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Introduction

Polyadic modal logics are logics with n-ary modalities other than the
usual unary ones. They differ from the standard modal logic in
various aspects, e.g.,, Sahlqvist-like fragments in correspondence
theory, detailed techniques for proving completeness, and issues
about decidability.

Recently Wang and Gu found in [4] that the “Knowing value” logic
(KvL) can be treated as a normal modal logic with binary modalities.
This led them to consider some basic properties about binary modal
logic, in order to prove the decidability of KvL. However, there is not
much previous research on this topic in general.



Introduction

Actually KvL is a special kind of polyadic logic since we only need
special binary modalities where the two arguments are the same. It
is also called (binary) “diagonal modalities”. In general, it is also
natural to consider the n-ary diagonal modalities where the
arguments are all the same. There is indeed some research on this
topic in the literature of modal logic. The logic with such modalities
are called weak aggregative modal logics (WAL), which was first
introduced by Schotch and Jennings in [7], and the completeness
proofs for these logics are highly non-trivial (e.g., [2]).

Recently, Yanjing Wang and | show that the WAL do have a natural
bisimulation notion which can be used to give a van Benthem-like
characterization theorem, and we can simplify the completeness
proof based on some new ideas.



Polyadic modal logic



Definition’

A modal similarity type is a pair 7 = (O, p) where O is a non-empty
set, and p is a function O — N. The elements of O are called modal
operators; we use A, Ag,...A, to denote elements of O. The func-
tion p assigns to each A € O a finite arity, indicating the number of
arguments A can be applied to.

A modal language ML(r, ®) is built up using a modal similarity type
7 = (0, p) and a set of propositional letters . Formulas is given by
the rule

d:=p| L]0 |p1 NG| AP, Hp2))

where p € ®.

TWe use the definition in [3].



Polyadic frame

Definition
A frame is a tuple F consisting of the following ingredients:
(i) a non-empty set W,

(ii) for each n > 1, and each n-ary modal operator A, an (n + 1)-ary
relation Ra.

As for the modal case, when p(A) > 0 we define

M,w = A(¢r, ..., ¢p) iff for some vq, ..., v, € Wwith Rawvq, ..., v, we
have, for each i, M, v; = ¢;.



(Normal polyadic modal logic

Definition?

A modal logic is a set of formulas containing all tautologies that is
closed under modus ponens and uniform substitution. A modal logic
A is normal if for every operator v it contains: the axiom K (for all i
such that 1 < i < p(v)); the axiom Dualy and is closed under Necs.

The required axioms are obvious polyadic analogs of the K and Dual
axioms:
(K)v) V(H, 200f@) = @goooy I’p(A)) — (V(H, coo0[Dgooog I’p(A))
= V(.. Gy Ta)))
Dualy A(ﬁ,...,fp(A))<—>—\V(—‘I’1,...—‘I’p(v))
Nec¥, Fad =Fa V(L,...0,...1)

This one is from [3] and we will show it’s not the right version leter.
3where p and g occur in the i-th argument place




A Remark for the above definition

The right version of the normal logic should be subsititute Necg by
Necy, which is as follows.

Necy Fa¢p = bFaV(do,...0,...¢n) ,Where ¢q,...¢, are
arbitrary formulas.

Now we will show that we cannot derive the rule Nec in the above
system K*.



Remark

Nec is independent in the logic K*.

Proof. We define a new semantics I- w.rt. the Kripke model to show
the independence.

The truth definitions for the propositional letters and boolean cases
are the same as =. For the modal case: wlk V(¢r,. .., ¢,) iff one of
the followings hold:

1. wis a dead end, i.e. there isno vq,...,Vy St Rwvy, ..., V,.
2. There are some vq,...,V, St Rwvy,...,v, and
3k € [1,n](Ywa, ..., Wo(Rwwy, ..., W, —

(Wi - dp AYM # RIS, ..., W, (RWW,, ..., Wy, AW, - =)

(The above statement says that there is a unique argument which is
true at the corresponding position of every sequence of successors,
and we call this argument the unique truth.)



Remark

continue the proof

Now we varify that - is valid w.rt. K*. Since we don’t change any def-
inition of the propositional connectives, each tautology is still valid.
The case for dual and US are trivial and it is also easy to show that I+
preserves truth under Nec*. For the axioms K, suppose that M, wis a
pointed model and the two premises are satisfied at M, w. Then we
know that p; is the unique true argument for some i, and if i = n+1,
Qn+1 Must be the unique, which means v(ps, ... Gn41,-- -, Pm) IS true
at w, since other p; must be wrong at some successors of w. If i #
n -+ 1, it follows that g, 1 must be wrong somewhere and hence we
also have v(p1,...Qn41,.--,Pm) IS true at w. As a result, I- K.

Let M,w be a point model where w is not a dead end. Trivially,
IF T, butwlk—=(T,..., T,..., T), which means Nec cannot preserve
truth. Thus we know that Nec is independent in the logic K*.

1



Remark

Actually we don’t need to add the full version of Nec to our system
to get what we need. If we want to make the necessitation simple as
Nec*, we only need to add a series of axioms as follows:

Co:V(p1, L, ., D)AV(L,po, Ly oy, YA AV(L, ..., L pp) —
V(‘Dh 0o ;pﬂ)

For n-ary modal logic, we need the C,, and one can easily check that
with the help of C,, we can derive Nec in our system.



Weak aggregative logic




Preliminaries

Definition(language)

A weak aggregative language is built up using a set of propositional
letters ® and a single unary modality ¢. Formulas is given by the rule

p:=plL]=p|d1Ad2]| 0P
where p € .

So the language here is as same as the basic modal language.

14



Preliminaries

Definition(Frames)

A frame is a tuple F consisting of the following ingredients:

(i) a non-empty set W,

(i) an (n+1)-ary relation R, where n is a fixed positive natural number.

For WAL, the modal truth is just a special case of polyadic modal logic,
which is defined as follows:

M,w | O¢ iff for some wvq,...,v, € W with Rwvy, ..., v, we have, for
each i, M,v; = ¢.



Preliminaries

Definition(Logic)
The weakly aggregative modal logic K, is axiomatized as follows*:

Axiom: Ogo A---O¢n — O Vi A ¢ (we also call this formula
(0<i<j<n)

Kn)
Rules: F ¢ =+ ¢ (N);
F ¢ — ¢ =+ O¢ — Oy (RM).

It is easy to check that K; is just the normal modal logic K. In the
following completeness proof we assume that the set of proposition
letters is countable to avoid the use of the axiom of choice. (actually
for the uncountable situation, we need the fact that the power set of
our language is well-orderable.)

“This is first introduced in [7]

16



Completeness

- We will use the canonical model method to give a direct proof
for the completeness theorem of the weakly aggregative modal
logic.

The definition of the canonical model is the same as in [2].



Completeness

- We will use the canonical model method to give a direct proof
for the completeness theorem of the weakly aggregative modal
logic.

The definition of the canonical model is the same as in [2].

- Letn > 1and T be the logic K,. Define the canonical (n + 1)-ary
model of T to be the model M" = (W', R, V"), where
WF =: {¥ C Form | £ is maximally r-consistent},

RT = {(Xo,X1,...%5) | O(X0) CU{Zq,...Zn}},
Vi(p)={xeW |pex}

(here O(Xo) = {a | Oa € o}).

So we have: XRyoys ...y, Iff for each O¢ € X, ¢ € X; for some
i <n.



Completeness

In [2] and [1], Apostoli prove the completeness for these K, by reduce
the n-forcing relation which introduce by jennings(1980). In [5],
Jennings with his two partners give a direct proof which based on
syntax. Here we will use the canonical model method to give a proof
just like we ordinarily did for normal modal logic, and in this proof
we will use a syntax proof in [5].



Completeness

proposition[Truth lemmal]
M x = ¢ iff ¢ € x.

19



Completeness

proposition[Truth lemmal]

M x = ¢ iff ¢ € x.

By induction on ¢ and the key step is the one for ¢. So we need the
existential lemma.

19



Completeness

proposition[Existential lemmal

Q¢ € x iff there are y;...y, such that xRypy; ...y, and ¢ € y; for
eachi < n.

20



Completeness

proposition[Existential lemmal

Q¢ € x iff there are y;...y, such that xRypy; ...y, and ¢ € y; for
eachi < n.

Since the language is countable, we can assume that O(Xo) = {¢; |
i € w}. What we need to show is that there is an n-partition(here we
admit @ part.) (£,...,%,) of O(Xo) such that each ¥;U{¢} is con-
sistent. From that we can use the traditional lindenbaum method
to get n MCSs y; ...V, S.t. XRyoyq ...y and ¢ € y; for each i < n. No-
tice that ¢ itself is consistent since we have the rule N, so if &; = &,
Y U {¢} Is consistent.

20



Completeness

First we show that if X is a singleton, X;U{¢} is consistent. Suppose
that {41, ¢} is not consistent. So we have F ¥; — —¢, and by RM we
know that = Oe; — O=¢. Since Oy € x, O—¢ € x, which contradicts
the fact that x is @ MCS and 0¢ € x.

We define a sequence of sets of n-tuple as follows:for each |,
Bo = {(o1,...0n) | oj = {9} for each i};

Bn={(c7",...00) | o = 0;Us; where (s;,...,Sp) is an n-partition
of Ay, = {# | i < m} s.t. each g; Us; is consistent.} for m > 0.

21



Completeness

Notice that |By| < !|(p(Am))="]|, which means each By, is finite.
Claim 1: each B; is not empty.

Claim 2: there are (o] | <w),.. <ag | j < w) st foreachi < n,

o C ok if j < k where (o}, ...0}) €
If Claim 2 is true, let X; = U aJ, for each i < n. From the definition

JEW
and claims above, It's easy to show that each &; is consistent and

each ¢; € X; for some i. It follows that X4,...,%, is an n-partition
of O(X,) such that each X; U {¢} Is consistent.

22



Completeness

Next we prove that Claim 1 implies Claim 2. Suppose Claim 1 holds.

First we show that for each j € w, there must be some (oﬂ, . ..o—’},) S

Bj s.t.

Wk > j3j' > k3(o),...0h) € By(\ ol C o (1)
i<n

Here we call such a (o—1 , - .a’ﬁ) an extension of (aQ', . aJn)

So (0J1, . ..an) satisfies 1 means that its extensions are unbounded.

23



Completeness

If the assertion above is not true, we will find j and k s.t. for each
x € Bj, there are no extension of x in B, since B; is finite. So By must
be empty, contradicts claim 1.(Since if y = (o4, ...0n) € Bk, we can
delete all the ¢, s.t. h > jfrom these o to geta y’ = (o7,...0}) € B;
and it’s clear that y is an extension of y'.)

Now we know that in each B,, there are some x whose extensions
are unbounded, which means that in By, there must be some x’
extended x s.t. X' has unbounded many extensions.

24



Completeness

Here we define a well-ordering <yon U Cp, where Cp, = {f | f

mew

is from m to n}.(one can see that each member of C,, decides a
partition of A, and hence decides a member of B,,.) If f € Cp and
g € Cp where m < Rk, then f <, g. If fo,f1 € Cpy, we order fo,f7 by their
left-lexicographic order on n™. Obviously <,is a well-ordering on

U Cm.

mew

It follows that for x € B, we can choose the least extension x’ &
Bmiq st. X has unbounded many extensions. As a result we find
what we need for claim 2.

25



Completeness

Now we come to prove claim 1. Suppose that B, is empty for some
m € w. First it's clear that m > n by our observation above. It
follows from the assumption that each partition P of A, would in-
troduce an inconsistent s(P), which means for each partition P, we

have - A v — —¢. It follows that=\ A i — —¢. By RM, we
ies(P) P ics(P)
have FOV A v — O-¢.

P ies(P)

26



Completeness

Claim 3
EA O =0V A %)
i<m P ies(P)

Suppose that claim 3 holds, then by our original assumption, Cly); €
x foreach i € w, so we have O(\/ A i) € x.
P ies(P)
But-OV A ¢ — O-¢, so O-¢ € x, contradicts that ¢ € x.
P ies(P)
We will give a sketch of proof for claim 3 later by using the method
in [5].

27



Completeness

First we give some basic definition.

Definition

A non-empty family A of non-empty sets is an n-trace on a non-
empty set B iff for any n-partition (o1, ...0,) of B, there is some
acAst acCoforsomei<n.

28



Completeness

First we give some basic definition.

Definition

A non-empty family A of non-empty sets is an n-trace on a non-
empty set B iff for any n-partition (o1, ...0,) of B, there is some
acAst acCoforsomei<n.

If the above holds for B = UA, we call A is an n-trace. For any n-trace

A on some finite subset of Form, we define F(A) = \/ A ¢.
acA ¢p€a

28



Completeness

Definition
The x-product of a family A of sets is defined as follows:

X(A)={b|VaeAlanb # @) AVb' C b3a € A(b’ na = @)}

>0One can find a proof in [5]

29



Completeness

Definition
The x-product of a family A of sets is defined as follows:

X(A)={b|VaeAlanb # @) AVb' C b3a € A(b’ na = @)}

Proposition

> Let A be an arbitrary n-trace on a finite subset of ¥ = {3 | i € w},

thent A O¢ — OF(A).
HEUA

>0One can find a proof in [5]
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Completeness

Definition
The x-product of a family A of sets is defined as follows:

X(A)={b|VaeAlanb # @) AVb' C b3a € A(b’ na = @)}

Proposition

> Let A be an arbitrary n-trace on a finite subset of ¥ = {3 | i € w},

thent A O¢ — OF(A).
HEUA

Since the Claim 3 is just a special case of the above proposition, we
can get the final result.

>0One can find a proof in [5]

29



Completeness

Theorem

K> is complete w.rt. all the ternary frame.

30



Definition

[bisimulation for WALILet M = (W, Ra, V) and M" = (W, R\, V') be two
models. A non-empty binary relation Z C W x W' is called a bisimu-
lation between M and M’ if the following conditions are satisfied:

(i) If wzw’, then w and w’ satisfy the same propositional letters.

(i) fwZw and Rawva, . .., vy thentherearev;,...,v, in W st. Raw' v, ..., V,
and 3f € Z~(f is a function from {v,/- |1<i<n}tto{vi|1<i<n})

(the forth condition).

(iii) Ifwzw" and Raw'vs, ... ., v, thenthereare v, ..., v, in WSt Rawvs, ..., V,
and 3f C Z(fis a function from {v; | 1 <i < n} to {v:- | 1<i<n})(the

back condition)

31



When Z is a bisimulation linking two states win Mand w' in M" we
say that w and w’" are bisimilar, and we write Z: M,w & M, w'". If
there is a bisimulation Z such that Z: M,w & M",w’, we sometimes
write M,w < M",w'’; likewise, if there is some bisimulation between
M and M', we write M & M’ ,saying M and M’are bisimilar.

From the definition above we can see that if w and w" are modal
bisimilar, they are clearly WAL-bisimilar. Since we know that WAL is a
fragment of polyadic modal logic, we will show that it is exactly the
fragment closed under the bisimulation above. First we show the
bisimulation is indeed sound w.r.t. the WAL-equivalence.

32



Proposition

Let M = (W,Ra,V) and M = (W ,R\,V') be two models. Then for
everyw e Wandw € W, w & w implies w «~ w'. In words, WAL
formulas are invariant under bisimulation.

Proof.

We use induction on formulars, and we focus on the modality case,
since others are trivial. Suppose that w £ w' and w = ¢¢. Then we
know that there are vq,...,vy St. Rawvy, ..., vy, and each v; = ¢. By
the forth condition, there are v;,...,v, in W st. Raw'v;,...,v, and
3f C Z~(f is a function from {v; |1 <i<n}tto{v|1<i<n}).
From the I.H. we have each v, |= ¢ since for each v; there is a v; st.
viZv.. As a result, w' = O¢. For the converse direction just use the
back condition. O

33



The bisimulation notion for WAL is similar with which for modal
logic, since we can generalize some modal theorem to WAL ones.

Theorem (Hennessy-Milner Theorem)

Let M = (W,Ra,V) and M" = (W Ry, V') be two image-finite models.
Then foreverywe Wandw e W, w & W iff w e w.

Proof.

Similar to the proof for basic modal logic. O

34



It is obvious that we have a standard translation from WAL to PML.
We can just translate ¢¢ intio A(¢, ..., ¢), where the number of
arguments is depended on which polyadic language we use. Like the
Van Benthem Characterization Theorem for modal logic, we will show
a similar theorem for WAL: a PML formula is equivalent to the
translation of a WAL formula if and only if it is invariant under
WAL-bisimulations. The proof is based on the way of proving Van
Benthem Characterization Theorem for modal logic-by a Detour
Lemma.

35



Definition (Hennessy-Milner Classes)
K'is a Hennessy-Milner class, or has the Hennessy-Milner property, if
for every two pointed models M,wand M, w in K, w & W' iff w e W'

Here we give a alternative definition of modal saturated model.

Definition (wa-saturated)

Let M = (W,Ra,V) be an model where Ra is n + 1—ary. M is called
wa-saturated if for every state w € W and every sequence ¥,...,X,
of sets of WAL formulas we have the following.

If for every sequence of finite subsets Ay C ¥q,..., A, C X, there
are states vy,...,v, st. Rawvy,...,v, and for each i there is a j st.
vi = A;. then there are wy,...,wy St. Rawws,...,w, and for each i
thereisajst w; =X

36



Proposition

The class of wa-saturated models has the Hennessy-Milner property.

proof

Let M = (W,Ra,V)and M = (W, R, V') be two wa-saturated models.
It suffices to prove that the relation «~ of modal equivalence between
states in M and states in M is a bisimulation. We focus on the forth
condition, since the case for propositional letters is trivially satisfied,
and the back condition is completely analogous to the case we prove.

37



Assume that w,vy,...,v, € Wand w € W satisfy Rwvy, ..., v, and
W« W'. Let ¥; be the set of formulas true at v; for each i < n.
obviously, for every sequence of finite subset Ay C ¥4,..., A, C X,
we have for each i, M,v; = \/ AAj, henceM,w =0\ AA;. It

j<n j<n
follows that M, w' |= ¢ \/ A A; since w «~ w’, which means w' has a
j<n
sequence of sueccessors vy, ..., v, st. foreach i, v. = \/ A4 ie.
j<n
v,f = A A for some j. By wa-saturation, for each i there isaj st
V, = I;, which means for each v; there is a vj St. v, «w v,

38



Proposition

Any countably saturated model is wa-saturated. It follows that the
class of countably saturated models has the Hennessy-Milner prop-

erty.
proof
Suppose that M = (W, Ra, V) is a countably saturated model. Let w €
Wand X,,...,X, be a sequence of sets of WAL formulas s.t. for every
sequence of finite subsets Ay C Xq,...,A, C X, there are states
Viy...,Vp StORawvy, ... v, and for each i thereis aj st v; = A
Define X = {Rwxy,...,xn} U U{V STx(9i) | ¢i € Li}.

J<n i<n

Claim: X is consistent with th((M, w)), the first-order theory of (M, w).

39



If we proves the Claim, we know that X itself is realized in some
Vi,...,V, € Wsince X is a n-type with just one parameter and M is
countably saturated. By (M, w) &= Rwxq, ..., Xp[v1,...,Vy] it follows
that Rwvy, ..., vy and by (M,w) = U{V STx(#i) | &1 € Zit[va, - -, V),

j<n i<n

Vi = {_l/ STx(9i) | ¢i € Z;}. Thus, v; = I, for some i: if not, we will
I<n

know that for each i, there is some ¢i € Tj st v = =STx(¢;), which
means v; = A\ ST (¢;), contradicts that v; = \/ STy (¢;).

i<n i<n
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If we proves the Claim, we know that X itself is realized in some
Vi,...,V, € Wsince X is a n-type with just one parameter and M is
countably saturated. By (M, w) &= Rwxq, ..., Xp[v1,...,Vy] it follows

that Rwvy, ..., vy and by (M,w) = U{V STx(#i) | &1 € Zit[va, - -, V),

j<n i<n

Vi = {_l/ STx(9i) | ¢i € Z;}. Thus, v; = I, for some i: if not, we will
I<n

know that for each i, there is some ¢i € Tj st v = =STx(¢;), which
means v; = A\ ST (¢;), contradicts that v; = \/ STy (¢;).

i<n i<n
Now we prove the Claim: Suppose that X is not consistent with the
first-order theory of (M, w). It follows that there are a sequence of
finite subsets A1 C ¥4,...,A, C X, st
ULV STx(¢i) | ¢i € Aj} U{Rwxq, ..., Xn} Uth((M,w)) is inconsistent.

i<n i<n
But that is impossible since we already know that for every sequence
of finite subsets A C ¥4,...,A, C X, there are states vq,...,Vv, s.t.

Rawvi,...,vy and for each i thereisajst v = A, 40



Theorem (Van Benthem Characterization Theorem)

Let ¢ be a polyadic modal formula. Then ¢ is invariant for WAL-bisimulations
iff it is (equivalent to) the standard translation of a WAL formula.

Proof.

Just as the one for modal logic.
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Some syntax remarks




Introduction

In this section we will give some results about the relation between
KvL, PML and WAL, and basically we consider some syntax properties.

Recall that the syntax Gu and Wang give for KvL in [4] is as follows.
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System MILKV’

Rules
r MP 929
System MILKYV ¥

Axiom Schemas NECK ¢
TAUT all the instances of tautologies 0
DISTK Oi(p— q) — (O;p — O;q) NECKv" g
DISTKv" Oi(p — q) — (OSp — O¢q) ¢
Kv'V  Oi(pAg)AOS(pV g) — (OSpV Ofq) SO8 Y

RE Ve X

¢ < 9[Y/x]



Extended language MLKv'*

The extended language MLKvV' " is:

pu=T|pl=p|(dAd)|Dip|0i (e, ¢)

The difference is that we no longer assume the two arguments to be the
same here.

The semantics are similar (easier to understand as &5(¢, )).



System MLKV"*

Rules

System MLKV" " b6 — U
Axiom Schemas LS oy
TAUT all the instances of tautologies NECK
DISTK 0;(p — q) = (Jip — 0;q) in;ﬁ
SYM 05 (p, q) — O5(q, p) NECKv' 5506, 9)
DISTBK O%(p — gq,r) — (3%(p, r) = 0%(q, r)) DSy
NG 0f(p, 4) = Oip T Se i
ATEUC Of(p, q) A Oir = Of(p, r) VOi(q,r)  qup ¢

olp/Y]



Remark

First we show that in KvL, one can derive a formula similar with K5,
and we call that formula K3.

Ki: Op Ag — O(p A q)
Ks: Op AOg AD(—p A—q) — O(p A q)
Ky Op AOgAOr—O((pAg)V (pPATV(GAT))
K ort én AD(=(Po V -+ V Pn)) =
Ky: \iOpi AOA;=pi = ONA; i
Proposition

Fmikvr K5

4l



1 O(-pA=q)AOp Alg — O(p A Q) Kv'V
2 0L — O(pAQ)
2.1 1L —=pAg taut
2.2 O(L —pAQ) neck
2.3 O(L —=pAg) — (0L —=0O(pAQ)) Kv"
2.4 0L —O(pAQ) mp2,3
3 O(=p A—g) A=OL = O (=p A—q)
3.1 O(T —=(pVvQ) «OH(Pvg) —1) RE

32 O(-(pvg)— 1)— (O-(pVvqg)—0OL) Kv"
33 O-((EVvg—=1)= 0T =9>0(pvg) taut2
3.4 O(T = (pVvaq) = (0T = (pVa)) taut1,3

3.5 O(pvag)—=0O(T = (pVQ)) K
3.6 O(pVvag)A-OL—d(pVQq) mp4,5
3.7 O(pvag)— d(pvag) vl tauté
3.8 O(-p A=q) A=OL — O (=p A—q) taut7
4 O(-pA-q)A-OLADOpALOg —O(pAg) tautl3

5 Op AQg AD(=p A—q) — O(p A Q) taut2,4 45



Remarks

- However, we cannot replace K, by K% in WAL, which can be
showed by the following independence proof.
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Remarks

- However, we cannot replace K; by K5 in WAL, which can be
showed by the following independence proof.

- First we need to introduce neighborhood semantics in [6] for
modal logic.
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Remarks

- However, we cannot replace K; by K5 in WAL, which can be
showed by the following independence proof.

- First we need to introduce neighborhood semantics in [6] for
modal logic.

- A pair F= (W, N) is a called a neighborhood frame, or a
neighborhood system, if W is a non-empty set and N is a
neighborhood function from W to P(P(W)). M = (F,V) is a
model if V : prop — 2" is a valuation function.

The truth for modality is different from which in Kripke frame,
and we introduce it here:

M. w = Oo iff (())‘ﬂ'v‘ S /\/(W)

M,w = O iff W — ()M ¢ N(w)

where (p)" = {w | M,w = ¢}, i.e. the truth set of ¢.
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Remarks

Lemma (universality)
M preserves truth under Nec iff Yw € W(W € N(w)).

Lemma (monotonicity)

M preserves truth under RM iff Yw € WS C S C W(S € N(w) — S €
N(w)).

Proposition
K3 17 Kz
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Define F = (W, N) be the frame s.t. W= {a, | 0 < n <5},

N(ag) ={S|S 2 {a1} vS D {a;} VS D {as,as}} and forn > 0,

N(a,) = {W}. Let V be the assignment s.t. V(po) = {a1,a,},

V(p1) = {a,} and V(p,) = {as,a,}. Of course M = (F, V) has the above
two properties, so it preserves Nec and RM. It is easy to check that
O(=po A —pq) is wrong at ag since {ao, as} ¢ N(ag), SO ag = K;. By the
definition, we know ag = Opg A Opy A Op,. So we only need to show
that ap = —=0O((po A p1) V (P1 A P2) V (po A p2)), but this is obvious:
only a, satisfies two of p; but {a,} ¢ N(ao).
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Remarks

- However, we can prove K, in the normal polyadic modal logic,
and hence we know that WAL(K,) is a subsystem of KvL, since KvL
is normal.
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- However, we can prove K; in the normal polyadic modal logic,
and hence we know that WAL(K>) is a subsystem of KvL, since KvL
is normal.

- Proposition

Fx K5, where K means the normal polyatic modal logic, and K, stands
for its translation in this language.
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Remarks

- However, we can prove K; in the normal polyadic modal logic,
and hence we know that WAL(K>) is a subsystem of KvL, since KvL
is normal.

- Proposition

k¢ Ky, where K means the normal polyatic modal logic, and K, stands
for its translation in this language.

- proof

It is easy to show that in the normal polyatic modal logic K, the rule
RM(from + ¢ — ¢ we can get - V(¢,¢) — V(,)) is derivable, and
actually we can prove a alternative version: - ¢ — Y& F ¢ — 1)’ =

V(¢, 6 ) — V(,9"), so we will just use them directly. Recall that the
formula K, is just V(¢o, ¢o) A V(d1,$1) A V(da, d2) — V((do A ¢1) V
(()g AN <)3) (()1 VAN r);). ((m N m) ((m N “2) V (()1 N ”2)) in polyatic modal

logic. For convenience, we still use O¢ standing for V(¢, ¢).
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11

12

13

14

15

16

17

18

19

20

o = GV 1,00 = G0V P2,..., 02 = P1V @2
$o Vo1 = ((doV o2 = (91 V d2) = (o V ¢1) A(do V ¢2) A(d1V 62)))
(@0 V d1) AoV d2) A(P1V d2) = (do A1) V (do A 2) V (61 A ¢2)
O((do V @1) A(do V ¢2) A (d1V ¢2)) = D((do A d1) V (do A d2) V (¢1 A ¢2))

V(do V ¢1,00V ¢1 — ((do V d2 — ((¢1V ¢2) = (do V ¢1) A (¢o V d2) A (¢1V $2))))

V(p,q—r) = (V(p,q) = V(p,r))
V(o ¢0) = V(do V ¢1,h0 V $1)
V(go V ¢1,90 V ¢1)
VidoV ¢1,00V ¢z = (61 V ¢2) = (do V d1) A (o V d2) A (1 V ¢2)))
V(go V ¢1, 00 V ¢2)
Vi(doV é1,(¢1 V2 = (o V d1) Ao V ¢2) A (d1V ¢2))

Vi(go V ¢1,01V ¢2)

V(go V é1,(do V d1) A(do V ¢2) A (¢1V ¢2))

V(o V g2, (¢o V ¢1) Ao V ¢2) A (p1V ¢2))

V(g1 V 2, (o V ¢1) Ao V ¢2) A (f1V ¢2))

Let ¢ = (¢o V ¢1) A (do V d2) A (61 V 2)

Vi(doV o1 = ((doV g2 = (91 V ¢2) = (g0 V ¢1) A(do V d2) A (61 V 2))), )
V((¢oV 2 = (81 V ¢2) = (do V é1) A (o V 2) A1V ¢2)), )
V(@1 V ¢z = (doV ¢1) A (S0 V ¢2) A1V ¢2)),¢)

V((¢o V ¢1) Ao V ¢2) A1V ¢2), ), 1. O((do V d1) A(do V d2) A (d1V ¢2))
O((do A1) V (do A d2) V (d1 A ¢2))

taut
taut
taut
RM3
Nec2
K
RM1
mp7, hyp
mpb, 8,5
RM1, hyp
mp6,9,10
RM1, hyp
mp6,11,12
similar with the proof of 13

similar with the proof of 13

Nec2
mp6,13,16
mp6, 14,17
mp6,15,18

mp4, 19
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