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Introduction

Motivation of the author:

@ The modal logic S5, has been used to model knowledge in
multi-agent systems (MAS) for some years now, which
expresses the private knowledge of perfect reasoners.

@ A peculiarity of the logic 55, is that there is no a priori
relationship between the knowledge of the various agents. In
some applications, however, this might not be what is desired.
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More than S5, is needed

For example, if agents have computation capabilities that can be
ordered. If the agents are executing the same program on the same
data then it is reasonable to model the MAS by enriching the logic
55, by:

Oip = Ujp; 1 <J

where < expresses the order in the computational power at
disposal of the agents.

In this case some information is being shared among the agents of
the group.
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Cibip — O;0ip; i #j

which says that:
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More than S5, is needed

A second example of sharing is the axiom
Cibip — O;0ip; i #j
which says that:if agent i considers possible that agent j knows p

then agent j must know that agent i considers possible that p is
the case.
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there is S5, together with

Uip < Ojp, for all i,j € A,

saying that the agents have precisely the same knowledge (total
sharing).
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Two extremes

It is easy to imagine other meaningful axioms that express
interactions between the agents in the system; clearly there is a
spectrum of possible degrees of knowledge sharing. At one end of
the spectrum is 55,, with no sharing at all. At the other end,
there is S5, together with

Uip < Ojp, for all i,j € A,

saying that the agents have precisely the same knowledge (total
sharing).

The two examples mentioned above exist somewhere in the
(partially ordered) spectrum between these two extremes.
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Introduction

The aim of the paper

Our aim is to explore the spectrum systematically. We restrict our
attention to the case of two agents (i.e. to extensions of $55), and
explore axiom schemas of the forms

Ep — Ep
Cp—EEp
EEp— Ep
OEp—EEp

where each occurrence of [ is in the set {01, 0y, $1, O0 ).
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completeness for extensions of S5, with axioms of these forms.
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The aim of the paper

@ Technically we will prove correspondence properties and
completeness for extensions of S5, with axioms of these forms.

@ They are sufficient for expressing how knowledge and facts
considered possible are related to each other up to a level of
nesting of two, which is already significant for human
intuition.
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55, system

Our syntax is the standard bi-modal language L, defined from a
set P of propositional variables:

¢p=p|-¢|oAd|Dip
where p € P, i € {1,2}.
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55, system

Our syntax is the standard bi-modal language L, defined from a
set P of propositional variables:

pu=pl-¢|oAd|Tig

where p € P,i € {1,2}.

As standard, we use Kripke frames and model to interpret the
language L. Interpretation,satisfaction and validity are defined as
standard.
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55, system

System 55
Axioms Rules
TAUT all the instances of tautologies MP w
DISTK  Oi(p = q) = (Tip > Ojq)  NEC D“ib
o
T Oip = p SUB
olp/Y]
4 O;p — 0;,0;p

5 ﬁDip—) Diﬁ\]ip
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dCT.
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Some useful descriptions about 55, system

Theorem
The logic S5, is sound and complete with respect to equivalence
frames F = (W, ~1,~3).

Lemma

Let L, be a normal modal logic. Given an L,-consistent set of
formulas ®, there is a maximal L,-consistent set [ such that
dCT.

| A

| A

Lemma
For any ¢ € L, we have - 0;¢ + 0,0,¢ <+ <;0,¢ and
FOip - O0;0i0 +» OiCip where i € A.
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Some useful descriptions about 55, system

Theorem
The logic S5, is sound and complete with respect to equivalence
frames F = (W, ~1,~3).

| A

Lemma

Let L, be a normal modal logic. Given an L,-consistent set of
formulas ®, there is a maximal L,-consistent set [ such that
dCT.

Lemma
For any ¢ € L, we have - 0;¢ + 0,0,¢ <+ <;0,¢ and
FOip +» 0,010 < O where | € A.

| A

For any ¢,v € L, we have = ¢ — 1) implies O;¢p — O;) and
Cip — Cirp. b
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Interaction Axioms of the Form Hp — Ep

We start with extensions of 55, with respect to interaction axioms
that can be expressed as:

0o — [¢, where [ € {071, 0;, 1, O} (1)
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Interaction Axioms of the Form Hp — Ep

We start with extensions of 55, with respect to interaction axioms
that can be expressed as:

0o — [¢, where [ € {071, 0;, 1, O} (1)

There are 16 axioms of this form; factoring 1-2 symmetries reduces
this number to 8, of which 4 are already consequences of 55, and
therefore do not generate proper extensions. The remaining 4 are
proper extensions of 5§55 and give rise to correspondence
properties. All the possibilities are described in Figure 1.
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Interaction Axioms | Completeness | Lemmas of reference Notes
Uip = Ohp — - -
Oyp= <p — = Fp= <ip
O1p = Oap Ty 41and 4.2 =
Oyp = Cap — - Fp= Ogp
in = Dlp ~ = ‘LdW 43and 44 =
C1p = O1p = = =
<C1p = Ogp o =rvo= idy 45and 4.6 -

Olp = ng ~1Crog 47 and 4.8 -
Oop = Ohp ~1Crvg 47 and 4.8 -
Oop = <1p — - Fp= <Cwp
Ogp = Oap —_ - =
Ogp = Oop — = Fp= <Cop
Cop= Oip ~y=rvo= tdw 45and 4.6 -
ng = 01}) ~2§~1 41and 4.2 o
Oop = Oap o= idyy 45and 4.10 -
Oop = Ogp — = =

Figure 1. An exhaustive list of interaction axioms generated by (1).



Interaction Axioms of the Form Ep — p
©0000

Several examples

© Uip — Lop

F E O1p — Oup if and only if F is such that ~5Cn~. \
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Several examples

© Uip — Lop

F E O1p — Oup if and only if F is such that ~5Cn~.

Proof.

From right to left; consider any model M such that ~>C~7 and a
point w such that M &, O;p. So, for every point w’ such that

w ~1 w' we have M E,, p. But [w]., C [w]~, and we have

M E,, Osp.
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[ _Jelelele]

Several examples

© Uip — Lop

F E O1p — Oup if and only if F is such that ~5Cn~.

Proof.

From right to left; consider any model M such that ~>C~7 and a
point w such that M &, O;p. So, for every point w’ such that

w ~1 w' we have M E,, p. But [w]., C [w]~, and we have

M E,, Osp.

For the converse, suppose w ~»> w’ on a frame F, such that

F E O1p — Oyp; it remains to prove that w ~7 w’. Consider a
valuation 7(p) = {w'}. So (F,7) Fy <2p, but then

(F,m) Ew ©1p, and so, since w' is the only point in which p is
satisfied we have w ~q1 w’. O
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The logic §5; + {01p — Oap} is sound and complete with respect
to equivalence frames such that ~»C~1.

Proof.
Soundness was proven in the first part of the previous lemma.
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The logic §5; + {01p — Oap} is sound and complete with respect
to equivalence frames such that ~»C~1.

Proof.

Soundness was proven in the first part of the previous lemma.
Consider the canonical model M = (W, ~1, ~7, ) for the logic
552 + {O1p — Ozp}. We know that 557 is canonical, i.e. the
frame underlying M is an equivalence frame. We prove that the
extension S5; + {O1p — Oyp} is also canonical.
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0®000

The logic §5; + {01p — Oap} is sound and complete with respect
to equivalence frames such that ~»C~1.

Proof.

Soundness was proven in the first part of the previous lemma.
Consider the canonical model M = (W, ~1, ~7, ) for the logic
552 + {O1p — Ozp}. We know that 557 is canonical, i.e. the
frame underlying M is an equivalence frame. We prove that the
extension S5; + {O1p — Oyp} is also canonical.

Suppose w ~p w/, with w, w’ € W; it remains to show that

w ~1 w'. For this, it suffices to prove that there is a consistent set

{a1,...,am} U{B;i | O18; € w}

For if that is the case by the maximal extension lemma there exists
a point in the canonical model M that contains those formulas. [
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Proof.

By contradiction assume this is not the case; then we can choose
some ag,...,m, 1, .., By such that

F=(a1,...,am A B, ..., Bn). Call o =AT a; and = AL, ;.
SokF —aV g, ie F B — a.
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Proof.

By contradiction assume this is not the case; then we can choose
some ag,...,m, 1, .., By such that

F=(a1,...,am A B, ..., Bn). Call o =AT a; and = AL, ;.
Sotk —aV-p, ie 38— -« ButO:6; € w,fori=1,...,nand
so 013 € w; for similar reasons we have o € w’. Since

FO1¢ — Oy¢, we have O8 € w. But then by axiom T we have
S € w' and so it has to be —a € w'. But then it would be o ¢ w’
which is absurd.
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Proof.

By contradiction assume this is not the case; then we can choose
some ag,...,m, 1, .., By such that

F=(a1,...,am A B, ..., Bn). Call o =AT a; and = AL, ;.
Sotk —aV-p, ie 38— -« ButO:6; € w,fori=1,...,nand
so 013 € w; for similar reasons we have o € w’. Since

FO1¢ — Oy¢, we have O8 € w. But then by axiom T we have
S € w' and so it has to be —a € w'. But then it would be o ¢ w’
which is absurd.

So the set {aq,...,am} U{B; | O18; € w} has to be consistent
and there is on the canonical model a point w’ such that w ~1 w'.
By canonicity the logic S5, + {O1p — Opp} is then complete with
respect to this class of frames.
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o O1p— Dop

F E Oip — Qop if and only if F is such that ~1=ro= idy,.
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o O1p— Dop

F E Oip — Qop if and only if F is such that ~1=ro= idy,.

Proof.

From left to right. We prove that it cannot be that ~1# idy/; the
proof for the other relation is equivalent by using the
contrapositive of the axiom. Suppose there exist two points

w,w’ € W on a frame F such that w ~; w’ and consider a
valuation 7 such that 7(p) = {w'}. We have (F,7) E, $1p.
Then (F, ) F,, Oap, and since F is reflexive this implies that
(F,7) Ew p, which is absurd, unless w = w'.
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o O1p— Dop

F E Oip — Qop if and only if F is such that ~1=ro= idy,.

Proof.

From left to right. We prove that it cannot be that ~1# idy/; the
proof for the other relation is equivalent by using the
contrapositive of the axiom. Suppose there exist two points

w,w’ € W on a frame F such that w ~; w’ and consider a
valuation 7 such that 7(p) = {w'}. We have (F,7) E, $1p.
Then (F, ) F,, Oap, and since F is reflexive this implies that
(F,7) Ew p, which is absurd, unless w = w'.

From right to left. Consider any equivalence model M such that
M &, O1p. Then there exists a point w’ € W such that w ~q w/
and M E,,; p. But since ~1=~5= idy,, then it must be that

w = w’ and so M &, O,p. O
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The logic S5, + {<C1p — Oap} is sound and complete with respect
to equivalence frames such that ~1=r~>= id\y.

Proof.
Soundness was proven in the second part of the previous lemma.
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ooooe

The logic S5, + {<C1p — Oap} is sound and complete with respect
to equivalence frames such that ~1=r~>= id\y.

Proof.

Soundness was proven in the second part of the previous lemma.
We prove that the logic S5, + {<1p — Oap} is canonical.
Consider the canonical model M and suppose, by contradiction,
that ~17# id\y on the canonical frame. So there exist two points
w,w’ € W such that there is at least a formula o € £ such that
aé¢w,a€w and w~1 w'. So we have M E,, ¢1a, and then by
F <$i1p — Oop we have M Ey, O
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The logic S5, + {<C1p — Oap} is sound and complete with respect
to equivalence frames such that ~1=r~>= id\y.

Proof.

Soundness was proven in the second part of the previous lemma.
We prove that the logic S5, + {<1p — Oap} is canonical.
Consider the canonical model M and suppose, by contradiction,
that ~17# id\y on the canonical frame. So there exist two points
w,w’ € W such that there is at least a formula o € £ such that
aé¢w,a€w and w~1 w'. So we have M E,, ¢1a, and then by
F <$1p — Oop we have M Fy, Opa. But this is absurd because ~1
is reflexive and we have o ¢ w. So, ~1= idy . In a similar way, we
can prove that ~» is also the identity on W is also the identity on
W. The logic is then canonical and complete with respect to the
frames above. []
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Discussion

We have showed that out of 16 possible interaction axioms of the
form of Equation (1) only 5 of them lead to a different proper
extension of 555. In particular since all the logics were proven to
be canonical we have the more general result.
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Discussion

We have showed that out of 16 possible interaction axioms of the
form of Equation (1) only 5 of them lead to a different proper
extension of 555. In particular since all the logics were proven to
be canonical we have the more general result.

Theorem

All the logics S5, + {¢}, where ¢ is the conjunction of formula
expressible as Equation (1) are complete with respect to the
intersection of the respective classes of frames.

Proof.

It follows from all the canonicity results. Proving the relation
between the logics is straightforward.

| A
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Relations among logics

Figure 2 shows the relations between all the logics discussed in this
section.

e the logic S5, + {01 p <> Oyp} that can be obtained by taking
the union of §5; + {<C1p — Cop} and S5; + {Cop — O1p}-
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Relations among logics

Figure 2 shows the relations between all the logics discussed in this
section.

e the logic S5, + {01 p <> Oyp} that can be obtained by taking
the union of §5; + {<C1p — Cop} and S5; + {Cop — O1p}-

@ The lines in the figure represent set inclusion between logics,
i.e. the logics are ordered in terms of how many formulas they
contain. For example it is straightforward to prove that if

'_552+{<>1p—>\31p} ¢ then |_552+{<>1p—>D2p} .
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Relations among logics

Figure 2 shows the relations between all the logics discussed in this
section.

e the logic S5, + {01 p <> Oyp} that can be obtained by taking
the union of §5; + {<C1p — Cop} and S5; + {Cop — O1p}-

@ The lines in the figure represent set inclusion between logics,
i.e. the logics are ordered in terms of how many formulas they
contain. For example it is straightforward to prove that if
F 55,4 {01p—01p) @ then s, (o ps0,p) ¢

@ The pictured relations between the logics are reflexive and
transitive.
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S5 + {C1p = Oap}

855 + {C1p = Uip} S5z + {Cap = Ogp}
855 +{0Oyp + Oap}

855+ {O1p =+ Cap} 855 + {Cap = C1p}

552

Figure 2: The proper extensions of 55, that can be obtained by adding|:
axioms of the shape of Formula (1).
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@ The most important logic is probably the one that forces the
knowledge of an agent to be a subset of the knowledge of
another. The logic 552 + {01 p <> Oyp} means that both
agents have exactly the same knowledge base.
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Discussion

@ The most important logic is probably the one that forces the
knowledge of an agent to be a subset of the knowledge of
another. The logic 552 + {01 p <> Oyp} means that both
agents have exactly the same knowledge base.

@ Stronger logics such as &1p — O1p can be defined by
assuming that the modal component for one agent collapses
onto the propositional calculus. We are in a situation in which
“being possible according to one agent” is equivalent to
“being known" and this in turn is equivalent to “being true”.
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Discussion

@ The most important logic is probably the one that forces the
knowledge of an agent to be a subset of the knowledge of
another. The logic 552 + {01 p <> Oyp} means that both
agents have exactly the same knowledge base.

@ Stronger logics such as &1p — O1p can be defined by
assuming that the modal component for one agent collapses
onto the propositional calculus. We are in a situation in which
“being possible according to one agent” is equivalent to
“being known" and this in turn is equivalent to “being true”.

@ The strongest consistent logic is Trivs that can be defined
from S5, by adding the axiom <$1p — Oop to S5, or
equivalently by adding both &1p — O1p and Cop — Oop. In
this logic the two agents have equal knowledge that is .
equivalent to the truth on the world of evaluation.
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Interaction Axioms of the Form Ip — B @ p

There are 64 axioms of the shape

Op — O p where @ € {O7,0, 01,02} (2)
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Interaction Axioms of the Form Ip — B @ p

There are 64 axioms of the shape
Op — O p where @ € {O7,0, 01,02} (2)

Factoring 1-2 symmetries reduces this number to 32. Again, many
of these (14 in number) do not generate proper extensions of S5;.
For the remaining 18, the completeness results for the extension
they generate are more complicated than the ones in the previous
section.
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Interaction axioms of the form Cip — EEp

Interaction Axioms | Completeness | Lemmas of Reference Notes
01})‘-—,“? 01D1p ~1:1‘:dW 43and 44 - Chp ¢%‘><>1D1p
Olp = Olmzp ~o= idw Aland A2 -

01}) = <>1<>1p . = F 01_’,{) =4 01011)
<>1p = <>1<>2p — = l—p = <>2p
$1p = 0O,0:p ~ = ddw 43and 4.4 FOp<e O0,01p
Olp = U10sp oy =rug= idpy A3and A4 -
Cip=0,Cp — = Foipe 0,6p
<>1p = D1<>2p ~y Crvg Ab5and A6 -

Oip = $oOip ~1=idw 414 and 4.15 =

01}) = 02D2p oy =rvo= idpy 45and 4.6 = Uop & Ogmgp
O1p = C201p — - Fp= Cop
<>1p = <>2<>2p ~ Crg 47 and 4.8 = Ozp =4 <>2<>2p
$1p = OaO4p rug=ru= jdy A7and A8 -

$1p = Op09p ~ == idw 45 and 4.6 F Ogp < Op09p
C1p = 02Cip rogCrvy A9and A.10 -

$ip = OaCap ~1 Crug 47 and 4.8 F Cap & O20ap

Figure 3: An exhaustive list generated by (2) when the antecedent is $1p.

24 /54
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Important theorem

All the logics in Figure are sound and complete with respect to the
class of equivalence frames satisfying the corresponding property.

Soundness can be checked straightforwardly.
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Important theorem

All the logics in Figure are sound and complete with respect to the
class of equivalence frames satisfying the corresponding property.

Proof.

Soundness can be checked straightforwardly.

For completeness, consider any logic S5 + {¢}, where ¢ is an
axiom in the previous figure. We have two cases.

To be continued dots O
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Proof.

@ 55, ¢. In this case, we obviously have that 55, + {¢} is
equivalent to S5 and so the completeness of the logic
555 + {¢} with respect to equivalence frames follows.
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Proof.

@ 55, ¢. In this case, we obviously have that 55, + {¢} is
equivalent to S5 and so the completeness of the logic
555 + {¢} with respect to equivalence frames follows.

® Fss, ¢. although the logic S5 + {¢} is a proper extension of
555, it can be proven equivalent to a logic S5, + {«} for
some axiom ¥ examined in the previous section. The
equivalence between S5, + {¢} and S5, + {¢}, i.e. that
Fss,4{¢} @ if and only if g5, ¢y a, follows once we have
Fss,1{s} ¥ and Fss,1 1y} ¢; in fact in this case any proof of «
in one logic can be repeated in the other.
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00®0000000
Proof.

@ 55, ¢. In this case, we obviously have that 55, + {¢} is
equivalent to S5 and so the completeness of the logic
555 + {¢} with respect to equivalence frames follows.

® Fss, ¢. although the logic S5 + {¢} is a proper extension of
555, it can be proven equivalent to a logic S5, + {«} for
some axiom ¥ examined in the previous section. The
equivalence between S5, + {¢} and S5, + {¢}, i.e. that
Fss,4{¢} @ if and only if g5, ¢y a, follows once we have
Fss,1{s} ¥ and Fss,1 1y} ¢; in fact in this case any proof of «
in one logic can be repeated in the other. Now since
555 + {4} was proven complete with respect to equivalence
frames satisfying property Py, the completeness of 55> + {¢}
with respect to equivalence P, frames also follows.
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An interesting example $i1p — o0 p.

FE Cip — $Oo01p if and only if F is such that ~1= idyy.

Proof.

From left to right. Suppose there exist two points w, w’ € W such
that w ~1 w’. Consider a valuation 7 such that w(p) = {w'}. We
have (F, ) Fy <¢1p. Then (F,7) Ey $201p, and since p is true
only at w/, which is related to w by relation ~1, then it must be
that [w]., = {w}.
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An interesting example $i1p — o0 p.

FE Cip — $Oo01p if and only if F is such that ~1= idyy.

Proof.

From left to right. Suppose there exist two points w, w’ € W such
that w ~1 w’. Consider a valuation 7 such that w(p) = {w'}. We
have (F, ) Fy <¢1p. Then (F,7) Ey $201p, and since p is true
only at w/, which is related to w by relation ~1, then it must be
that [w]., = {w}.

From right to left. Consider any equivalence model M such that
M &, O1p. Then there exists a point w’ € W such that w ~; w/
and M &, p. But since ~1= id\y, we have w = w’. So
ME, Oip and so M E,, Co04p.
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Completeness by equivalence

|_552+{<>1P—><>2E‘1P} O1p — Hip and
b $5,4+-{01psmrpy Q1P — C201p.
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Completeness by equivalence

Lemma

'_552+{<>1Pﬁ<>2|31P} O1p — Hip and
55,4+ {01p—01p} C1P — O201p.

Proof.

First part. Suppose ¢1p — o201 p; so 001 p — Opp. Substitute
the term (p — O1p) for p uniformly in the axiom above; we obtain
O0201(p — O1p) — O1(p — O1p). We prove that the antecedent
of this formula is a theorem of §55. In fact we have —=O1p VvV O1p
so we have &O1—-p VvV &101p. Now since, as it can easily be verified,
diamond distributes over logical or, we have 1(—p Vv O1p), which
by necessitating by O, leads to $»<C1(—p V O1p). So it follows
that Oy(p — O1p), which gives p — Ojp. Then we can get

O1p — <101 p, which is equivalent to $1p — Oy p.
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Completeness by equivalence

Lemma

'_552+{<>1Pﬁ<>2|31P} O1p — Hip and
55,4+ {01p—01p} C1P — O201p.

Proof.

First part. Suppose ¢1p — o201 p; so 001 p — Opp. Substitute
the term (p — O1p) for p uniformly in the axiom above; we obtain
O0201(p — O1p) — O1(p — O1p). We prove that the antecedent
of this formula is a theorem of §55. In fact we have —=O1p VvV O1p
so we have &O1—-p VvV &101p. Now since, as it can easily be verified,
diamond distributes over logical or, we have 1(—p Vv O1p), which
by necessitating by O, leads to $»<C1(—p V O1p). So it follows
that Oy(p — O1p), which gives p — Ojp. Then we can get

O1p — <101 p, which is equivalent to $1p — Oy p.

Second part. Suppose $1p — Opp. By the axiom T we then
obtain O1p — $Oo05p. ]
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Interaction axioms of the form Oyp - O E p

Interaction Axioms Completeness Lemmas of Ref. Notes
Op= <104p — = F<10ip < Oip
Op=<O10p | VuwTw' € [w]., : [w']~, € [w]., | 418 and 4.19 -
Oip=<101p — = Foipe C1Cip
Op= ¢109p — - Fp= Cop
Oip=0,0,p — = FOps 0:01p
O,p= 0,09p rigCry A1l and A.12 -

Oip= 0:C1p = - FOipe 0C1p
Oip = 010op — = Fp= Cop
O1p = O201p — = Fp=<Cop
Oyp = OoOap ~gCrvy 41and 4.2 F Cop < Oo0gp
Oi1p = ©201p — - Fp= <Cop
Oip= $CaOgp — = F Cop & CoCap
Oip = Og04p gl A.13and A.14 -

Oyp = O909p ~gCrvg 41and 4.2 F Ogp < Oo0op
Oyp = 0201p ~gCrvg A.15and A.16 -

Oip = Oa0op . - F Cop & OxCgp

Figure 4: An exhaustive list of interaction axioms generated by (2) in t
case the antecedent is equal to Oy p.
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Taking Oyp — <$10yp for example

FEOyp — <©10,p if and only if F is such that
Vwaw' € [w]., : [W]~, C [w].,.
(Iw]~, is the ~1-equivalence class of w.)
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Taking O1p — <10,p for example

Lemma

FE Oip — $100p if and only if F is such that
Vwaw' € [w]., : [W]~, C [w].,.

(Iw]~, is the ~1-equivalence class of w.)

| \

Proof.

From right to left; consider any model M and a point w in it such
that M E,, O1p. So, for every point w’ such that w ~7 w’ we have
Mk, p. But, by assumption, there exists a point w’ € [w]., such
that [w']., C [w]~,. So, p holds at any point of the equivalence
class [w]~, , and so M £, Oyp. Therefore M E,, &10,p.
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Proof.

For the converse, suppose the relational property above does not
hold. Then there exists a frame F and a point w in F such that
for any w’ € [w]., we have [w']~, € [w]~,, i.e. we have the
existence of a point w” € [w'].., such that w” ¢ [w].,. Consider a
valuation 7 such that 7(p) = {w’ | w ~1 w'}. We have

(F,m)Ew O1p and (F,7) ¥, p. So (F, ) ¥, Ozp. So we have
(F,m) ¥, <©102p which is absurd. O
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Completeness

Lemma

The logic S5 + {O1p — <$10op} is sound and complete with
respect to equivalence frames satisfying the property

Vwaw' € [w]., : [W]~, C [w]~,.

Proof.
Soundness was proven in first part of the previous Lemma.

N,
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Completeness

Lemma

The logic S5 + {O1p — <$10op} is sound and complete with
respect to equivalence frames satisfying the property

Vwaw' € [w]., : [W]~, C [w]~,.

Proof.

Soundness was proven in first part of the previous Lemma.

For completeness we prove that the logic S5, + {O1p — <¢102p}
is canonical. In order to do that, suppose, by contradiction, that
the frame of the canonical model does not satisfy the relational
property above. Then, it must be that there exists a point w such
that:

vw' € [w]o, 3w” : w' ~y w” and w =1 w”.

N,
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Proof.

Call wy,...,w/,... the points in [w].,, and w/ the point in

[w/]~, such that w »q w/;i=1,...,n,....
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Proof.

Call wy,...,w/,... the points in [w].,, and w/ the point in
[W/]~, such that w 1 w/;i=1,...,n,.... Recall that w ~q w/
on the canonical model is defined as Vo € £(Dja € w implies
a€ew'); wojw is defined as Jo € L(Tja € w and ~a € w').
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Proof.

Call wy,...,w]

!, ... the points in [w].,, and w/ the point in
[W/]~, such that w 1 w/;i=1,...,n,.... Recall that w ~q w/
on the canonical model is defined as Vo € £(Dja € w implies
a€ew'); wojw is defined as Jo € L(Tja € w and ~a € w').
So we can find some formulas o; € £;i =1,...,n,... such that
Diaj € w,aj e wl,—agew!;i=1,....n,.... Call a = A\_j;
we have Oya; € w;i=1,...,n,.... So Oja € w. But

—aew! i=1,...,n,.... So Oryma € w! for every i in
{1,...,n,...}. So O3 r—a € wie. =010 € w. But Djav € w
and Oja — <105, so w would be inconsistent. Therefore the
canonical frame must satisfy the property above and the logic is
complete with respect to equivalence frames satisfying the property
Ywaw' € [w]., : [W']~, C [w]~,.
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Discussion

Given the fact that all the logics were proven to be canonical we
have the general result:

All the logics S5> + {¢}, where ¢ is the conjunction of formula
expressible as Equation (2) are complete with respect to the
intersection of the respective classes of frames.

It follows from all the canonicity results. [




Interaction Axioms of the Form Op — H E p
oe

Discussion

@ Among all these axioms, the most intuitive ones in terms of
knowledge are probably O;p — O,0;p and its “dual”
O,p — O105p, representing scenarios in which agent 1 knows
that agent 2 knows something every time this happens to be
the case.
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Discussion

@ Among all these axioms, the most intuitive ones in terms of
knowledge are probably O;p — O,0;p and its “dual”
O,p — O105p, representing scenarios in which agent 1 knows
that agent 2 knows something every time this happens to be
the case.

@ A more subtle, independent axiom expressed by Equation (2)
is the formula O1p — $10sp, which reads “If agent 1 knows
p, then he considers possible that agent 2 also knows p". The
above is an axiom that regulates a natural kind of “prudence”
assumption of agent 1 in terms of what knowledge agent 2
may have.
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Interaction axioms of the form I Ep > T Ep

We now discuss the extensions of S55 with interaction axioms
expressible as:

DE0p— B8 pwhered € {51752,01702}. (3)
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Interaction axioms of the form I Ep > T Ep

We now discuss the extensions of S55 with interaction axioms
expressible as:

DE0p— B8 pwhered € {51752,01702}. (3)

Equation (3) expresses 4 x 4 x 4 x 4 = 256 different formulas; we
lose half by 1-2 symmetry; of the remaining 128, 64 of them begin
with [;3; with i = j, which, by well known S5, equibalences
collapse to a case of the previous section. The remaining 64
axioms divide into 26 which do not induce proper extensions of
555 and 38 axioms which do.
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Interaction Axioms Completeness
0,0:p = 0,0,p|Vwdw u'}‘_l : [w’].&2 G [w]A_1
0,;02p = O, 01p|Vw3uw' € uf}ﬁ_l . [u-"]ﬁ,2 C [uv]ﬁ,l
0;0ap = O10:2p|? VwIw' € [w]., : [W]., = {w'}
O1Cop = C200p ~1= idw

<©102p = 0,04p ~ Crog

C100p = O10hp ~1Cry

©102p = 0,02p ~1Crop

Oq102p = 0,02p ~q1Crvg

<©102p = O304p ~1Crvg

&1 02p = 0202p ~1 Crog

C102p = O202p ~1Crey

Oq102p = ©20;p ~1Crop

O109p = $oOgp ~qCrvg

C102p = ©2Cap ~1Crog

$1Cap = 0,09p ~1Crog

O109p = O200p ~1C~p

O10ap = C2Ogp ~1Crg
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C102p = Oi101p ~1=rvo= idw
C1Cop = O109p ~1=rvo= idw
C1Cap = Oa01p ~=ro=idw
©102p = O200p ~=rvo= idw
C10op = C1hhp ~1=rvo= idw
C102p = $O202p ~1=rvo= idw
Dlogp == Dlljlp ~o= td“
O0,02p = ¢104p ~o= idw
mEY ng =4 ngolp ~g Cry
C102p = 01Cap g Ty
©102p = O201p oGy
C102p = ©101p ragCroy

0, Cop = O0102p ~o= idw
0;Cap = O204p ~o=idw
O0;C2p = O202p o= idw
O0:Cap = <C20ap ~o= idw
0102}0 = 01 Dgp = '!ldu-'
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0,09p = OzUhyp w o~ W, W v Wy = Jw :
urn ~a ﬁ, Wao ~7 w
C109p = OaO1p| W ~p wy, W ~o Wy = JW :
un ~a w, Wa ~1 w
C100p = O0201p| w ~1 Wi, W ~vo wo = JW :
Wy ~e W, Wz ~1 W
O, Cep = <O201p| ? Either ~1= idw or ~2= idw

Figure 5: Proper extensions of S5, generated by axioms of the form
O E p — [ @ p.For axioms listed with “?" correspondence is proved but
completeness is only conjectured.




Interaction axioms of th
[e]e]e] Yololelelelelolo)

Taking O;Oop — <>10sp for example

Definition
A point w € W is called an i-dead-end if for all w' € W we have
w ~; w' implies w = w'.
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Taking O;Oop — <>10sp for example

A point w € W is called an i-dead-end if for all w' € W we have
w ~; w' implies w = w'.

Lemma

| A

Given a frame F and a point w on it, w is an i-dead-end if and
only if for any valuation 7, we have (F,n) F,, p — O;p.
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F EO:Cp — <$100p if and only if F is such that every point w
is related by relation 1 to a 2-dead-end; i.e. for all w € W there
exists aw' € W,w ~1 w' such that [w']., = {w'}.




Interaction axioms of th
0000@0000000

Lemma

F EO:Cp — <$100p if and only if F is such that every point w
is related by relation 1 to a 2-dead-end; i.e. for all w € W there
exists aw' € W,w ~1 w' such that [w']., = {w'}.

Proof.

From right to left; consider any model M such that every point
sees via 1 a 2-dead-end. Suppose M E,, O;0p; so for every point
w’ such that w ~1 w' we have that there must be a w” such that
w' ~p w” and M E!, p. But by assumption one of the w’ is a
2-dead-end, so we have the existence of a point w € [w]., such
that M Ew Ozp. Then M E,, $100p.
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Proof.

For the converse, consider any equivalence frame F, such that
FEO:Cyp — <$10p and suppose by contradiction that the
property above does not hold.




Proof.
For the converse, consider any equivalence frame F, such that
FEO:Cyp — <$10p and suppose by contradiction that the

property above does not hold. Consider the set X = [w].,, the
equivalence relation ~=~1 N ~7 and the quotient set X/ ~.
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Proof.

For the converse, consider any equivalence frame F, such that
FEO:Cyp — <$10p and suppose by contradiction that the
property above does not hold. Consider the set X = [w].,, the
equivalence relation ~=~1 N ~7 and the quotient set X/ ~.
Consider now the set Y constructed by taking one and only one
representative w for each class [w]. in X/ ~. Consider a valuation
m(p) = Y and consider the model M = (W, ~1, ~2, ).




Proof.

For the converse, consider any equivalence frame F, such that
FEO:Cyp — <$10p and suppose by contradiction that the
property above does not hold. Consider the set X = [w].,, the
equivalence relation ~=~1 N ~7 and the quotient set X/ ~.
Consider now the set Y constructed by taking one and only one
representative w for each class [w]. in X/ ~. Consider a valuation
m(p) = Y and consider the model M = (W, ~1,~2, 7). By
construction we have M k,, O;<Cop. Then by our assumption we
also have M E,, &10,p. So there must be a point w’ such that
w ~1 w' such that M E,,, Oyp.
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Proof.

For the converse, consider any equivalence frame F, such that
FEO:Cyp — <$10p and suppose by contradiction that the
property above does not hold. Consider the set X = [w].,, the
equivalence relation ~=~1 N ~7 and the quotient set X/ ~.
Consider now the set Y constructed by taking one and only one
representative w for each class [w]. in X/ ~. Consider a valuation
m(p) = Y and consider the model M = (W, ~1,~2, 7). By
construction we have M k,, O;<Cop. Then by our assumption we
also have M E,, &10,p. So there must be a point w’ such that

w ~1 w' such that M &, Oyp. But since w’ by assumption is not
a 2-dead-end, the equivalence class [w’]., must contain more than
w’ itself and by construction p is true only at one point in that
class and false for every y ¢ X. So we have M ¥, Oyp for every
w' € [w]~, and so M ¥,, ¢10,p, which is absurd. So for every
point w € W there must be a 2-dead-end accessible from it. O
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Completeness

Completeness for the above remains an open problem.

Conjecture 1: The logic S5 + {01<2p — ©O10op} is sound and
complete with respect to equivalence frames such that every point
is related by relation 1 to a 2-dead-end; i.e. for all w € W there
exists a w' € W, w ~1 w' such that [w/]., = {w'}.
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the axiom O;O,p — Oo04p

F EO;Cp — $Op01p if and only if in every connected sub-frame
either ~1= idy or ~>= idyy.
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the axiom O1<Onp — Op01p

Lemma

F EO;Cp — $Op01p if and only if in every connected sub-frame
either ~1= idy or ~>= idyy.

From left to right. This part of the proof is structured as follows:

@ We prove that F F O;05p — <01 p implies that any point
w € W either sees via 1 a 2-dead-end, or the point w sees via
2 a 1-dead-end.
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0000000e0000

the axiom O1<Onp — Op01p

Lemma

F EO;Cp — $Op01p if and only if in every connected sub-frame
either ~1= idy or ~>= idyy.

From left to right. This part of the proof is structured as follows:

@ We prove that F F O;05p — <01 p implies that any point
w € W either sees via 1 a 2-dead-end, or the point w sees via
2 a 1-dead-end.

@ We prove that if on a frame F such that
F EO;Cop — <$o01p and there is point w which is an
i-dead-end, then ~;= idy, on the whole connected sub-frame
generated by w; where i € {1,2}.
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the axiom O1<Onp — Op01p

Lemma

F EO;Cp — $Op01p if and only if in every connected sub-frame
either ~1= idy or ~>= idyy.

From left to right. This part of the proof is structured as follows:

@ We prove that F F O;05p — <01 p implies that any point
w € W either sees via 1 a 2-dead-end, or the point w sees via
2 a 1-dead-end.

@ We prove that if on a frame F such that
F EO;Cop — <$o01p and there is point w which is an
i-dead-end, then ~;= idy, on the whole connected sub-frame
generated by w; where i € {1,2}.

© The two facts above together prove that if
F EO;Cp — Op0pp, then in every connected sub-frame
aither ~1—= idix, o ~~— Iidis, B4 /54




Interaction axioms of th
000000008000
Proof.

© By contradiction, consider any connected equivalence frame
F, in which a w € W does not see via i any j-dead end, i.e.
Yw' e [wl.,, W]~ #{w'}, i # j,i,j € {1,2}; we prove that
FEOCp — $CoOqp.
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Proof.

© By contradiction, consider any connected equivalence frame
F, in which a w € W does not see via i any j-dead end, i.e.
Yw' e [wl.,, W]~ #{w'}, i # j,i,j € {1,2}; we prove that
FE O;Cop — $o01p. To see this, consider the set
X = [w]~, U[w]., \ {w}, the equivalence relation
~=n1 N ~7 and the quotient set X/ ~.
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Proof.

@ By contradiction, consider any connected equivalence frame
F, in which a w € W does not see via i any j-dead end, i.e.
Yw' e [wl.,, W]~ #{w'}, i # j,i,j € {1,2}; we prove that
FE O;Cop — $o01p. To see this, consider the set
X = [w]~, U[w]., \ {w}, the equivalence relation
~=rv1 N ~7 and the quotient set X/ ~. Consider now the set
Y defined by taking one representative y for every equivalence
class [y]~ € X/ ~: the set Y is such that Vy;,y» € Y we
have [y1]~ N [y2]~ =0 and Uyey [yl = X.
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Proof.

@ By contradiction, consider any connected equivalence frame
F, in which a w € W does not see via i any j-dead end, i.e.
Yw' e [wl.,, W]~ #{w'}, i # j,i,j € {1,2}; we prove that
FE O;Cop — $o01p. To see this, consider the set
X = [w]~, U[w]., \ {w}, the equivalence relation
~=rv1 N ~7 and the quotient set X/ ~. Consider now the set
Y defined by taking one representative y for every equivalence
class [y]~ € X/ ~: the set Y is such that Vy;,y» € Y we
have [y1]~ N [yz]w =0 and U,y [y]~ = X. Consider now the
model M = (F, ), by taking the valuation 7(p) = Y.
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Proof.

@ By contradiction, consider any connected equivalence frame
F, in which a w € W does not see via i any j-dead end, i.e.
Yw' e [wl.,, W]~ #{w'}, i # j,i,j € {1,2}; we prove that
FE O;Cop — $o01p. To see this, consider the set
X = [w]~, U[w]., \ {w}, the equivalence relation
~=rv1 N ~7 and the quotient set X/ ~. Consider now the set
Y defined by taking one representative y for every equivalence
class [y]~ € X/ ~: the set Y is such that Vy;,y» € Y we
have [y1]~ N [yz]w =0 and U,y [y]~ = X. Consider now the
model M = (F, ), by taking the valuation 7(p) = Y.By
construction, in the model M for any x € X, there is a point
accessible from x via ~7 which satisfies p, and since by
hypothesis w is neither a 1-dead-end nor a 2-dead-end (as
otherwise it would see itself as dead-end) we have
M E O:$,p. So by the validity of the axiom we also have
M E,, ©201p, ie. there must be a w’ € [w]~,, such that
M ':W/ |:|]_p.
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Proof.

@ But this is impossible because by hypothesis [w']., # {w'},
and by construction p is true at just one point in
[W']~, N [W']~,, and false at every point not in X.
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Proof.

@ But this is impossible because by hypothesis [w']., # {w'},
and by construction p is true at just one point in
[W']~, N [W']~,, and false at every point not in X.

@ Consider now a connected frame F such that
FEO;Cyp — $p01p and suppose for example that w is a
1-dead-end, we want to prove that ~;= idy, on the
connected sub-frame generated by w.
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Proof.

@ But this is impossible because by hypothesis [w']., # {w'},
and by construction p is true at just one point in
[W']~, N [W']~,, and false at every point not in X.

@ Consider now a connected frame F such that
FEO;Cyp — $p01p and suppose for example that w is a
1-dead-end, we want to prove that ~;= idy, on the
connected sub-frame generated by w. If w is also a
2-dead-end, then ~1=~s= idy, on the generated frame which
gives us the result.
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Proof.

@ But this is impossible because by hypothesis [w']., # {w'},
and by construction p is true at just one point in
[W']~, N [W']~,, and false at every point not in X.

@ Consider now a connected frame F such that
FEO;Cyp — $p01p and suppose for example that w is a
1-dead-end, we want to prove that ~;= idy, on the
connected sub-frame generated by w. If w is also a
2-dead-end, then ~1=~s= idy, on the generated frame which
gives us the result.If not, suppose that ~15# idy ; so there
must be two points w/, w” € W; w’ # w”, such that
w' ~1 w". So, since the frame is connected, without loss of
generality assume w ~p w'.
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Proof.

@ But this is impossible because by hypothesis [w']., # {w'},
and by construction p is true at just one point in
[W']~, N [W']~,, and false at every point not in X.

@ Consider now a connected frame F such that
FEO;Cyp — $p01p and suppose for example that w is a
1-dead-end, we want to prove that ~;= idy, on the
connected sub-frame generated by w. If w is also a
2-dead-end, then ~1=~s= idy, on the generated frame which
gives us the result.If not, suppose that ~15# idy ; so there
must be two points w/, w” € W; w’ # w”, such that
w' ~1 w". So, since the frame is connected, without loss of
generality assume w ~, w’. Consider now valuation
7(p) = {x | x € [w]~,,x # w'} U{w"} and the model
M = (F,7) built on F from 7. So, we have M E,, 0,1 p,
and so, by validity of the axiom, we also have
ME, <¢10op.
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Proof.

@ But this is impossible because by hypothesis [w']., # {w'},
and by construction p is true at just one point in
[W']~, N [W']~,, and false at every point not in X.

@ Consider now a connected frame F such that
FEO;Cyp — $p01p and suppose for example that w is a
1-dead-end, we want to prove that ~;= idy, on the
connected sub-frame generated by w. If w is also a
2-dead-end, then ~1=~s= idy, on the generated frame which
gives us the result.If not, suppose that ~15# idy ; so there
must be two points w/, w” € W; w’ # w”, such that
w' ~1 w". So, since the frame is connected, without loss of
generality assume w ~, w’. Consider now valuation
7(p) = {x | x € [w]~,,x # w'} U{w"} and the model
M = (F,7) built on F from 7. So, we have M E,, 0,1 p,
and so, by validity of the axiom, we also have
M E,, $10,p.So we must have M E,, Oyp, which is a
contradiction because M E,,» —p. b6 /54
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Proof.

From right to left. Consider any equivalence model M whose
underlying frame satisfies the property above and suppose that
ME, O:$op.
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Proof.

From right to left. Consider any equivalence model M whose
underlying frame satisfies the property above and suppose that
ME, O:$op.

Suppose ~1= idy and M E,, O;O0p, so there is a w' € [w].,,
such that M E,,, p. But since ~1= idy, on the connected part, we
also have M E,, O1p. So M E,» $o01p. Suppose now ~o>= idyy
and M E,, O3Cop. So for every w' € [w]., we have M &,/ p. But
then we also have M, $o0qp. ]
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Completeness

Conjecture 2:  The logic S5, + {01 2p — $O201p} is sound and
complete with respect to equivalence frames such that
either~1= id\y or ~2= id\y on every connected sub-frame.
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Discussion

All the logics S52 + {¢}, where ¢ is the conjunction of formulas
expressible as expressible as Equation (3) except the two McKinsey
style axioms are complete with respect to the intersection of the
corresponding classes of frames given in the figure of this section.




Discussion

@ We have identified a number of non-trivial single-axiom
extensions of 55, which specify a mode of interaction
between two agents, and proved correspondence, soundness
and completeness with respect to the appropriate classes of
frames.




Discussion

@ We have identified a number of non-trivial single-axiom
extensions of 55, which specify a mode of interaction
between two agents, and proved correspondence, soundness
and completeness with respect to the appropriate classes of
frames.

@ The main contribution of this paper lies in the identification
of a spectrum of interactions above 555. The following figure
represents graphically all the logics discussed so far together
with the corresponding semantic classes. In the figure, the
logics are ordered strength-wise.
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Conclusions

@ We examined all the interactions axioms that can be written
as an implication expressing the fact that knowledge and facts
considered possible are related to each other up to a level of
nesting of two.

@ A spectrum of degrees of knowledge sharing has emerged.
Some meaningful logics in epistemic settings have emerged.

@ The fairly exhaustive analysis carried out in this paper permits
the Al-user with an interaction axiom in mind to refer to the
above tables to identify the class of Kripke frames that gives
completeness.
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