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Introduction to PDL
°

Background of PDL(propositional dynamic logic)

@ What is a programme?
Calculate the greatest common divisior of two integers.

while(y #0)

{ input output
z=x mod y; — [ programme |——
X=y;
y=2z inputwoutput

}

@ How to verify its correctness?
e Specification of correctness

If the two inputs are not both zero, after the programming, the
output should be their gcd.
o Formal verification

¢ —[aly
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Language of PDL

The language is defined by mutual induction:

¢:=Tlpl~PplPpAg|[r]p

wo=al?¢|ma|ln+m|at

where p e ®g, a€llp.

Example (¢ — [a]y)

while(y #0)
{

z=x mod y;
X=y;
y=2z

}

“p:=y#0
a:=z=xmody
b:=x=y
ci=y=z
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Semantics of PDL

e Model
The model 9t of PDL is a Kripke model:
(S, (> aeTlo}, V)
where S is the set of states, 2<Sx S and V:® — 2(S).
o Satisfiability
M,sl-FT < always
M,slkp < seV(p)
M,slk-¢p < Msk
M,sl-Fprwy — M,slk¢p and M, sk
M,slk[r]¢p < forallt, (s,t)e [x] implies M, tI-¢p

(s,t)elal < s>t
(s,t)e?¢] < s=tand M,sl-¢
(s,t)elny;m2] < (s, t)€lnilolnl
(s,t)elm+m] < (s t)e[mlulmnl
(s,t)eln*] < (s,t)elnl*
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Model theoretical properties

Proposition (Structure invariance)
For any two PDL models 9,s and ',s’, if M,s =M, s,
o for any 7, there is t such that s 5 t iff there is t' such that
s’ Zt'. And 9, t = M, t'.
e for any ¢, M, sl ¢ iff M, s I .

Proposition (Finite model property)

If ¢ is satisfiable, then it is satisfiable on a finite model.
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Finite model property by filtration

e Forall [a]peZ,

o if(s,t) e [xl, then (Isl],|t]) € [x].
o if (Isl,It]) € [] and M, s+ [a]¢p, then I, I .

@ ForallpeX, M,sl-¢ iffi)ﬁ/z,lsl IF .

Definition (Fischer-Ladner closure)

FL(p) = {p}
FL(—|¢) = {_|(!)}UFL(¢)
FL(¢pAy) = {pAwtuFL(op)UFL(y)
FDL([ﬂ]d’) = FLP([x]$) L FL(¢)
FL=([a]p) = {[a]$}
FLE([?y]p) = {[?y]e}u FL(y)
FLP([ry +m2]p) = {[my +m2]¢p U FLD ([x1]¢) U FLT ([m2]0p)
FLE ([ry:mo]ep) = {[m;mo)} U FLE ([mq][m2]p) U FLZ ([m2] )
FLP([x*]¢) = {[x*]¢}u FLO ([x][n*]¢)
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Axiomatization

Axioms
TAUT  all the axioms of propositional logic
DIST [7](¢ —v) — ([7]¢ — [n]y)
[m1 +72]¢p = [m1]¢p A [m2]p
[m1;2]¢p = [m1][m2]p
[Pyl —vy—¢
oA [n][n*]p—[n*]¢
IND S [n*](p— [n]g) — [n]¢
Rules
Mp b,p—vy
11/
GEN &
[7]¢
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Soundness and Completeness

Proposition (Soundness)

If - ¢, then I .

Proposition (weaker completeness)

IfIk ¢, then + ¢.

1) pes <= M slk¢p imjz,lsl - ¢
2)ME, I ¢ A [r*](¢ — []) — ("]
3) Construct a PDL model (9)?72)’ based on 9)?;2, then we have
that
o for all [r]pe=, |s| 5 |t] iff |s| |t

o forall pez, SJI;Z,ISI - ¢ iff (W;z)’,lsl Ik .

10/32



Some related work—EPDL
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Motivation: Lost with a map at hand

The secret agent sneaking in an enemy building is guided by his
headquarters. Suddenly, the communication with the HQ is lost
due to some emergency. Now the agent must reach a safe place as
soon as possible.

S7 <—I— S Sg:Safe Sg:Safe

.

§] —r— S —r—> 53 r—> Sj:Safe —r— S,
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Language and Semantics

@ The EAL language with action and knowledge as modalities:

pu=Tlplplorgllalp| K¢

where pe P, a€ A.
e Model: an uncertainty map (UM)

M =(5,121ae A}V, U)

where U# @, U< S such that Vs,te U, e(s) = e(t).

M, s is a pointed UM model, if se U.
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@ The satisfiable relation on pointed UM model .4, s is defined as:

M,sET < always
M,sEp <<= seV(p)
MSED = M,sFED
M,;sEGNY — M,sEP and M,sF P
MsEKP —= YuelU: M, uEP
M,skE[a]lp <= VteS:s>timplies 4|2, tE¢

M2 =(S,{Ra1a€ A}V, UID)

o UZ=UIFnE(t)

U|? ={r' | 3re U such that r > r'}
E(t)={t"le(t')=e(t)}
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Main results

Axiomatization and Completeness
Structure invariance

Normal form

Finite model property
Comparisons
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Language of EPDL(epistemic propositional dynamic logic)

The language of EPDL is defined by mutual induction:

Gu=TIplplopApIKP|[r]p
wo=al?p|ma|n+a|n”
where pe ®g, ac€llp.

Remark

EPDL makes its application more natural and convenient.

S7 <—I— Sp Sg:Safe Sg.:Safe

N

S| —r— Sp —r—>5s3 r—> Sy :Safe —r—> Sg;

¢ :=(a)safe N K safe
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An uncertainty map (UM)

M = (5,12 ae Ty}, V, U)

such that
o U#gand UcS
e for all s,te U, o(s)=o(t)

M, s is a pointed UM model, if s€ U.

Remark

The definition makes the uncertainty set more controllable.

S7 <—I— S Sg :Safe Sg :Safe

R

S] —r—> Sy —r—> 53 r—= Sp.:Safe —r—> Sp
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Satifiablity

The satisfiable relation on pointed UM model .4, s is defined by
mutual induction:

M,sET < always
M,sEp < seV(p)
MSEND — M,sFED
M, SEGANY — M,sE and M ,sED
M,sEKp < foralls’, s'e U implies 4,s' E ¢
M,sE[n)l¢p < forall ', s":(M,s)[xl(AH'S")

implies .4',s" E ¢

M’:MIZ’, and s > s’
(M',s")=(M,s)and M sy
(A, s)[m1l o [mal(A',s")

(A, s)[m1l U [l (A, S")

(A, )l * (M, S)

(A',s")
(A, 5)|I71//ﬂ(ﬂ',5')
(A, 8)lmy; ] (A, S)
(A, s)[m1 + 720 ( A, S")
(M, ) [m*1(M',S)

pront
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Examples

Example (4,51 = Kap A (by=Kp )

SL—b>53:p S| —b>S3:p
e
g —b—> Sy S ———b——>~§
Example (#,s1 = K—ap A (a; ayKp)
51 —b>S3:p S| —b>s3:p sl—b—>sé:'}3

= % // = f e

So —b—> 54 L S —b—>5 So) —b—> 54
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@ Truth value of EAL formulas are not defined on all the states in

a model.
o We say a formula ¢ is valid (& ¢), if for any pointed UM
model M ,s: M,sFE ¢.
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Structure invariance

Given an UM model 4 =(S,{R3}zem,, V, U), let
J%ML = <S’ {RQ}QGHQ) V>

Definition
For any ./ = (S,{Ra}aenty, V, U), A" =(S',{R} aemy, V', U'), we say
that . is U-bisimilar to .4’ (notation: .« = &) iff:
e for any ue U, thereis a u’ € U, such that 4™, u<= /M
e for any v’ € U, there is a ue U, such that 4™, u<= /M .

We say two pointed UM models are U-bisimilar (4,u= N, u") iff
M u= AW and H 2 N
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If M,s=N,u,

e for any 7, there is a pointed UM model ', s', such that
(M, s)ml(A',S"), iff there is V', U, such that
(A, u)[x) (AN ). And 4l',s' = N0

e forany ¢, M,sE ¢ itF NV, ukE .

By mutual induction.
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Compare with ETS

e An ETS (Epistemic Temporal Structure) model is a PDL model
with an equivalent relation. Formally, an ETS model 91 is a
tuple

M=(S,{Rs|a€Tlp},~, V)

where ~ is an equivalent relation on S.

@ The satisfiable relation of an EPDL formula ¢ on an ETS model
N is the same as PDL besides that:

M,sl-Kp < for all t, s~t implies M, tIF¢

Proposition

For any UM models 4 =(S,{R,|a€ Iy}, V,U), 4 can be
unravelled as an ETS model .4/ 575.
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Given a UM model .« =(S,{R,|ac g}, V,U), we define .4E™ as
(5°,{R; | a€lp},~*, V*) where:

e S*={plp is a path in ./ starting with some s € U}

° (p,p')eR; iff p' = pat for some t€ S and aeIlp.

@ For any two paths p =spay---aps,, p' =tpar---ant, in S*:
p~*p"iff n=0 or o(s;) = o(t;) for each 1<i=<n.

o V*(spai---ansp) = V(sn)

Proposition

Let M4 =(S5,{R,|a€®},U,V) and s€ U, then

@ For any m, there is ' s’ such that 4 ,s[n).4',s" iff there is
p'€S* such that s % p' in MF"5. And M5, 0" = ()75,
@ For any EPDL formula ¢: M ,s = ¢ iff 4575, s .
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An example

An UM model: 4,51 E K- pA{by=Kp

S]—b>S3:p

e

a

Sp —b—> 54

Its unravelled ETS model: #E™,s; IF K=p A (b)=Kp

s1asp bsz $1as50asy
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Proposition

METS s the ETS model, which is constructed by the UM model .,
then
o I 1~ pa, then o(p) = o(p2).
o If p1 > py, for any a € o, and po ~ pa, then there is p3 such
that p1 ~ p3 and p3 = pa.
° lfp1 ~ p3 and p3 = pa, for any a€ Ty, then for any p»,
p1 = p2 and o(p2) = o(p4) implies p2 ~ pa.

Let C be the ETS models which has the three properties, then we
can get that

Proposition
For any EPDL formula ¢, if Cl- ¢, then E ¢

How about the other direction?
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For any pointed ETS model (I, s), where M € C, there is a pointed
Uy M s.

Definition
Given a pointed ETS model M = (S,{R,|aellp},~, V), s€ S5, we
define the UM model 9™ as (S, {R% | a € TIp}, V™, U") where:

o Un=1{s'|s'~s}

@ S"=U{Ss is the domain of the pointed generated model of

MM from s’ | s’ € U=}
o R1=R,nS"x 5"
o V*(s)=V(s)
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Example

S] —b—=>S3 S —b—>S3
So —b—= 54 S —b—> 54

Figure: 9, s Figure: I, 51

Proposition
Let M =(S,{R;|a€ellp},~, V) and s; € S.

o For any m, there is sp € S such that s; = s in 9 iff there is
(mZ"Y,s1) such that (M, s1) (w1 (ML), s;). And
M, sp = (M), 5.

o For any EPDL formula ¢: I, sy - ¢ iff MI¥, 1 F .
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Proposition
For any EPDL formula ¢, if = ¢, then CIF ¢.

For any EPDL formula ¢, E ¢ < Cl .
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Axiomatization

Axioms:
TAUT all the axioms of propositional logic
DISTK K(p—vy)— (Kp— Ky)
DIST7 [7](¢ — v) — (7] — [7]w)
T Kop— ¢
4 Kp — KK
5 AKp — KK
[1 +72]¢p = [m1]p A [m2]p
[1; w2]¢p — [m1][m2]¢p
[Pyl —v—¢
oA[][n*]p — [n7]¢
IND oA [n*)(p— [n]¢) — [7"]o
0BS(p) Kpv K—-p
PR(a) Klalp— [a]K¢

NM(a) (a(yqrKo)— Klal(yq — ¢)

Rules: 30/32



Some related work—EPDL
0000000000000

Soundness and Completeness

Proposition
If = ¢, then CIF .

Proposition ( )
If Clk¢p, then = ¢.
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Thanks!
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