> (R1 ∪ ... ∪ Rn) �OWXYZ[QK

(R1 ∩ ... ∩Rn) LN RB !

�� 5.3
��
 IJ	���@H M =< W,R, V > �	���FG w ∈W ��
" ϕ ���@H M ��P��L# (M,w) |= ϕ �B;JF<*L

	ÆJF<MQ

(M,w) |= EBϕ %��%�Q>� v �<N wREBv �7N (M, v) |= ϕ Q

(M,w) |= CB(ϕ, ψ) %��%�Q>� v �<N w(REB ∩ ‖ϕ‖2)∗v �7N (M, v) |= ψ Q

(M,w) |= DBϕ %��%�Q>� v �<N wRBv �7N (M, v) |= ϕ Q

(M,w) |= [ϕ]ψ %��%<N (M,w) |= ϕ �7N (M |ϕ, w) |= ψ Q

=� M |ϕ :=< W ′, R′, V ′ > JF<*L

O ‖ϕ‖M = {v ∈W |(M, v) |= ϕ}
•W ′ = ‖ϕ‖M

•R′ = R ∩ (‖ϕ‖M × ‖ϕ‖M )

•V ′ = V ∩ ‖ϕ‖M

(M,w) |= 〈ϕ〉ψ %��% (M,w) |= ϕ  � (M |ϕ, w) |= ψ !
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�����������>B=�� [ϕ]Kiψ ↔ (ϕ→ Ki[ϕ]ψ) !

T4��[W��3�@F���B=�� [ϕ]DBψ ↔ (ϕ→ DB[ϕ]ψ) \!�O

�!

��������B=����`��!9N A.Baltag, L.S. Moss,S. Solecki[1998]
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C��Z=UQV�[W�dW]���_-N[e�:>�
^�
�_f!
N*Æ\`�aD� B Kooi, J van Benthem[2004] �A*	�?��������g
]!>*?�������0�R�Wb&U�?�������7JB=���
[ϕ]CB(ψ, χ) ↔ CB(ϕ ∧ [ϕ]ψ, [ϕ]χ) !�������R�<B=�hC.i�*!
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�� 5.4
���� PAL(RC,D,E) 
 IJ	>C��K N �	>C9D�EK
P �
	 PAL(RC,D,E) �[W�� PAL(RC,D,E) �*B����ekGKOL

(1) 
	�� S5B
m(RC,D,E) �Q>��

(2)[ϕ]p ↔ (ϕ→ p)

(3)[ϕ]¬ψ ↔ (ϕ→ ¬[ϕ]ψ)

(4)[ϕ](ψ ∧ χ) ↔ ([ϕ]ψ ∧ [ϕ]χ)

(5)[ϕ]Kiψ ↔ (ϕ→ Ki[ϕ]ψ)

(6)[ϕ]DBψ ↔ (ϕ→ DB[ϕ]ψ)

(7)[ϕ]CB(ψ, χ) ↔ CB(ϕ ∧ [ϕ]ψ, [ϕ]χ)

(6)[ϕ][ψ]χ ↔ [ϕ ∧ [ϕ]ψ]χ

�ekGL

(1) ; {ϕ,ϕ→ ψ} ���=& ψ !
�_kG


(2) ; ϕ ���=& Kiϕ !

(3) ; ϕ ���=& [ψ]ϕ !

(4) ; ϕ ���=& CB(χ, ϕ) !

(5) ; ϕ ���=& DBϕ !
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�� 5.5
 !
 li�	�AI*BJC�; LPAL(RC,D,E) %&��"K&
LSm

B
(RC,D,E) %&��"K�mbL

t(p) = p

t(¬ϕ) = ¬t(ϕ)

t(ϕ ∧ ψ) = t(ϕ) ∧ t(ψ)
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t(Kiϕ) = Kit(ϕ)

t(DBϕ) = DBt(ϕ)

t(CB(χ, ϕ)) = CB(t(χ), t(ϕ))

t([ϕ]p) = t(ϕ→ p)

t([ϕ]¬ψ) = t(ϕ→ ¬[ϕ]ψ)

t([ϕ](ψ ∧ χ)) = t([ϕ]ψ ∧ [ϕ]χ)

t([ϕ]Kaψ) = t(ϕ) → Kat([ϕ]ψ)

t([ϕ]DBψ) = t(ϕ) → DBt([ϕ]ψ)

t([ϕ]CB(ψ, χ) = CB(t(ϕ) ∧ t([ϕ]ψ), t([ϕ]χ))

t([ϕ][ψ]χ) = t([ϕ ∧ [ϕ]ψ]χ)

�� 5.6
"#$
 njo�	�;
	 PAL(RC,D,E) �%&�"K&O!b
K�	�mb� c : LPAL(RC,D,E) −→ N JF<*L

c(p) = 1

c(¬ϕ) = 1 + c(ϕ)

c(ϕ ∧ ψ) = 1 +max(c(ϕ), c(ψ))

c(Kaϕ) = 1 + c(ϕ)

c(DBϕ) = 1 + c(ϕ)

c(CB(ψ, χ)) = 1 +max(c(χ), c(ψ))

c([ϕ]ψ) = (4 + c(ϕ)) × c(ψ)

%& 5.1 ���" ϕ, ψ, χ ∈ LPAL(RC,D,E) �

1. �� ψ ∈sub(ϕ) � c(ϕ) ≥ c(ψ) !

2.c([ϕ]p) > c(ϕ→ p) !

3.c([ϕ]¬ψ) > c(ϕ→ ¬[ϕ]ψ) !

4.c([ϕ](ψ ∧ χ)) > c([ϕ]ψ ∧ [ϕ]χ)

5.c([ϕ]Kiψ) > c(ϕ→ Ki[ϕ]ψ)

6.c([ϕ]DBψ) > c(ϕ→ DB[ϕ]ψ)

7.c([ϕ]CB(ψ, χ)) > c(CB(ϕ ∧ [ϕ]ψ, [ϕ]χ))

8.c([ϕ][ψ]χ) > c([ϕ ∧ [ϕ]ψ]χ)

%& 5.2
 !�'()
 �c	�" ϕ ∈ PAL(RC,D,E) .d�7>L
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� ϕ↔ t(ϕ)

�& 5.1
*+)�&
�c	�" ϕ ∈ PAL(RC,D,E) �<N |= ϕ �7N � ϕ !
[WLef |= ϕ �G� �PAL(RC,D,E) ϕ ↔ t(ϕ) ��gVJ�> |= t(ϕ) �� t(ϕ) �

�Fcp��@
'k��"�� S5m
B (RC,D,E) �UQV> �S5m

B (RC,D,E) t(ϕ) �
S5m

B (RC,D,E) G� PAL(RC,D,E) �	�k���9:lm> �PAL(RC,D,E) t(ϕ) �0�
,� 5.2�PAL(RC,D,E) ϕ↔ t(ϕ) �Q� � ϕ !
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