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Abstract. Description Logics (DLs) model concepts, roles, and individuals. Especially, con-
cept is the main modeling object. DLs describe the intension of concepts implicitly only by
means of the subsuption relationship between concepts. As it is known, the intension of a con-
cept not only involves the relationship with other concepts, but also some properties of its own.
This paper extend the generic sentences to the basic description logic ALC, and get a new logic
G-ALC. A kind of intensional semantics is provided to G-ALC, according to which a tableau
algorithm is proposed for the reasoning problems of G-ALC. The important properties such as
soundness and completeness of this algorithm are strictly proved.
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1 Introduction

This paper backgrounds on the concept descriptions in the description logics
(DLs) [4]. DLs mainly model concepts, roles and individuals, and especially concepts
are the important modeling elements. Though concepts’ extensions are explicitly
interpreted by a collection of objects, the intensions are only dealed implicitly by the
subsumption relationship between concepts. As a matter of fact, a concept has many
intensions besides the relationship with other concepts. For instance, the concept bird
has the intension being a subconcept of animal, as well as the intensions such as fly,
feathered, lay eggs, - --. Hence, concepts also need to be interpreted intensionally.
In order to describe the knowledge more precisely, DLs need to take care of the
concepts’ intensions.

To enhance the intensional expressive power of DLs, this paper extend a kind of
intensional knowledge, generic sentences [1, 13], to the basic description logic ALC,
and get a new logic denoted as G-ALC. G-ALC compounds ALC and the reasoning
systems GAG and Gaa for generics [16]. We provide an intensional semantics for
G-ALC, of which the frames preserve the properties of that of GAG and Gaa. In this
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semantics, a concept (a terminology precisely) has four-layer interpretation, namely,
sense, extension, intension and concept [11]. Based on this intensional semantics,
we propose a tableau algorithm for the reasoning problems of G-ALC. Because that
all the typical reasoning problems can be reducted to the satisfiability of a formula
w.r.t a knowledge base, it’s suffice to ensure the tableau algorithm is effective for this
reducted problem.

The tableau algorithm provides a reasoning rule for each kind of G-ALC formula
and each of the transforming rules holding intuitively. The important properties of
this algorithm such as the soundness and completeness are strictly proved with help
of induction method and some other technical ways. The termination property is
relatively more obvious, therefore a proof in details is omitted in this paper.

The body part of this article comprise five sections range from 2 to 6. In section
2, we introduces the generic extension G-ALC in syntax, semantics and the knowl-
edge base. In section 3, the tableau algorithm is set up and some properties and
notations are talked about. In section 4, the relationship between a G-ALC model
and a tableau is shown. This is the basis of the proof the tableau algorithm. In section
5 and 6, the soundness and completeness are proved in details.

2 The generic extension of ALC

In this part, we introduce G-ALC in three aspects: syntax, semantics and the
knowledge base based on G-ALC. First, let us have a quick look at the syntax part.

2.1 G-ALC syntax

Language ¥ — o/ £%. 1. symbols: enumerable variables 1, x2,---; constants
c1,ca, -+ concepts Cq,Co,---; roles Ry, Ro,---. 2. concept constructors: ~
,M,U, V¥, 3, N. 3. connectives: =, C, =, G, >. 4. aux Symbols: (,). Variable set is
denoteds as V ar, constant set is denoted as C'on, concept set is denoted as C 4 (means
atomic concepts), role set is denoted as R. The term set T'erm = Var U Con.

Concept descriptions in ¢ — of £ are formed according to the following syn-
tax rule:

C,D:=T|L|A|l~C|CND|CUD|VR.C|3R.C|N(C,D)
Particularly, A € C4,R€ R, L =~ T,CUD =~ (~ CM~ D),3R.C =~ VR. ~
C,9 — of L€ concept description set is denoted as Cy_ oy 2o

Formulae in ¢ — &/ £ % are formed according to hte following syntax rule:

a,B=C(t)| R(t1,t2) |CED|C=D|GIC,D)|a>p|-(a>p)
Particularly, t,t1,to € Term, C,D € C4, R € R. The ¥ — o £€ formula set is
denoted as Fiy_ o7 »¢.
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2.2 G-ALC semantics

Let’s look into the G-ALC frame and structure first.

Definition 1 A G-ALC frame is a tuple FF = (W,D,C,N,®). W and D are
nonempty sets, C is a map from (D)W to p(p(D)")W called concept generat-
ing function. A is a function ranging over W and D called the normal individual
collecting function. ® is a set sellect function over .

Definition 2 A G-ALC structure is a pair S = (F, ). F'is a G-ALC frame, ¢ is the
sense interpretation for G-ALC constants, concepts and roles on frame F':

(1) For any constant c, £(c) € DV, ¢(c) is also written as c*.
(2) For any concept C, £(C) € p(D)W. ¢(C)is also written as C°. And for any
possible world w € W, e(C)(w) is defined as follow.

(@) &(T)(w) =D.

(b) e(~ C)(w) =D —(C)(w).

©) e(L)(w) =D —e(T)(w) =0.

(d) sECmCz)( w) = e(Cr)(w) Ne(C2)(w).
(e) e

CLUCo)(w) = e(~ (~ CiN ~ Co))(w) = D — e(~ C11 ~
e

C2)(w) = £(Ch)(w) Ue(C2)(w).

) e(VR.C)(w) ={a € D|Vbe D((a,b) € e(R)(w) = bee(C)(w))}
(@) e(AR.C)(w) =e(~VR. ~ C)(w) =D —e(VR. ~ C)(w) = {a € D |
b € D((a,b) € e(R)(w) Ab € e(C)(w))}.

() =(N(C, D))(w) = N(C, D)(w) € =(C)(w)
(3) For any role R, £(R) € (p(D x D))V. (R) is also written as R°.

Here now we go on to the G-ALC assignment and model.

Definition 3 A G-ALC model is a pair M = (S, ). S is a G-ALC structure, o is
an assignment, which assigns an individual sense to each variable, o : Var — DW.

Let FF = (W,D,C,N,®) be a G-ALC frame, structure S = (F, ) can be writ-
tenas (W, D,C, N, ®,e); model M = (S, ) can be written as (W, D,C, N, ®, ¢, ).
Let M = (W,D,C,N,®,¢,0) be a G-ALC model, Wy, Dr,enr, opr be the ele-
ments of M, Fr, Sy be frame and stucture respectively.

Definition 4 Let M be a model, o be the assignment of M, o/(s/x) is a variant
of oy with respect to z, if and only if, o/ (s/x) : Var — DY satisfies the following

property.

s Y=z

s/ ={ 5 T
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Let M =< S,0 >be amodel, o)(d/x) is a variant of ops. Model < S, ops(s/x) >
is denoted as Mg /4.

Definition 5 Let M be a G-ALC model, ¢ is a term, the interpretation of ¢ in M is
tM a map defined as follows:
tM

{EM(G) t=c

opm(z) t==x

Definition 6 Let M = (W,D,C,N,®,¢e,0) be a G-ALC model, o be a G-ALC
formula, || o ||M is a set defined as follows:

1C@) M= {we W | t"(w) € C*(w)}

| R(t1, t2) M= {w e W | (1" (w), 13 (w)) € R (w)}
I CED|Y={weW|Cw) C D*(w)}
Ic=D|¥=|cCcD|"N|DEC|Y

I G(C, D) |M= g*(C*, D%) = {w e W | D° € (C*)°}
la>pg[M=u{XCW|aX | a|Y) |}

| =(a>B) |M=W—]la>p|"

NN AL =

2.3 G-ALC knowledge base

Distinct from the ALC knowledge base, which comprises TBox and ABox, a
knowledge base based on G-ALC comprises three sub-bases: TBox, ABox and G-
Box. TBox is defined as usual in DL, which is a finite set of formulae with the form
such as C' C D,C = D. ABox is a finite set of formulae with the form such as
C(t), R(t1,t2), N(C, D)(t). A GBox is a finite set of formuae with the form such as
G(C,D),a > p,=(a> p).

3 A tableau algorithm for G-ALC

As we know, all the ALC reasoning problems can be reducted to the concept
satisfiability problem. Similarly, all the G-ALC reasoning problems can be reducted
to a kind of problem, that is the satisfiability of a G-ALC formula with respect to a
knowledge base K B. Because of the page number restriction, the reduction proof
is not given in details. The satisfiability of a G-ALC formula « with respect to a
G-ALC knowledge base K B is just the consistance of set K B|J{«}, i.e., decide
whether K B | J{a} has a G-ALC model. Let’s call such problem “restricted satisfi-
ability”. So, for G-ALC reasoning problems, it is suffice to provide an algorithm for
the “restricted satisfiability” problem. The tableau algorithm specified below is just
deserved.
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Before proposing the G-ALC tableau algorithm formally, we first show what’s
tableau algorithm and some important terminologies and notations of it. Tableau al-
gorithm uses a tableau, which indicate the relationship between the semantics and
syntax of the problem domain, to decide whether the problem holds. A tableau algo-
rithm comprises a group of rules to build a tableau, as well as a group rules to decide
whether the tableau is open or closed.

A tableau is a pair 7 = < N, S >, while N is a set of nodes, and S a direct-
ed binary relation between the nodes called deriving relation, which is irreflexive,
asymmetry and intransitive. For every node, there is a set K of two kind of node ex-
pressions with forms of [i, | and (i, «, j). Particularly, « is a G-ALC formula,and
i, j are natural numbers. The number i in [z, o called the talﬂ for a.

A tableau for the restriced satisfiability of formula a w.r.t knowledge KB is de-
noted as 7k p.q)- Each tableau is built using the tableau rules step by step. The
tableau T i p o) built by n steps, that is to say, using n rules can be denoted as
Tk B,a)(n). Especially, Tk p o)(0) only has one node, and the node-expression set
is Kiiep,oy (0) = {10, 0] | o € UKBYU{[0, ).

For every tableau T gp o) = < N,S >, there are two kinds of special nodes
named root-node and end-node. The root-node is the node with Kx Bya)(O) as
node-expression set. For any « € N, if there is no y € IV such that Szy, then x is a
end-node of Tk B a)-

Let 7 = < N,S > be atableau, B = < N’, S’ > a sub-tableau of 7 (N’ C
N, S’ C S). If N’ contains the root-node u and an end-node v of T, satisfying that
S"™uv (n > 0) and B contains no other end-node of 7, then B is a branch of 7.
S uv means that there are x1, - - - , T,,_1, such that S"ux1 A S'x122 A+ - NS 2p_10.
n is the length of B. In convention, n = 0 when S = ().

Let K be a node-expression set of an end-node. All the formulae in K are of
negative normal form. The formula-rules are given below.

1. [M]: If ¢, (Cy M Co)(t)] € K and [i, C1(t)] ¢ K or [i,Ca(t)] ¢ K, then this
node derives a new node such that X' = K |J{[¢, C1(¢)], [i, Ca(t)]}.

2. [U): I [i, (C1 U Co)(t)] € K and [i,Ci(t)] ¢ K, [i,Ca(t)] ¢ K, then this
node derives two new nodes such that X' = KJ{[i,Ci(t)]}, and K" =
K U{[é, C2(t)]}. (In this case, one branch forks two branches. )

3. [V]: If [, YR.C(t)] € K, [i, R(t,t")] € K, and [;,C(t')] ¢ K, then this node
derives a new node such that K" = KCJ{[i, C'(¢')]}.

4. [3]: If [¢(,3R.C(t)] € K, then this node derives a new node such that ' =
K U{[i, R(t, ¢)], [i,C(c)]}. (cis a new constant haven’t occurred in K.)

5. [C]: If[i,C1 C O3] € Kand [i,C1(t)] € K, [i, Ca(t)] ¢ K, then this node de-

'4, j represent possible worlds, and the intuitionistic meaning of [i, o] is that ¢ is true on possible
world i. (i, e, §) is a ternary relation obtained according to the set collection function ® in G-ALC
frame. The meaning of r(i, v, j) is w? € ®@({w'}, | « ||™) [16].
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rives a new node such that K" = KCJ{[i, C2(t)], [¢, G(C2, D) > G(C4, D)]}.
(D is any concept occurred in K.)

6. [=]: If[i,C, = Cy) € K,and [i,C, C Cy] ¢ Korli,Co C C1] ¢ K, then
this node derives a new node such that X' = K |J{[¢,C1 C C4, [i,C2 C C1]}.

7. [N]: If [i, N(C,D)(t)] € K, then this node derives a new node such that

= KUl C®)]}-

8. [G]: If [i,G(C, D)] € K, then this node derives a new node such that K’ =
KU{[i, N(C, D)t > D(t)],[i,C(t) > N(C,D)(t)]} (¢ is a term occurred in
K).

9. >]: f i, > p] € Kand r(i,, j) € K,[j, 8] ¢ Kthen this node derives a
new node such that ' = K |J{[j, 5] }-

10. [= >]: If [i,~(a > B)] € K, then this node derives a new node such that
= KU{r@i, o, 7), [J, 78]} (j = m + 1, m is the largest tab in KC).

The r-rules are given below.

1. [rc]: If r(i,C1 € Cq,j) € K, then this node derives a new node such that
= KU{r(i,G(C2,D) > G(C1,D),5)}. (D is any concept occurred in
K).
2. [rs]: I r(i,a,4),r(i,a > ,j) € K, then this node derives a new node such
that ' = K\U{1, B, 7 (4, B, ) }-
3. [rn): Ifr(i, (C 1 D)(t),7) € K, then this node derives a new node such that
K= KU{r(i, C),7),r(i, D(¢),4)}-
4. [ ] If (3, (C' U D)(t),7) € K, then this node derives a new node such that
= KU{r@@,C(),5)}, K" = KU{r(i D(#), 5)}-
5. [rv]. If r(i,VR.C(t),j),r(i, R(t,t'),j) € K, then this node derives a new
node such that ' = K |J{r(i,C(t'),5)}.
6. [rg]: If r(z,3R.C(t),j) € K, then this node derives a new node such that
=KU{r(, R(t,c),j),r(i,C(c),j)}. (cis anew constant haven’t occurred
in ).
7. [reac]: f{[i,Cy C Csy), [i, G(Cy, D)],r(i,C1 C Ca,5),r(i, G(Ca, D), j)} C
IC, then this node derives a new node such that ' = K | J{[j, G(C1, D)]}.
8. [rip]: If {r(i,,j)} C K, then this node derives a new node such that K’ =
KUl al}-
9. [rrr): M {[i,a > B],[i, 8 > 7]} C K, then this node derives a new node such
that ' = K J{[i,a > 7]}
10. [rgea): If {[i,G(C, D)), [i,C(t)],r(i,G(C, D), j),r(i,C(t),5)} C K, then
this node derives a new node such that' = KCJ{[j, D(¢)]}.

,r(2

Regulation of the usage of abovementioned tableau rules: each rule can’t be used
repeatedly, namely, we can’t use a used rule for the same formula more than once.

Definition 7 Let I be a node-expression set. K is clashed if there is ¢, ¢ such that
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{[Z, L(t)]} € K, or i, a such that {[7, @], [i, 7a]} C K. Otherwise, K is consistent.

Definition 8 Let 7 be a tableau, 1B is a branch of 7. If there exists clashed node-
expression set in BB, then 15 is a closed branch, otherwise it’s open. If all the branched
of T are closed, then 7T is closed tableau, otherwise, it’s open.

Definition 9 A branch which is closed or has no rules can be used is called finished.
A tableau with all branches finished is a finished tableau.

Proposition 1 Let 7 be a tableau, « is a node of T, v is derived directly from w,
KC, K are node-expression set of u, v respectively, then K C K.

Proof It can be proved easily according to the tableau rules. Proof in details is
omitted here. U

Corollary 1 Let 7 be a tableau, B is a branch of T with length of n. Ko, Ky, -,
IC,, are the node-expression sets of B from the root-node to the end-node. Then
Ko CKyC--- C Ky

Proof It can be obtained from proposition 1 obviously. Proof in details is omitted
here. (I

Proposition 2 Let 7 be a tableau, B is a branch of 7 with length of n. Ko, ICy, - - - |
IC,, are the node-expression sets of B from the root-node to the end-node. B is open,
iff, the node-expression set of end-node /C,, is consistent.

Proof —: If B is open, then Ko, Ky, - , K, are consistent. Therefore, IC,, is
consistent holds obviously.

<=: If B is closed, then there is an inconsistent node-expression set /C;, (0 <
1 < n). According to the corollary 1, IC; C IC,,. So K, is inconsistent. U

From this proposition, we can infer that whether a branch 3 is open correspon-
dence to the consistency of the end-node expression set. So we call the end-node
expression set KCp, the characteristic set for branch 3, denoded as Cp.

G-ALC tableau algorithm comprises the tableau rules, the regulation of rules
and the definition of open (closed) tableau.

4 The relationship between the G-ALC model and tableau

As mentioned above, tableau bridges the syntax aspect and the semantics aspect.
In the following part, we will show how it bridges the two sides. This question leads
to two branches, with (1) is to construct a G-ALC model according to a end-node
expression set on a tableau, and (2) is to unfold the fact that the restricted satisfiablil-
ity of a formula o w.r.t a knowledge base KB correspondence to the open (closed)
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property of the tableau 7k p o). As for (2), it’s in nature the soundness and complete-
ness of the G-ALC tableau algorithm. Soundness: if formula « is satisfiable w.r.t a
knowledge base KB, then the tableau 7(x g ) is open. Completeness is the converse
proposition of soundness: if the tableau 7 i p ) is open, then formula c is satisfiable
w.r.t a knowledge base KB. In this section, we will look into the subquestion (1), and
the subquesetion (2) will be left to the two coming sections.

Definition 10 Let 7 be a finished tableau, X a consistent end-node expression set
onit. My = < W, Dic, Nic, ®, €x, Cxc, oxc > ia called a model based on X, for
short, K-model, if M satisfies the following conditions.

1. Wx = I(K), i.e. the set of all the tabs in /C.

2. Dk =A{ti | [i,a(t)] € K,i € I(K)}. tisatermin K.

3. ®k : p(Wk) x p(Wk) — p(Wr) is the set sellection function on p(Wi).
r(i, o, 5) € IGiff, j € ®({i}, || a |))-

4. Nx € p(Dx) x p(Dx) — 9(Dx). For any C°<, D<€ ©(Dx),i € Wk,
Nic(Cex, D=F) (i) = {t; | [i, N(C, D) ()] € K}.

5. ek is the interpretation of constants, concepts and roles on frame Fi:: (1) for
any constant ¢, ¢ € DxVx, for any i € Wi, K (i) = ¢, iff, there is a formula «
such that [i,a(c)] € K; (2) for any concept C, C% € o(Dx)"«, for any i € W,
Cee (i) = {t; | [i, C(t)] € K}; (3) for any role R, R°< € (p(Dx x Dx))W«, for any
i € Wi, RE< (1) = {< tMre (i), Mx(3) >| [i, R(t, )] € K}.

6. Cx is the concept generating function from p(Dx )V to p(p(Dx)Ve)Vr . If
[i, G(C, D)] € K, then (D) € C°kCk(4), orelse (D)< ¢ C°KCk(4). For any sense
5,5 € p(Dx)"x, any i € Wy, if s(i) C (i), then for any sense s”, ®({i}, g* (s’
,8")) € g* (s, 5").

7. ox is an assignment for the variables. For any variable x, 7% € Dx"V. For
any i € Wy, 27 (i) = a;.

Definition 11  For any G-ALC formula o, || o |[M* is a set defined as follow.

| () [Mr= {w € Wy | tM%(w) € O (w)}

| R(t1, t2) [Me= {w € Wic | (11" (w), 1" (w)) € Re<(w)}

| CC D |[Me= {we Wi | O (w) C D (w)}
|C=D|Mc=| CCD|Mcn|DCC[Me

| G(C, D) |[Mr= g*(Co, D*¢) = {w € Wi | D € (C°x)Cr}
la> B [Me=U{X C M | ®(X, | a [Mr) C|| 8 ||Mx}

| =(a> B) |ME= My~ || a > B |Mx

NNk w D=

In conclusion, this section provide a method to construct a G-ALC model from
a consistent end-node expression set. Then, let’s switch to the subquestion (2), the
soundeness and completeness of the G-ALC tableau algorithm.



Ma Li / A Tableau Algorithm for the Generic Extension of Description Logic 9

5 The soundness of the G-ALC tableau algorithm

Let B be a branch, I(B) is the tab set of B. For any i € I(B), let F'(B,i) = {« |
[i, a] occurs on B} called the formula set of tab i. Let C(B) = {F(B,i) | i € I(B)},
namely the set of formula set of all the tabs on 3, denoted as B — characteristics.
Let IC be a node-expression set, I(KC) is the tab set of K . For any i € I(K),
let F(K,i) = {« | [i,] occurs in K} be the formula set of tab i. Let C'(K) =
{F(K,i) | i € I(K)} be the set of formula set of all the tabs of K, denoted as
K — characteristics. According to the proposition 1, it’s obvious that C(B) =

C(Kp).

Proposition 3 Let K be a node-expression set. K is consistent, iff, for all ¢ € I(K),
neither there is a formula « such that « € F(K,¢) and ~a € F(K, ), nor there is a
term ¢ such that L (t) € F(K,1).

Proof It can be proved by the definition of the consistency of node-expression set.
Proof in details is omitted here. ]

Definition 12 Let o be a G-ALC formula, C a node-expression set.

(1) « is satisfiable, iff, there is a G-ALC model 9t and a possible world
w € Way such that w €|| a [|™. (Also denoted as M, w |= .

(2) C(K) is satisfiable, iff, there is a G-ALC model 90, for any i € I(K)
thereis a possible world w € Wyy such that M, w = A F(K,i). (A F(K,?) means
the conjunction of all the formulae in F'(KC, 7))

Proposition 4 Let K be a node-expression set. C'(K) is satisfiable, iff, K is consis-
tent.

Proof It can be proved according to proposition 4 and definition 19, 20. Proof in
details is omitted here. U

Proposition 5 Let K be a node-expression set. C'(K) = {F(K,0),---,F(K,1),
- F(K, k)},I(K) = {0,--- ,k}. Let K’ be the node-expression set obtained by
the application of a tableau rule to K.

(1) Except for [- >], all the other tableau rules can not generate new tabs, i.e.,
I(K) = I(K)=A{0,--- ,k}.

(2) Except for [>],[- >], [r>], [reac)s [TGaa, [T1D], all the other tableau rules
only add new formulae to F'(K,4), i.e., F'(K,j) = F(K',j),if j # 1.

(3) [~ >] can generate new tabs. If the rule [~ >] is used to [i, =(8 > )] in K,
then C(K') = {F(K,0),--- ,F(K,k), F(K',k + 1)}, and F(K', k + 1) = {-},
I(K)={0,-- ,k, k+1}.

(4) Only the rule [L] derives two new nodes.
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Proof It can be easily proved according to tableau rules. Proof in details is omitted
here. (]

According to proposition 6, all the tableau rules can be devided into three kinds:
1. [U], [ru], which result in forks and do not change the formula set of other tabs; 2.
M, v, (3, [C], [=], [N], [G], [ral, [rv], [r3], [rc], [rrr], which neither result in fork-
s nor change the formula set of other tabs; 3. [>], [~ >], [r~], [rcac], [FGad), [T1D]s
which do not result in forks, but change the formula set of other certain tab. Three
propositions will be proved below to show all the tableau rules are satisfiable presev-
ing.

Proposition 6 Let K be a node-expression set, X' and K are obtained after the
application of [LJ]. If C'(K) is satisfiable, then so is C'(K') or C'(K").

Proof LetC(K)={F(K,0),---,F(K,k)}. K and K" are obtained after the ap-
plication of the rule [L] to [¢, (CLUD)(t)] in K. So C(K") = {F(K',0),--- , F(K', k)},
and F(K',i) = F(K,i) U{C@®t)}. C(K") = {F(K",0),---,F(K",k)}, and
F(K",i) = F(K,i)U{D(t)}. By the proposition 6.(2), for any j # i, F(K', j) =
F(K",j) = F(K,j). If C(K) is satisfiable, then there is a model M and possible
world w such that M, w = (C U D)(t). By the G-ALC semantics, M, w = C(t) or
M, w = D(t). In addition, the rule [LJ] do not change the other tab’s formula set, so
C(K) is satisfiable or C'(K") is satisfiable. O

Proposition 7 Let K be a node-expression set. K’ is obtained after the applica-
tion of one of the following rules [M], [V], [3], [C], [=], [IV], [G], [rrr]. If C(K) is
satisfiable, then so is C'(K').

Proof LetC(K)={F(K,0),---,F(K,i),--- ,F(K,k)},and I(K) = {0,--- , k}.
K is the result counterpart after the application of one of the above rules.

As for [1]. Suppose that the rule [] is applied to [7, (C' 11 D)(t)] € K. Then
C(K") ={F(K,0),--- ,F(K',i),--- ,F(K,k)},and F(K', i) = F(K,7)U{C(t), D(t)}.
If C'(K) is satisfiable, then there is a model M =< W, D, N, ®,C, &, 0 > and a pos-
sible world w € W such that M,w | F(K,i). Because (C M D)(t) € F(K,1i),
M,w &= C(t), M,w | D(t). Therefore, M,w = F(K',4). For the rule [M] do not
change the formula set of other tabs, thus C'(K') is satisfiable.

As for [V]. Suppose that the rule [V] is allpied to [i,VR.C(t)] € K. Then
c(K'y = {F(K,0), ---, F(K',i),--- ,F(K,k)}. For any term ¢/, if R(¢,t') €
F(K,i),then C(t') € F(K',4). If C(K) is satisfiable, then there is a model M =<
W,D,N,®,C, e,0 >, and a possible world w € W such that M,w E F(K,1).
Because VR.C(t) € F(K,i), M,w = VR.C(t),ie., t"(w) € (VR.C)*(w) = {d €
D | Vvd € D(< d,d >€ R*(w) — d € C°(w))}. For any term t, if R(t,t') €
F(K,i), then M,w = R(t,t'), namely, < ¢,t' >€ R°(w). Thus t’ € C*(w), i.e.,
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M,w = C(t'). As aresult, M,w = F(K',i). For the rule [V] do not change the
formula set of other tabs, thus C'(K') is satisfiable.

As for [3]. Suppose that the rule [3] is allpied to [, JR.C(t)] € K. Then
C(K') ={F(K,0),---,F(K',i),--- ,F(K,k)},and F(K', ) = F(K,i)U{R(t,c),C(c)}.
If C(K) is satisfiable, then there is a model M =< W,D,N,®,C,e,0 >, and a
possible world w € W such that M, w = F(K,7). Because AR.C(t) € F(K,1),
M,w = 3R.C(t), i.e., t"Y(w) € BR.C)*(w) = {d € D | Id' € D(< d,d >¢€
RE(w) Ad € C5(w))}. Let M =< W, D,N,®,C,¢',0 >, and & € {d € D |<
t5(w), d* (w) >€ R (w) A d¥ (w) € C¢(w))}, all the other interpretations coincide
with e. So M',w | R(t,c), and M",w = C(c), ie.,, M',w = F(K',i). For the
rule [3] do not change the formula set of other tabs, thus C'(K’) is satisfiable.

As for [C]. Suppose that the rule [C] is allpied to [;,C T D] € K. Then
C(K') ={F(K,0),---, F(K'}i),---,F(K,k)}. For any term ¢, if C'(t) € F(K,1),
then F(K',i) = F(K,i) U{D(t)}. If C(K) is satisfiable, then there is a model
M =< W,D,N,®,C,e,0 >, and a possible world w € W such that M, w =
F(K,i). Because C C D € F(K,i), M,w = C C D, ie., C*(w) C D*(w). For
any term ¢, if C(t) € F(K,1), then M, w = C(t), i.e., t°(w) € C*(w) C D*(w).
Therefore, M, w = D(t), and M,w |= F(K',i). For the rule [C] do not change the
formula set of other tabs, thus C'(K') is satisfiable.

As for [=]|. Suppose that the rule [=] is allpied to [i,C = D] € K. Then
C(K') ={F(K,0),---, F(K',i),--- ,F(K,k)}, and F(K',i) = F(K,i) U{C C
D,D C C}. If C(K) is satisfiable, then there is a model M =< W, D, N, ®,C, ¢,
o >, and a possible world w € W such that M,w = F(K,). Because C = D €
F(K,i), M,jw = C = D, ie., C*(w) C D*(w) and D*(w) C C¢(w). Thus
M,w=CEDand M,wlE D C C.SoM,w k= F(K',i). For the rule [=] do not
change the formula set of other tabs, thus C'(K') is satisfiable.

As for [N]. Suppose that the rule [N] is allpied to [i, N(C, D)(t)] € K. Then
C(K') ={F(K,0),---, F(K',i),--- ,F(K,k)},and F(K',i) = F(K,i) U{C(t)}.
If C(K) is satisfiable, then there is a model M =< W,D,N,®,C,e,0 >, and a
possible world w € W such that M, w = F (K, ). Because N(C, D)(t) € F(K,1),
M,w | N(C,D)(t), ie., t*(w) € N(C?,D?)(w) C C°(w). Therefore M, w =
C(t),and M, w |= F(K',4). For the rule [IV] do not change the formula set of other
tabs, thus C'(K') is satisfiable.

As for [G]. Suppose that the rule [G] is allpied to [i, G(C, D)] € K. Then
c(K') = {F(K,0), ---, F(K',i),--- ,F(K,k)}. For any term ¢, if ¢ occurs in
F(K',i), then N(C, D)t > D(t),C(t) > N(C,D)(t) € F(K',i). If C(K) is sat-
isfiable, then there is a model M =< W, D,N,®,C,e,0 >, and a possible world
w € W suchthat M, w = F(K,i). Because G(C, D) € F(K,i), M,w = G(C, D),
ie., w €|| G(C,D) ||M= g*(C¢, D?). According to the G-ALC frame condition
No 5 g°(C%,D%) € g(C*,D°) = {w € W | Wt,&({w}, | N(C,D)(t) |™) C|
D(t) M}, M,w = N(C,D)(t) > D(t). In addition for the G-ALC frame condi-
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tion Dyeeg"(C%, DF) € {w € W | v, ®({w}, | C(t) |M) <|l N(C, D)) M}
, M,w = C(t) > N(C,D)(t). Thus M,w = F(K',i). For the rule [G] do not
change the formula set of other tabs, thus C'(K') is satisfiable.

As for [rpr]. Suppose that the rule [rpr] is allpied to [i,« > 3], [i, 3 > 7] € K.
Then C(K') = {F(K',0),---, F(K',k)}, and F(K',i) = F(K,7) U{[i,a > ~]}.
According to the proposition 6.(2), for any j # i, F(K',j) = F(K,j). If C(K)
is satisfiable, then there is a model M =< W,D,N,®,C,e,0 >, and a possible
world w € W such that M,w | F(K,i). Because o > (3,6 > v € F(K,1),
M,w = a > p,M,w = 8 > . In addition for transitivity of the G-ALC frame,
M,w = a > . Thus M = C(K'). For the rule [ry7] do not change the formula set
of other tabs, thus C'(K’) is satisfiable. O

Definition 13 Let K be a node-expression set, 1 is a model of C'(K). 91 is called
a RS model, if R(i,«,j) € K, then there are possible worlds w;, w; € W, such
that w; € ®({w;},| « ||™). If a RS model models C(K), then C(K) is called
RS-satisfiable. X — models are such RS-models.

Proposition 8 Let I be a node-expression set, K’ is obtained by applying one of

the fOllOWil'lg rules [>]7 [_' >]7 [TU]u [rﬂ], [Tv]v [7'3], [’I">], [TEL [TGAGL [TID}? [TGGG]‘
If C'(K) is RS-satisfiable, then so is C'(K').

Proof As for [>]. Suppose that the rule [>] is allpied to [i,a« > (], 7(i, e, j) € K.
Then C(K') = {F(K',0), ---, F(K',%),--- , F(K', k)}. Particularly, F/(K',j) =
F(K,j)u{B}, 0 < j < k,and F(K',l]) = F(K,l),1 # j. If C(K) is RS-
satisfiable, for « > 3 € F(K, 1), so there is a RS-model 97 and a possible world
w; such that M, w; = o > B. Thus ®({w;}, || o |™) C|| B |™. Because M is a
RS-model, and R(i, a, j) € K, w; € ®({w;}, || a |™). Therefore w; €| B [|™, i.e.,
Mic, w; = B. So My is a RS-model of C'(K'). According to the construcure of My,
in fact, w; and w; are 7 and j respectively. Let 7 and j replace w; and w; respectively
in below.

As for [= >]. Suppose that the rule [- >] is allpied to [¢, =(a > /)] € K. Then
R(i,a,7),[j, 8] € K, and j = k+1 is anew tab. Because C(K) = {F(K,0), -,
F(K,d),--- ,F(K,k)}, C(K') ={F(K,0),---, F(K,4),--- ,F(K,k),F(K', k +
1)}, and F(K',k + 1) = {=p}. If C(K) is RS-satisfiable, so there is a RS-model
M, for i, (0 < i < k), M = F(K,i). For =(a > p) € F(K,i), so there is
an i such that M,i = —(a > B). So ®@({i}, || a |™) €| B |™, ie., there is a
w € ®({i}, || « [|™), and w’ ¢|| B [|™. Thus w' €| -8 |™. Letw' = wpy1,
so M = F(K',k + 1). Therefore M = C(K'). Now that j = k + 1, so there are
i,j € Wi such that j € ®({i}, || a ||™). So C(K') is RS-satisfiable.

As for [ryj]. Suppose that the rule [r_] is allpied to r(i, (C' U D)(t),5) € K.
Let C(K) = {F(K,0),---, F(K,k)}, K8 and K" are obtained after the application
of rule [r]. So C(K') = {F(K',0),--- ,F(K',k)}, and F(K',i) = F(K,i)U
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{r(i,C(t),5)}, C(K") = {F(K",0),--- ,F(K",k)}, F(K",i) = F(K,i)U{r(
D(t),7)}. According to the proposition 6.(2), for any j # i, F(K', j) = F(K", )
F(K, 7). If C(K) is RS-satisfiable, for (i, (C Ll D)(t),j) € F(K,1), so there is a
RS-model 9t and a possible worlds 4, j such that j € ®({i}, || (C U D)(t) |™) =
(i}, | C(t) ™) Ue({i}, | D) |™). Therefore, j € ®({i}, | C(t) |™) or
j e ®{i}, || D) |™). Thus C(K') is RS-satisfiable, or C'(K") is RS-satisfiable.

As for [rn]. Suppose that the rule [rn] is allpied to (i, (C 1 D)(t), ) € K. Let
C(K) = {F(K,0),---, F(K,k)}, then C(K") = {F(K',0),---,F(K',k)}, and
F(K'yi) = F(K,i) U {r(i,C(t),7), r(i,D(t),7)}. According to the proposition
6.(2), forany j # i, F(K',j) = F(K,j). If C(K) is RS-satisfiable, for r (i, (C' 1
D)(t),j) € C(K), then there is a RS-model 9t and possible worlds 4, j such that
j e &b Il (€1 D)®) ™) = @i}, | C) ™) N ({i}, || D) |™). Thus
je®{i}, || C@) [|™),and j € ®({i}, || D) |™). So C(K') is RS-satisfiable.

As for [ry]. Suppose that the rule [ry] is allpied to (¢, VR.C'(t), ), (i, R(t, t'),
j) € K. Let C(K) = {F(K,0),---,F(K,k)}, then C(K') = {F(K',0),---,
F(K',k)}, and F(K',i) = F(K,i) U{r(i,C(t'),j)}. According to the propo-
sition 6.(2), for any j # i, F(K',j) = F(K,j). If C(K) is RS-satisfiable, for
r(i,VR.C(t),7),r(i, R(t,t'),7) € C(K), so there is a RS-model 9t and possible
worlds 4,7 such that j € (®({i}, || VR.C(t) |™) n&{i},| R t) |™) C
®{i}, || C) |™). Thus j € ®({i}, || C(¥') |™), and C(K') is RS-satisfiable.

As for [r3]. Suppose that the rule [r3] is allpied to (i, IR.C(t),j) € K. Let
C(K) = {F(K,0),---, F(K,k)}, then C(K') = {F(K',0),---, F(K',k)}, and
F(K',i) = F(K,i)U{r(i,R(t,c),j),C(c)}. According to the proposition 6.(2),
forany j # i, F(K',j) = F(K, 7). If C(K) is RS-satisfiable, for r(i, IR.C(t), j) €
C(K), so there is a RS-model 9 =< W, D, N, ®,C, €, 0 > and possible worlds i, j
such that j € (®({i}, || IR.C(t) |™). Let M =< W,D,N,®",C,&,0 >, and &
conincides with ® except for j € &' ({i}, R(t,¢)),j € ®'({i}, C(c)). Therefore M’
is also a RS-model, and M’ = C(K'). So C'(K') is RS-satisfiable.

As for [rc]. Suppose that the rule [rc] is allpied to 7(i,C; C Ca,j) € K.
Then C(K') = {F(K,0), ---, F(K',4),--- ,F(K,k)}, and F(K',i) = F(K,i) U
{G(Cs, D) > G(C1, D)} with D being any concept occurs in K. If C'(K) is RS-
satisfiable, then there is a RS-model M =< W,D,N,®,C,e,0 >, and possible
worlds i, j € W such that j € ®({i}, || C; C C3 ||™). Because C; C Oy € F(K, 1),
Mw = Cp C Cyie., Ci(w) C C5(w). By the inverse proportion between the
concept extension and intension in the G-ALC semantics, we know that (C5)€ (w) C
(C)C(w). So for any concept D, || G(C, D) |™C|| G(C1,D) |™. Thanks to
the Ip condition of the G-ALC frame, {w € W | ®({w}, | G(Cs, D) ||™)} |
G(Co, D) |™C|| G(Cr, D) | So || C1 T Cy [C| G(Ca, D) > G(C1, D) ™.
In addition to the monotonicity of the set sellection function, we get that ®({w}, ||
Cy C Cy |™) C ®({w}, || G(C2, D) > G(C1, D) ||™). Because that j € ®({i}, ||
Ci C Oy Hi)ﬁ)’ w; € @({i}, || G(CQ,D) > G(Cl,D) ||9ﬁ) So C(IC/) is RS-
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satisfiable.

As for [r~]. Suppose that the rule [r~ ] is allpied to (¢, o, §), 7(i, ¢ > 8, j) € K.
Let C(K) = {F(K,0),---, F(K,k)}, then C(K') = {F(K',0),---, F(K',k)},
and F(K',i) = F(K,i)U{[j,B],r(4,53,7)}. Accordint to the proposition 6.(2), for
any j # i, F(K',j) = F(K,j). If C(K) is RS-satisfiable, because r (i, o, j), (i, >
B,7) € C(K), there is a RS-model M =< W,D,N,®,C,e,0 > and possible
worlds 4, j such that j € (@({i}, || o [™) n@({i}. || a> 8 ™) Clla ™ N a>
B ||™). By the property of the set sellection, we know that || o [”* N || « > B |7
) C|l B 1™ So M = C(K'), i.e., C(K') is RS-satisfiable.

As for [rrp]. Suppose that the rule [r7p] is allpied to r(i,c,5) € K. Let
C(K) = {F(K,0),---, F(K,k)}, then C(K') = {F(K',0),---, F(K',k)}, and
F(K')i) = F(K,i) U{[j,a]}. According to the proposition 6.(2), for any j #
i, F(K',j) = F(K,j). If C(K)is RS-satisfiable, and r(i,«, j) € C(K), so there
is a RS-model M =< W, D, N, ®,C,e,0 > and possible worlds 7, j such that j €
®({i},| « ||™. By the ID property of the G-ALC frame, we know that ®({:}, ||
a [|”C| a |™. Soj €| a ||™, therefore, M = C(K'). Consequently C(K') is
RS-satisfiable.

As for [rGaq). Suppose that the rule [rqq,] is allpied to [i, G(C, D)], [i, C(t)],
r(i,G(C, D), j),r(i,C(t),j) € K. Let C(K) = {F(K,0),---, F(K,k)}, then
C(K") = {F(K',0),---, F(K',k)}, and F(K',i) = F(K,i) U{[j, D(t)]}. For
the reason of proposition 6.(2), for any j # i, F(K',j) = F(K,7). If C(K) is
RS-satisfiable, as G(C, D), C(t),r(i,G(C, D), 3),r(i,C(t),j) € C(K), so there is
aRS-model M =< W, D, N, ®,C,e,0 > and possible worlds i, j such that 9, i =
G(C,D),M,i |= C(1), j € (@({i}, | G(C,D) | N ({i}, | C(t) |™). On the
grounds of the Gaa property of G-ALC frame, (®({i}, | G(C,D) |™ n® ({i}, ||
Ct) |™) C|l a ||™. Hence j €|| D(t) ||™, and M = C(K'). Consequenctly C(K')
is RS-satisfiable.

As for [rgac]. Suppose that the rule [rgac] is allpied to [i, C; T Csl, [i, G(Ca,
D)],r(i,Cy C Ca,7),7(i,G(C2, D), j) € K. Let C(K) = {F(K,0),--- , F(K,k)},
then C(K') = {F(K',0),--- , F(K',k)},and F(K',4i) = F(K,i)U{[j, G(C1, D)]}.
According to 6.(2), for any j # i, F(K',j) = F(K,j). If C(K) is RS-satisfiable,
for the reason that [i, C C Cs], [i, G(C2, D)],r(i,C1 C Cy,35),7(i, G(C2, D), j) €
C(K), so there is a RS-model M =< W, D, N, ®,C,e,0 > and possible worlds
i,j such that M,i = C; C Co,M,i = G(Ca, D), j € (®{i},|| C1 C Cy |7
N® ({i}, || G(Ca, D) |™). In addition to the GAG property of the G-ALC frame,
@({i},] C1 E C2 ™ n@ ({i}, | G(C2,D) ") €Il o . Hence j €
G(C1, D) ||™ and 9 |= C(K'). Consequently C'(K') is RS-satisfiable. O

Proposition 9 Let o be a G-ALC formula. If « is satisfiable w.r.t the knowledge
base KB, then the tableau 7k p o) is open.
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Proof If the formula « is satisfiable w.r.t the knowledge base KB, namely the root-
node expression set Ko of the tableau 7k g o) is satisfiable. For the reason of the
proposition 7,8,9, we know that there must be a branch B on tableau 7k g o) such
that its end-node expression set Kg is satisfiable. Thanks to the proposition 2, B is
open, iff, ICp is satisfiable. Hence T( K B,o) Must have an open branch, that is to say,
T (K B,) 1S Open. O

6 The completeness of the G-ALC tableau algorithm

Lemma 1 Let a be a G-ALC formula, 7(kp o) a finished open tableau, B a open
branch of 7 p o), and Kp the end-node expression set of B. For any G-ALC for-
mula 3, if there is ¢ € I(Kp) such that 5 € F(Kp, i), then My, |= 5.

Proof To prove by the induction on the formula structure.

1. Incase 8 = C(t). In this case, [i, C(t)] € Kp, by the definition 18, t”%5 (1) =
t; and C*%5 (i) = {t; | [i,C(t)] € Kg}. Hence t¥%5(i) € C*%5(i). In
addition to the definition 19, My, = C(t).

2. Incase 8 = R(t,t'). In this case, [i, R(t,t')] € Kp, by the definition 18,
RFs (i) = {< t™%5 (i), t™%s (i) > | [i, R(t,t')] € Kg}. According to the
definition 19,7 € || R(t,t') |7*<5, i.e., Micy, i = R(t,1).

3. Incase 8 = C C D. Inthis case, [;,C C D] € Kg, and T(KB’Q) is a finished
open tableau, so there is a term ¢ such that [i, C'(t)] € Kp. And the rule [C]
is used to [i,C' C D]. Hence [i, D(t)] € Kg. According to the definition 18,
C°K5 (i) C D*5(i). Again by the definition 19, we geti € | C C D ||™%s,
i.e.. Mic,,i = C C D.

4. Incase f = C = D. In this case, [i, C = D] € Kp, and Tk p o) is a finished
open tableau, so the rule [C] is used to [i, C' T D]. Hence {[i,C C D], [i,D C
Cl]} € Kp. According to the definition 18, we get that C°*5 (i) = DFs5 (7).
In addition to the definition 19, there goes that i € || C = D ||™%s, i.e.,
My, i =C=D.

5. Incase § = G(C, D). For [i, G(C, D)] € Kp. According to the definition 18,
we get that D5 € (C%%5)C%5 (4). In additon to the definition 19, we get that
i € || G(C, D) ||™*s. Hence, My, i = G(C, D).

6. Incase f = a > ~. In this case, [i,a > 7] € Kp, and My ,is a RS-model,
then (i, o, j) € Kp, iff, 7 € ®({i}, || o |™<5). Because T(K B, is a finished
open tableau, if (i, o, j) € Kpg, then [i,« > -] must use the rule [>]. Hence
[j,7] € Kp, namely j €|l v |7%5. Soif j € @({i},|| a [|™<5), then
7 €|l v |[™<s. Therefore ®({i}, || a ||™*5) C|| ~ |™*5. According to the
definition 19,7 € || a > v |™%5, i.e., My, i = > 7.

7. Incase B3 = —(a > 7). In this case, [i,~(a > v)] € Kp. Because
T(k B,a) is finished and open, [i, (o > )] must use the rule [- >]. Hence
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{r(i,,7),[j,~]} € Kg. By the induction hypothesis, we know that j €|
— |™<5. By the definition 19, j ¢|| v ||”<5. Because My, is a RS-model,
r(i,a,j) € Kg, iff, j € ®({i}, | a ["*s). Hence, j € ®({i}, | a ™),
i ¢l v M5, and @({i},|| a ") ¢| v ||™<s.By the definition 19,
i €| ~(a > ) ||™<s, consequently My, i = (o > 7).

O

Proposition 10 Let a be a G-ALC formula. If 7 (g p o)is a finished opem tableau,
then « is satisfiable w.r.t. the knowledge base KB.

Proof If 7k p o) is open, then there is an open branch B. If 7 xp 4 is finished,
then according to the lemma 1, for the reason that « € F(Kg,0), so My,0 = a.
For 91y is a G-ALC model, so « is satisfiable w.r.t. the knowledge base KB. (Il

7 Conclusion

This paper extends generic sentences to the basic description logic ALC, and
get a new logic G-ALC. As a matter of fact, we compound ALC and the term logic
systems GAG and Gaa, for the reasoning of generic sentences, in syntax and seman-
tics. Then a tableau agorithm is given for the reasoning problems of G-ALC, and the
important properties such as the soundness and completeness of it are strictly proved.
The future work following this paper is to research the algorithm’s computational
complexity and the application of G-ALC in some certaim knowledge fields.
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