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Physical Epistemic Logic

Prologue

Academic Ethics

The necessity for applying to Philosophy the words of Christ, “Let the
dead bury their dead; arise, and follow Me.” The whole of the history
of philosophy becomes a battlefield covered with the bones of the dead;
it is a kingdom not merely formed of dead and lifeless individuals, but
of refuted and spiritually dead systems, since each has killed and buried
the other. (Hegel, Lectures on the History of Philosophy)
The genuine teacher will take good care not to use his position at the
lectern to promote any particular point of view, whether explicitly or
by suggestion. (Max Weber, Science as a Vocation)
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Physical Epistemic Logic

Prologue

My Choice

I used to think of a lot of philosophical issues for this lecture, but after
discussion with Yanjing Wang, I realized that it was imprudent to de-
termine by myself to emphasize on my personal metaphysical outlooks
in the seminar.
Also, once I got to believe that I have become fully clear to those philo-
sophical problems, I soon lost the aspiration to talk on them. It is in-
deed every socially ambitious and responsible philosopher’s duty to
“hold the banner”, whom, pitifully, I have given up to be.
Therefore at last, I think I had better concentrate on concrete work and
technical issues.
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Philosophical Backgrounds

Physicalism

Assumption 1
Physicalism, with strong reductionism.

the law of natural consistency vs. the law of energy conservation
Under such assumption, we introduce≈ relation, which should also be
S5, to connect all the possible worlds that agree on all the (both known
and unknown) physical laws.
A world may be epistemically possible but physically impossible; phys-
ically possible but epistemically impossible.
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Preliminaries

Language ELA

Given a countable nonempty set P of basic proposition letters and a
countable non-empty set I of agents, the formulae of the epistemic
language with A operator is constructed as follows:

Definition 2 (Language ELA)

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | Kiϕ | Aϕ

where i ∈ I, p ∈ P. We define Giϕ as the abbreviation of KiAϕ.
When I is a singleton, without loss of generality we always denote
I = {i}, and we further omit this i in the subscripts ofKi and Gi so as to
simply write K and G, which will not cause any unpleasant confusion
as no other agent except i is present.
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Preliminaries

Model

An epistemic model for ELA is 〈S, {∼i| i ∈ I},V,≈〉 where:

Definition 3 (Model)
• S is a non-empty set of epistemically possible worlds.

• For every i ∈ I, ∼i is an equivalence relation over S.

• V : S→ P(P).

• ≈ is an equivalence relation over S representing the (physical)
possibilities.

Let [s]i and [s]A be the equivalence classes generated by s with respect
to ∼i and ≈, respectively. Let [s]iA be

⋃
t∈[s]i

[t]A. Intuitively [s]iA is the

set of worlds which are reachable by the sequential composition of ∼i

and ≈ (≈ ◦ ∼i). Note that ≈ ◦ ∼i is NOT an equivalence relation,
although both ∼i and ≈ are.
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Preliminaries

Semantics

Definition 4 (Semantics)

M, s � p ⇐⇒ p ∈ V(s)
M, s � ¬ϕ ⇐⇒ M, s 2 ϕ
M, s � ϕ ∧ ψ ⇐⇒ M, s � ϕ andM, s � ψ
M, s � Kiϕ ⇐⇒ M, t � ϕ for all t ∈ [s]i
M, s � Aϕ ⇐⇒ M, t � ϕ for all t ∈ [s]A

Given the semantics, it is not hard to see that:

M, s � Giϕ ⇐⇒ M, t � ϕ for all t ∈ [s]iA
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Preliminaries

System SELA

Definition 5 (System SELA)
Axioms

TAUT all axioms of propositional logic
DISTK Kiϕ ∧ Ki(ϕ→ ψ)→ Kiψ DISTA Aϕ ∧ A(ϕ→ ψ)→ Aψ
T Kiϕ→ ϕ TA Aϕ→ ϕ
4 Kiϕ→ KiKiϕ 4A Aϕ→ AAϕ
5 ¬Kiϕ→ Ki¬Kiϕ 5A ¬Aϕ→ A¬Aϕ

Rules

MP
ϕ,ϕ→ ψ

ψ

NECK
ϕ

Kiϕ
NECA

ϕ

Aϕ

Proposition 6

The following formula is provable in SELA:

Kiϕ→ GiĜjϕ
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Preliminaries

Language ELG

Given a countable nonempty set P of basic proposition letters and a
countable non-empty set I of agents, the formulae of the epistemic
language with Gi operator is constructed as follows:

Definition 7 (Language ELG)

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | Kiϕ | Giϕ

where i ∈ I, p ∈ P.
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Axiomatization

System SKNKA

Definition 8 (System SKNKA)
Axioms

TAUT all axioms of propositional logic
DISTK Kϕ ∧ K(ϕ→ ψ)→ Kψ DISTG Gϕ ∧ G(ϕ→ ψ)→ Gψ
T Kϕ→ ϕ GK Gϕ→ Kϕ
4 Kϕ→ KKϕ 4G Gϕ→ KGϕ
5 ¬Kϕ→ K¬Kϕ 5G ¬Gϕ→ K¬Gϕ

BG Kϕ→ GĜϕ
Rules

MP
ϕ,ϕ→ ψ

ψ

NECK
ϕ

Kϕ
NECG

ϕ

Gϕ
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Axiomatization

Observations

Proposition 9

The following formula is provable in SKNKA:

K(
∨

16a6n

ϕa ∨
∨

16b6m

Gψb)→ G(
∨

16a6n

Ĝϕa ∨
∨

16b6m

ψb),

m, n ∈ ω,m > 0 or n > 0

Example 10

Consider the set of ELG-formulae Γ = {ϕ → Kϕ | ϕ ∈ ELG} ∪
{ĜGp, Ĝ¬p}. Γ is consistent. However, in order to satisfy Γ, in the
model we must need different worlds satisfying exactly the same ELG-
formulae.
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Axiomatization

Backward Lemma for the Single-agent Case

Let s be a possible world and Θ(s) be an MCS.

Definition 11 (K(s))

K(s) = {µ | µ is an MCS, ∀Kϕ ∈ Θ(s), ϕ ∈ µ}.

Definition 12 (G(s))

G(s) = {ν | ν is an MCS, ν /∈ K(s),∀Gϕ ∈ Θ(s), ϕ ∈ ν}.

Lemma 13 (Backward Lemma)

∀ν ∈ G(s), ∃µ ∈ K(s), such that ∀Gψ ∈ ν, ψ ∈ µ.
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Axiomatization

Strong Completeness for the Single-agent Case

v1 K(v1) G(v1)

G(s)

u′1

≈

u1copy
oo

K(s) s u2
copyxx

u′2

≈

v2 K(v2) G(v2)
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Axiomatization

System MSKNKA

Definition 14 (System MSKNKA)
Axioms

TAUT all axioms of propositional logic
DISTK Kiϕ ∧ Ki(ϕ→ ψ)→ Kiψ DISTG Giϕ ∧ Gi(ϕ→ ψ)→ Giψ
T Kiϕ→ ϕ GK Giϕ→ Kiϕ
4 Kiϕ→ KiKiϕ 4G Giϕ→ KiGiϕ
5 ¬Kiϕ→ Ki¬Kiϕ 5G ¬Giϕ→ Ki¬Giϕ

KGP Ki(
∨

16a6n
ϕa ∨

∨
16b6m

Gjbψb)→ Gi(
∨

16a6n
Ĝkaϕa ∨

∨
16b6m

ψb),

m, n ∈ ω,m > 0 or n > 0, i, jb, ka ∈ I
Rules

MP
ϕ,ϕ→ ψ

ψ

NECK
ϕ

Kiϕ
NECG

ϕ

Giϕ
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Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Axiomatization

Backward Lemma for the Multi-agent Case

Let s be a possible world, Θ(s) be an MCS, and i ∈ I be a fixed agent.

Definition 15 (K(s))

K(s) = {µ | µ is an MCS, ∀Kiϕ ∈ Θ(s), ϕ ∈ µ}.

Definition 16 (G(s))

G(s) = {ν | ν is an MCS, ν /∈ K(s), ∀Giϕ ∈ Θ(s), ϕ ∈ ν}.

Lemma 17 (Backward Lemma)

∀ν ∈ G(s), ∃µ ∈ K(s), such that ∀k ∈ I, ∀Gkϕ ∈ ν, ϕ ∈ µ, and that
∀j ∈ I, ∀Gjψ ∈ µ, ψ ∈ ν.
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Axiomatization

Strong Completeness for the Multi-agent Case

Mi(r1)

t1 Mj(t1) r1

Mi(s)

t2 Mj(t2) r2

s Mi(r2)

Mj(s)

r0 Mi(r0)
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Discussions

Contents
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2 Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)
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Discussions

Other Unpublished Results

• When ≈ relation is not S5.

• Belief (KD45) frames.

• Confluent frames only for the single-agent case.

• Public announcement.

• Group knowledge.

• Decidability.
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• Axiomatization for confluent frames with multiple agents.

• Better approach to public announcement.
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Paper Link

You can find my paper at https://arxiv.org/abs/1905.10976.
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Physical Epistemic Logic

Epistemic Logic with Partial Dependency Operator

Important Notation

For historical reason, we use quite different notations in Section 3 from
those in Section 2, although their interpretations are just the same. The
following list shows a correspondence between them:

Section 2 Section 3
Language A G
Model ∼i ∼K

≈ ∼G
V U

Also note that unlike in Section 2, P is defined as specific meaning in
Section 3 and thus does not represent power set. (Actually this was a
fault of mine. But we do indeed run out of letters.)
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Philosophical Backgrounds

Control Variable

Kv by Y. Wang et al. (Wang and Fan 2013; Wang and Fan 2014; Gu
and Wang 2016; Eijck, Gattinger, and Wang 2017; Ding 2016a)
epistemic logic with functional dependency operator (Ding 2016b)
Practically, a dependent variable y is usually influenced by thousands
of independent factors x1, x2, . . . in a complicated way, such that it is
impossible to obtain a function to precisely determine the value of y.
Therefore, in both scientific and social study, the method of control
variable gets widely used. We often set the values of all the other
variables rigid, only change the value of an independent variable x and
observe the change of the dependent variable y. If the value of y varies
with the value of x, then we conclude that y partially depends on x.
relation with independence logic (Väänänen 2007; Grädel and Väänänen
2013; Galliani and Väänänen 2014; Galliani 2017; Galliani 2012; Hodges
1997), with Halpern’s (Halpern 2016) and Jingzhi Fang’s work
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2013; Galliani and Väänänen 2014; Galliani 2017; Galliani 2012; Hodges
1997), with Halpern’s (Halpern 2016) and Jingzhi Fang’s work

Xinyu Wang School of Electronics Engineering and Computer Science, Peking University 33 / 67



Physical Epistemic Logic

Epistemic Logic with Partial Dependency Operator

Preliminaries

Contents
1 Prologue
2 Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Philosophical Backgrounds
Technical Backgrounds
Preliminaries
Axiomatization
Discussions
Future Work

3 Epistemic Logic with Partial Dependency Operator
Philosophical Backgrounds
Preliminaries
Examples
Bisimulation
Axiomatization
Future Work

Xinyu Wang School of Electronics Engineering and Computer Science, Peking University 34 / 67



Physical Epistemic Logic

Epistemic Logic with Partial Dependency Operator

Preliminaries

Language

For a fixed countable set of propositions P, and a fixed countable set
of variables A, the language EDL of dependence epistemic logic is
defined recursively as:

Definition 18 (Language EDL)

ϕ ::= > | p | ¬ϕ | (ϕ ∧ ϕ) | Kϕ | Gϕ | Dg(X,Y) | Dl(X,Y)

where p ∈ P, and X as well as Y are finite subsets of A. Dg(X,Y) reads
as Y depends on X globally, while Dl(X,Y) reads as Y depends on X
locally. When some property applies to bothDg andDl, we will simply
omit the subscript and write as D for convenience, and the omitting is
also similar for other notations derived from D. If X = {x}, we will
also denote D({x},Y) as D(x,Y), and likely for Y if Y = {y}.
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Epistemic Logic with Partial Dependency Operator

Preliminaries

Model

A dependence epistemic modelM is 〈S,U,A+,V,∼K,∼G〉:

Definition 19 (Model)
• S is a set of possible worlds.

• U: S× P→ {0, 1}.
• A+ ⊇ A is a countable set of variables.

• V: S× A+ → N.

• ∼K is an equivalence relation over S.

• ∼G is an equivalence relation over S.

For any proposition p ∈ P, it may have its corresponding variable
p ∈ A+. If so, we then stipulate that ∀s ∈ S, V(s, p) = U(s, p).
Examples later on.
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Preliminaries

Semantics
∀s, t ∈ S, ∀ subset X ⊆ A+, Xs = Xt iff ∀x ∈ X,V(s, x) = V(t, x).

Definition 20 (Semantics)

M, s � > ⇐⇒ always
M, s � p ⇐⇒ U(s, p) = 1
M, s � ¬ϕ ⇐⇒ M, s 2 ϕ
M, s � (ϕ ∧ ψ) ⇐⇒ M, s � ϕ andM, s � ψ
M, s � Kϕ ⇐⇒ ∀t ∈ S, t ∼K s,M, t � ϕ
M, s � Gϕ ⇐⇒ ∀t ∈ S, t ∼G s,M, t � ϕ
M, s � Dg(X,Y) ⇐⇒ ∃u, v ∈ S, u ∼G v ∼G s,

(A+\(X ∪ Y))u = (A+\(X ∪ Y))v,
Xu 6= Xv,Yu 6= Yv

M, s � Dl(X,Y) ⇐⇒ ∃t ∈ S, t ∼G s,
(A+\(X ∪ Y))t = (A+\(X ∪ Y))s,
Xt 6= Xs,Yt 6= Ys
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Preliminaries

Expressivity

Dl is strictly more expressive thanDg. In fact, Dg is definable using ¬,
G and Dl, as:

Dg(X,Y)↔ ¬G¬Dl(X,Y)

Definition 21 (Language EDG)

ϕ ::= > | p | ¬ϕ | (ϕ ∧ ϕ) | Kϕ | Gϕ | Dg(X,Y)
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Examples

An Open Door

p denotes the door is open now, q the agent possesses the key, and r the
agent is able to enter the room. Suppose perfect knowledge.

s : p, q, r
p = 1
q = 1
r = 1

G

p,¬q, r
p = 1
q = 0
r = 1

G

¬p, q, r
p = 0
q = 1
r = 1

G

¬p,¬q,¬r
p = 0
q = 0
r = 0

M, s � KDg(p, r) andM, s � K¬Dl(p, r). The former says that the
agent knows whether he can enter the room is somewhat related to
whether the door is open – if he did not possess the key. The latter
says that under the present situation, since he does possess the key, he
knows that if this precondition is kept unchanged, then he could still
enter the room even if the door was closed, providing us with a fancy
way to express counterfactual assumptions.
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Examples

Non-perfect Experiment

There are two independent variables x and y which may influence the
dependent variable z. However, we cannot control or even measure y,
only knowing that it will be either 1 or 2 in every experiment. We have
done this experiment twice. When x = 1, z = 1. When x = 2, z = 2.

x = 1
y = 1
z = 1

K

G

x = 1
y = 1
z = 1

K

G

x = 1
y = 2
z = 1

K

G

x = 1
y = 2
z = 1
G

x = 2
y = 1
z = 2

K
x = 2
y = 2
z = 2

K
x = 2
y = 1
z = 2

K
x = 2
y = 2
z = 2

We cannot conclude that z depends on x, as the change of z may be
brought about by the change of y. ∀s ∈ M,M, s 2 KDg(x, z).
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Examples

Non-perfect Experiment (Cont.)

If we have further done the third experiment, and when x = 3, z = 3.
Now can we conclude that z depends on x?

x = 1
y = 1
z = 1G

K
x = 1
y = 1
z = 1G

K
x = 1
y = 1
z = 1G

K
x = 1
y = 1
z = 1G

K
x = 1
y = 2
z = 1G

K
x = 1
y = 2
z = 1G

K
x = 1
y = 2
z = 1G

K
x = 1
y = 2
z = 1G

x = 2
y = 1
z = 2G

K
x = 2
y = 1
z = 2G

K
x = 2
y = 2
z = 2G

K
x = 2
y = 2
z = 2G

K
x = 2
y = 1
z = 2G

K
x = 2
y = 1
z = 2G

K
x = 2
y = 2
z = 2G

K
x = 2
y = 2
z = 2G

x = 3
y = 1
z = 3

K
x = 3
y = 2
z = 3

K
x = 3
y = 1
z = 3

K
x = 3
y = 2
z = 3

K
x = 3
y = 1
z = 3

K
x = 3
y = 2
z = 3

K
x = 3
y = 1
z = 3

K
x = 3
y = 2
z = 3

There must be at least two experiments in which y is the same, so we
can only explain the difference between z as caused by the difference
between x. ∀s ∈ M,M, s � KDg(x, z).
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Examples

Judging a Case

Global modality Dg can help us analyze complicated experimental re-
sults.
Local modalityDl is very helpful in expressing counterfactual assump-
tions.
What about D affecting on non-singletons?
It might seem that D({a, b}, c) is very similar to D(a, c) ∨ D(b, c).
Actually they are NOT.
Charles got killed in a tragedy (c), which was related to Alan having
done something (a) and/or Bob having done something (b). We con-
sider two kinds of scenarios.
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Examples

Judging a Case (Cont.)

Firstly, suppose that either a or b could happen to cause c, and only
one of them could have happened to be c’s indeed cause. However, on
the current world s we are yet not sure whether a or b happened.

s : a,¬b, c
a = 1
b = 0
c = 1

G,K
¬a, b, c
a = 0
b = 1
c = 1

G
¬a,¬b,¬c

a = 0
b = 0
c = 0

M, s � KDl({a, b}, c)∧K(Dl(a, c)∨Dl(b, c)). It is within our knowl-
edge that not only the whole group event {a, b} is related to c, but also
either a or b itself is alone related to c, namely, their influences on c can
be separated in concept. Hence, unless we obtain further evidence to
determine whether Alan or Bob was the real criminal, by presumption
of innocence neither of them can be sentenced guilty.
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Examples

Judging a Case (Cont.)

Secondly, suppose b was a direct consequence of a, e.g., let a denote
that Alan compelled Bob to kill Charles, by threaten or mind control.
In other words, we restrict ourselves to worlds on which a→ b holds.

s : a, b, c
a = 1
b = 1
c = 1

G
¬a, b, c
a = 0
b = 1
c = 1

G
¬a,¬b,¬c

a = 0
b = 0
c = 0

Physically, b should be the only direct cause of c, as G(b ↔ c) hold-
ing everywhere. But to our little surpriseM, s 2 KDl(b, c). In fact,
M, s � KDl({a, b}, c) ∧ K(¬Dl(a, c) ∧ ¬Dl(b, c)), a contrast against
the former scenario thatM, s � KDl({a, b}, c)∧K(Dl(a, c)∨Dl(b, c)).
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We not only know that c locally depends on {a, b} as a whole, but
also know that this dependency should be viewed as an entirety instead
of conceptually separable, and therefore, both Alan and Bob should
be responsible for Charles’ death. Further considering that M, s �
KG(a → b), a legal and rational sentence ought to be that Alan is the
principal criminal while Bob is the coerced criminal, which precisely
captures the meanings of all the formulae mentioned above.
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Bisimulation

Evidence

Definition 22 (∆(u, v))

∆(u, v) =

{
{x | x ∈ A,V(u, x) 6= V(v, x)}, if (A+\A)u = (A+\A)v

∅, otherwise

Definition 23 (Evidence)

For any three sets X, Y and Z, X is called an evidence of {Y,Z}, iff
X ∩ Y 6= ∅, X ∩ Z 6= ∅, and X ⊆ Y ∪ Z.

Lemma 24 (Evidence Lemma I)

M, s � Dg(X,Y) ⇐⇒ ∃u, v ∈ S, u ∼G v ∼G s,
∆(u, v) is an evidence of {X,Y}

M, s � Dl(X,Y) ⇐⇒ ∃t ∈ S, t ∼G s,
∆(t, s) is an evidence of {X,Y}
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P(s)

Definition 25 (P(s))

Pg(s) = {nonempty finite set ∆(u, v) | u, v ∈ S, u ∼G v ∼G s}
Pl(s) = {nonempty finite set ∆(t, s) | t ∈ S, t ∼G s}

Lemma 26 (Evidence Lemma II)

M, s � Dg(X,Y) ⇐⇒ ∃W ∈ Pg(s),W is an evidence of {X,Y}
M, s � Dl(X,Y) ⇐⇒ ∃W ∈ Pl(s),W is an evidence of {X,Y}
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Generative

Definition 27 (Generative)

∀s ∈ S, any nonempty finite set X ⊆ A is called generative from P(s),
iff for any two finite sets Y,Z ⊆ A, such that X is an evidence of {Y,Z},
there exists W ∈ P(s), such that W is an evidence of {Y,Z}.

Theorem 28 (Equivalence Theorem I)

For any two pointed models M, s and M′, t, they satisfy exactly the
same D(X,Y) formulae iff:

Zig: ∀X ∈ P(s),X is generative from P(t).

Zag: ∀X ∈ P(t),X is generative from P(s).
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R(s)

Definition 29 (R(s))

R(s) = {X | X is generative from P(s)}

Theorem 30 (Equivalence Theorem II)

For any two pointed models M, s and M′, t, they satisfy exactly the
same D(X,Y) formulae iffR(s) = R(t).
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Generative Lemma

Lemma 31 (Generative Lemma)

∀s ∈ S, for any nonempty finite set X ⊆ A, X is generative from P(s)
iff:

if |X| = 1, then X ∈ P(s).

if |X| > 2, then ∀Y ⊂ X, Y 6= ∅, there exists W ∈ P(s), such that
W is an evidence of {Y,X\Y}.
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Generative Theorem

Theorem 32 (Generative Theorem)

∀s ∈ S, for any nonempty finite set X ⊆ A, we define Σ(s,X) = {Y |
Y ∈ P(s),Y ⊆ X}, then:

X is generative from P(s)
⇐⇒

⋃
Σ(s,X) = X,∀Z ⊂ X such that Z 6= ∅,
∃Y ∈ Σ(s,X) such that Y ∩ Z 6= ∅ ∧ Y ∩ (X\Z) 6= ∅

⇐⇒
⋃

Σ(s,X) = X,∀Γ ⊂ Σ(s,X) such that Γ 6= ∅,
(
⋃

Γ) ∩ (
⋃

(Σ(s,X)\Γ)) 6= ∅
⇐⇒

⋃
Σ(s,X) = X,

∀Y1,Y2 ∈ Σ(s,X), defineRY1Y2 iff Y1 ∩ Y2 6= ∅,
then Y1 is connected to Y2 by a chain ofR relations.
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Bisimulation

Generative Theorem (Cont.)

The last equivalent condition in Theorem 32 is to say, we can construct
an undirected graph over P(s) by its elements’ intersection relation,
and all the generative sets are exactly union of some connected finite
subgraph. This provides us with a clear picture and an intuitive under-
standing about where every generative set comes from and what R(s)
looks like. Hence given P(s), there is an explicit algorithm to calculate
all the generative Xs so as to obtainR(s).
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Bisimulation

Definition 33 (Bisimulation)

A nonempty binary relation Z ⊆ S× S′ is Z :M↔M′ iff:

If sZs′, then ∀p ∈ P, U(s, p) = U(s′, p).

If sZs′, thenRg(s) = Rg(s′).

If sZs′, thenRl(s) = Rl(s′).

Zig for K: if sZs′ and s ∼K t, then ∃t′ ∈ S′ such that tZt′ and
s′ ∼K t′.

Zig for G: if sZs′ and s ∼G t, then ∃t′ ∈ S′ such that tZt′ and
s′ ∼G t′.

Zag for K: if sZs′ and s′ ∼K t′, then ∃t ∈ S such that tZt′ and
s ∼K t.

Zag for G: if sZs′ and s′ ∼G t′, then ∃t ∈ S such that tZt′ and
s ∼G t.
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Bisimulation (Cont.)

Theorem 34 (Hennessy-Milner Theorem)

For any two m-saturated models M and M′, ∀s ∈ S, ∀s′ ∈ S′,
M, s↔M′, s′ iffM, s!M′, s′.
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Axiomatization

Naı̈ve Axioms

We may notice some obviously sound axioms:

• D(∅,X)↔ ⊥ (Empty Set Rule)

• D(X,Y)↔ D(Y,X) (Symmetry Rule)

• D(X,Y)→ D(X′,Y), given X ⊆ X′ (Weakening Rule)

• D(X,Y)↔ D(X\Y,Y) ∨ D(X ∩ Y,Y) (Separation Rule)

Although these naı̈ve axioms indeed look very similar to those in in-
dependence logic (Galliani and Hella 2013), they alone are away from
being complete. The good news is that, we can instead find some con-
ciser axioms, which entirely grasp the full properties of modality D
itself, and from which all the above sound axioms can surely be de-
duced.
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Axiomatization

Q(X)

Definition 35 (Q(X))

Q(X) ::=

{
D(X,X), |X| = 1∧

Y⊂X,Y 6=∅
D(Y,X\Y), |X| > 2

Recall Lemma 31, readers should be aware that this Q(X) precisely
depicts the minimum necessary D(Y,Z) formulae, such that X is an
evidence of {Y,Z}.
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Axiomatization

Theorem 36 (Strongly Complete Axiomatization for EDG)

TAUT all instances of tautologies
MP from ϕ and ϕ→ ψ infer ψ

NEC for K from ϕ infer Kϕ
DIST for K K(ϕ→ ψ) → (Kϕ→ Kψ)

T for K Kϕ→ ϕ
4 for K Kϕ→ KKϕ
5 for K ¬Kϕ→ K¬Kϕ

NEC for G from ϕ infer Gϕ
DIST for G G(ϕ→ ψ) → (Gϕ→ Gψ)

T for G Gϕ→ ϕ
4 for G Gϕ→ GGϕ
5 for G ¬Gϕ→ G¬Gϕ

Q for D D(X, Y) ↔
∨

X′⊆X,Y′⊆Y,X′,Y′ 6=∅
Q(X′ ∪ Y ′), given X, Y 6= ∅

E for D D(∅,X) ↔ D(X, ∅) ↔ ⊥
4 for Dg Dg(X, Y) → GDg(X, Y)

Xinyu Wang School of Electronics Engineering and Computer Science, Peking University 60 / 67



Physical Epistemic Logic

Epistemic Logic with Partial Dependency Operator

Axiomatization

Axiomatization

Theorem 36 (Strongly Complete Axiomatization for EDG)

TAUT all instances of tautologies
MP from ϕ and ϕ→ ψ infer ψ

NEC for K from ϕ infer Kϕ
DIST for K K(ϕ→ ψ) → (Kϕ→ Kψ)

T for K Kϕ→ ϕ
4 for K Kϕ→ KKϕ
5 for K ¬Kϕ→ K¬Kϕ

NEC for G from ϕ infer Gϕ
DIST for G G(ϕ→ ψ) → (Gϕ→ Gψ)

T for G Gϕ→ ϕ
4 for G Gϕ→ GGϕ
5 for G ¬Gϕ→ G¬Gϕ

Q for D D(X, Y) ↔
∨

X′⊆X,Y′⊆Y,X′,Y′ 6=∅
Q(X′ ∪ Y ′), given X, Y 6= ∅

E for D D(∅,X) ↔ D(X, ∅) ↔ ⊥
4 for Dg Dg(X, Y) → GDg(X, Y)

Xinyu Wang School of Electronics Engineering and Computer Science, Peking University 60 / 67



Physical Epistemic Logic

Epistemic Logic with Partial Dependency Operator

Future Work

Contents
1 Prologue
2 Knowledge-now and Knowledge-all (Joint Work with Yanjing Wang)

Philosophical Backgrounds
Technical Backgrounds
Preliminaries
Axiomatization
Discussions
Future Work

3 Epistemic Logic with Partial Dependency Operator
Philosophical Backgrounds
Preliminaries
Examples
Bisimulation
Axiomatization
Future Work

Xinyu Wang School of Electronics Engineering and Computer Science, Peking University 61 / 67



Physical Epistemic Logic

Epistemic Logic with Partial Dependency Operator

Future Work

Future Work

• Decidability.

• Axiomatization for the full language EDL.

• Multiple agents.

• Axiomatization when variables are finite, all variables in the model
presenting in the language.

• Axiomatization when possible values are finite, e.g., 2-value de-
pendency.

• More modalities, e.g., Kv, Khw, into this framework.
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Thanks for listening!
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