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When I say ”I know why he comes late.”, I must know an
explanation, a cause or a reason for why he comes late, not only the
event that he comes late. In the other words, I must know the answer to
the question ”Why did he come late?”
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Knowledge-Why is a kind of knowledge such as ’I know why φ’.

Since explanations can often be thought of as answers to
why-questions, ’I know why φ’ means ’I know the explanation of φ’.
To study the knowledge why, we first need to know what the
explanation of φ is.

The main study about the explanation is in the field of scientific
explanation, and thus we also study the explanation on the basis of
the theory of scientific explanation.
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The types of explanations

It is the foundation of our study that explanation is an argument.
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§2 Last Presentation

Explanation and Scientific Explanation

The Logic of Justification

The Logic of Knowledge-Why
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Language:(single-agent)
φ = ⊤ | p | ¬φ | φ ∧ φ | Kφ | Kwhyφ

A1 Classical Propositional Axioms

A2 K(φ→ ψ) → (Kφ→ Kψ)

A3 Kwhy(φ→ ψ) → (Kwhyφ→ Kwhyψ)

A4 Kwhyφ→ Kφ

A5 Kwhyφ→ KKwhyφ

A6 Kφ→ KKφ

R1 Modus Ponens

R2 ⊢ φ ⇒ ⊢ Kφ

8 / 46
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Basic Epistemic Semantics

Definition (KW-model: M = (W,E,R, ε,V) )
W: The set of possible worlds

E: The set of explanations

R: The accessible relation between the worlds in W, R is transitive.

ε: ε(t, φ) ⊆ W specifies the set of possible worlds where t is
considered admissible explanation for φ.
An admissible explanation function ε must satisfy the
conditions: ∀r, s, If w ∈ε(r, φ→ ψ)∩ε(s, φ), then there exists
t such that w ∈ε(t, ψ) and v ∈ε(t, ψ) for all v such that wRv
and v ∈ε(r, φ→ ψ)∩ε(s, φ)

V: Atom → P(W)
9 / 46
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Now, we can define the satisfiable relation ⊩:

w ⊩ ⊤

w ⊩ p iff w ∈ V(p)

w ⊩ ¬φ iff w ̸⊩ φ

w ⊩ φ ∧ ψ iff w ⊩ φ and w ⊩ ψ

w ⊩ Kφ iff for each v such that wRv, v ⊩ φ

w ⊩ Kwhyφ iff (1)∃t,w ∈ε(t, φ), ∀v, wRv, v ∈ε(t, φ) and (2)
∀v, wRv, v ⊩ φ
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Soundness and Completeness

Theorem
KW is sound and complete for the class of all KW-models.

Completeness:
To establish completeness, we use standard canonical model

construction. The canonical model Mc = (Wc,Ec,Rc,εc,Vc) for KW is
defined as follows:

Let Form be the set of all formulas. Define
Σ = {f | f : Form⇝ Ec, f is a partial function}. For each f ∈ Σ, f
satisfies the condition as follows: If f(φ→ ψ) = r and f(φ) = s,
then there exists t such that f(ψ) = t.
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Wc = {⟨Γ, f⟩ | ⟨Γ, f⟩ ∈MCS×Σ, If Kwhyφ ∈ Γ, then there exists t
such that f(φ) = t}, MCS is the set of all maximal consistent sets in
KW. Following an established tradition, we denote elements of Wc

as ⟨Γ, f⟩, ⟨∆, g⟩, and so forth;

⟨Γ, f⟩Rc⟨∆, g⟩ iff for all formulas such as Kwhyφ ∈ Γ, f(φ) = g(φ)
and Γ# ⊆ ∆, where
Γ# = {φ | Kwhyφ ∈ Γ} ∪ {Kwhyφ | Kwhyφ ∈ Γ} ∪ {φ | Kφ ∈ Γ}

εc(t, φ) = {⟨Γ, f⟩ | Kwhyφ ∈ Γ, f(φ) = t}

Vc(p) = {⟨Γ, f⟩ | p ∈ Γ}
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§3 Basic Knowledge-Why Logic

Basic Justification Logic J0(Artemov, 2008)

Classical propositional axioms and rule Modus Ponens

s : (F → G) → (t : F → (s · t) : G) Application

s : F → (s + t) : F, t : F → (s + t) : F Sum

Factivity Axiom (t : F → F) is not required in basic Justification Logic
systems.

13 / 46
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Language(single-agent)
φ = ⊤ | p | ¬φ | (φ ∧ φ) | Kwhyφ

A1 Classical Propositional Axioms

A2 Kwhy(φ→ ψ) → (Kwhyφ→ Kwhyψ)

A3 Kwhyφ→ φ

R1 Modus ponens

KW0 could be viewed as the correspondence epistemic modal logic
of Justification Logic J0T. (J0T = J0 + T).
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§4 Knowledge-Why Logic (abbr. KW)
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Language(single-agent): φ = ⊤ | p | ¬φ | (φ ∧ φ) | Kφ | Kwhyφ

A1 Classical Propositional Axioms

A2 K(φ→ ψ) → (Kφ→ Kψ)

A3 Kwhy(φ→ ψ) → (Kwhyφ→ Kwhyψ)

A4 Kφ→ φ

A5 Kwhyφ→ Kφ

A6 Kφ→ KwhyKφ Rules:

A7 ¬Kφ→ Kwhy¬Kφ R1: Modus Ponens

A8 Kwhyφ→ KKwhyφ R2: ⊢ φ ⇒ ⊢ Kφ

A9 ¬Kwhyφ→ K¬Kwhyφ

A10 Kwhy(φ ∧ ψ) ↔ Kwhyφ ∧ Kwhyψ
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Propositions

(1) Kφ→ KKφ

(2) ¬Kφ→ K¬Kφ

(3) Kwhyφ→ φ
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Basic Epistemic Semantics M = (W,E,R, ε,V)

W: The set of possible worlds.

E: The set of explanations. E satisfy the closure condition: If s, t ∈ E,
then s · t, s + t ∈ E. ′e′, a special element in E, is called
’introspective explanation’. A possible motivation for considering
such an explanation could be that ′e′ may be well regarded as the
explanation of the formulas such as Kφ or ¬Kφ.

R: The accessible relation between the worlds in W. R is an
equivalence relation. (i.e. R is reflexive, transitive and symmetry).

ε: Admissible explanation function such that ε(t, φ) ⊆ W for any
formula t ∈ E and formula φ. ε(t, φ) ⊆ W specifies the set of
possible worlds where t is considered as admissible explanation
for φ.
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An admissible explanation function ε must satisfy the
conditions as follows:

(1) ε(s, φ→ ψ)∩ε(t, φ) ⊆ε(s · t, ψ). This condition states that
whenever s is an admissible explanation for φ→ ψ and t is an
admissible explanation for φ, s · t is an admissible explanation
for ψ.

(2) ε(t, φ ∧ ψ) ⊆ε(t, φ)∩ε(t, ψ).
(3) ε(s, φ)∩ε(t, ψ) ⊆ε(s + t, φ ∧ ψ)

(4) ε(e, φ) = W, φ is the formula such as Kψ or ¬Kψ.

[V:] The map from the set of atomic formulas to the power set of
the set of possible worlds.
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Now, we can define the satisfiable relation ⊩:

w ⊩ ⊤

w ⊩ p iff w ∈ V(p)

w ⊩ ¬φ iff w ̸⊩ φ

w ⊩ φ ∧ ψ iff w ⊩ φ and w ⊩ ψ

w ⊩ Kφ iff for each v such that wRv, v ⊩ φ

w ⊩ Kwhyφ iff (1)∃t,w ∈ε(t, φ), ∀v, wRv, v ∈ε(t, φ) and (2)
∀v, wRv, v ⊩ φ
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Theorem
KW is sound and complete for the class of all KW-models.

A6: Kφ→ KwhyKφ

Proof.
Suppose w ⊩ Kφ. Since R is transitive, then we have v ⊩ Kφ for all
possible worlds v such that wRv. By the condition(4) of ε , for each v
such that wRv, there exists e ∈ E such that v ∈ε(e,Kφ). Hence
we conclude w ⊩ KwhyKφ.
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A10: Kwhy(φ ∧ ψ) ↔ Kwhyφ ∧ Kwhyψ

Proof.
Suppose w ⊩ Kwhy(φ ∧ ψ). By the definition of ⊩, we have that for all v
such that wRv: (1)v ⊩ φ∧ψ. (2)there exists t such that v ∈ε(t, φ∧ψ).
By the condition(2) of ε , we have v ∈ε(t, φ)∩ε(t, ψ). Then we
have v ∈ε(t, φ) and v ∈ε(t, ψ). We also have v ⊩ φ and v ⊩ ψ
because of (1). It follows that w ⊩ Kwhyφ and w ⊩ Kwhyψ.
Similarly, suppose w ⊩ φ and w ⊩ ψ, we can prove w ⊩ φ ∧ ψ by
the condition(3) of ε .
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The Canonical Model

The canonical model Mc = (Wc,Ec,Rc,εc,Vc)

Ec = e | φ | φ · φ | φ+ φ.
Wc = {⟨Γ,F⟩ | ⟨Γ,F⟩ ∈MCS×P(Ec × Form), F satisfies the
conditions as follows:
(1) If ⟨s, φ→ ψ⟩, ⟨t, φ⟩ ∈ F, then ⟨s · t, φ⟩ ∈ F;
(2) If ⟨t, φ ∧ ψ⟩ ∈ F, then ⟨t, φ⟩ ∈ F and ⟨t, ψ⟩ ∈ F;
(3) If ⟨s, φ⟩ ∈ F and ⟨t, ψ⟩ ∈ F, then ⟨s + t, φ ∧ ψ⟩ ∈ F;
(4) If φ ∈ Γ and φ is the formula such as Kψ or ¬Kψ, then

⟨e, φ⟩ ∈ F.
(5) Kwhyφ ∈ Γ iff there exists t such that ⟨t, φ⟩ ∈ F}.

MCS is the set of all maximal consistent sets in KW, and Form is
the set of all formulas of KW. Following an established tradition, we
denote elements of Wc as ⟨Γ,F⟩, ⟨∆,G⟩, and so forth;
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⟨Γ,F⟩Rc⟨∆,G⟩ iff (∀t ∈ Ec, ⟨t, φ⟩ ∈ F iff ⟨t, φ⟩ ∈ G for each formula
φ such that Kwhyφ ∈ Γ, and Γ# ⊆ ∆, where
Γ# = {Kwhyφ | Kwhyφ ∈ Γ} ∪ {φ | Kφ ∈ Γ})

εc(t, φ) = {⟨Γ,F⟩ | ⟨t, φ⟩ ∈ F}

Vc(p) = {⟨Γ,F⟩ | p ∈ Γ}
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To prove εc is well-defined:

(1) Suppose ⟨Γ,F⟩ ∈εc(s, φ→ ψ)∩εc(t, φ). By the definition of
εc, we have ⟨s, φ→ ψ⟩, ⟨t, φ⟩ ∈ F. By the condition(1) of F
in the definition of Wc, we have ⟨s · t, ψ⟩ ∈ F. Hence it follows
that ⟨Γ,F⟩ ∈εc(s · t, ψ).

(2) Suppose ⟨Γ,F⟩ ∈εc(t, φ ∧ ψ). By the definition of εc, we
have ⟨t, φ ∧ ψ⟩ ∈ F. By the condition(2) of F, we have
⟨t, φ⟩, ⟨t, ψ⟩ ∈ F. Hence it follows that ⟨Γ,F⟩ ∈εc⟨t, φ⟩ and
⟨Γ,F⟩ ∈εc(t, ψ) by the definition of εc. Therefore
⟨Γ,F⟩ ∈εc(t, φ)∩εc(t, ψ).

(3) Suppose ⟨Γ,F⟩ ∈εc(s, φ)∩εc(t, ψ). By the definition of εc,
we have ⟨s, φ⟩, ⟨t, ψ⟩ ∈ F. By the condition(3) of F, we have
⟨s + t, φ ∧ ψ⟩ ∈ F. Hence ⟨Γ,F⟩ ∈εc(s + t, φ ∧ ψ).
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Proposition
If ⟨Γ,F⟩Rc⟨∆,G⟩, then Kwhyφ ∈ Γ iff Kwhyφ ∈ ∆ and Kφ ∈ Γ iff
Kφ ∈ ∆.

Proof.
Suppose Kwhyφ ∈ Γ. By the definition of Rc, we have Kwhyφ ∈ ∆.

Suppose Kwhyφ ∈ ∆ and Kwhyφ ̸∈ Γ. By the property of MCS, we
have ¬Kwhyφ ∈ Γ. By ⊢ ¬Kwhyφ→ K¬Kwhyφ and properties of
MCS, we have K¬Kwhyφ ∈ Γ. By the definition of Rc, we have
¬Kwhyφ ∈ ∆. Contradiction.

Suppose Kφ ∈ Γ. By the axiom Kφ→ KKφ and the property of
MCS, we have that KKφ ∈ Γ. By the definition of Rc, we have that
Kφ ∈ ∆.

Suppose Kφ ∈ ∆ and Kφ ̸∈ Γ. By the property of MCS, we have
that ¬Kφ ∈ Γ. By the proposition ¬Kφ→ K¬Kφ and the property
of MCS, we have that K¬Kφ ∈ Γ. Then we have ¬Kφ ∈ ∆ by the
definition of Rc. Contradiction.
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Proposition
For any MCS Γ, there exists an F such that F satisfies conditions (1)-(5)
in the definition of Wc. (thus Wc is not empty.)

Proof.
Suppose Γ is an arbitrary maximal consistent set. We try to construct F
as follows:

F0 = {⟨φ,φ⟩ | Kwhyφ ∈ Γ} ∪ {⟨e, φ⟩ | φ ∈ Γ and φ is the formula
such as Kψ or ¬Kψ}.

F1 = F0 ∪ {⟨s · t, ψ⟩ | ⟨s, φ→ ψ⟩ ∈ F0, ⟨t, φ⟩ ∈ F0} ∪ {⟨t, φ⟩ |
⟨t, φ ∧ ψ⟩ ∈ F0} ∪ {⟨t, ψ⟩ | ⟨t, φ ∧ ψ⟩ ∈ F0} ∪ {⟨s + t, φ ∧ ψ⟩ |
⟨s, φ⟩ ∈ F0, ⟨t, ψ⟩ ∈ F0}.

· · · · · ·

Set Σ = {Fn | n ∈ N} and F =
∪
Σ. Obviously, by the construction

of Fn(n ∈ N), we have that Σ is monotonous. 28 / 46
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To prove F is the set that satisfies conditions(1)-(5):

Suppose ⟨s, φ→ ψ⟩, ⟨t, φ⟩ ∈ F. By the monotonicity of Σ, there exists
n ∈ N such that ⟨s, φ→ ψ⟩, ⟨t, φ⟩ ∈ Fn. Thus we have that
⟨s · t, ψ⟩ ∈ Fn+1 by the construction of Fn(n ∈ N). Hence F satisfies
condition (1).

Suppose ⟨t, φ ∧ ψ⟩ ∈ F. By the monotonicity of Σ, there exists n ∈ N
such that ⟨t, φ ∧ ψ⟩ ∈ Fn. Thus we have that ⟨t, φ⟩, ⟨t, ψ⟩ ∈ Fn+1

by the construction of Fn(n ∈ N). Hence F satisfies condition (2).

Suppose ⟨s, φ⟩, ⟨t, ψ⟩ ∈ F. By the monotonicity of Σ, there exists n ∈ N
such that ⟨s, φ⟩, ⟨t, ψ⟩ ∈ Fn. Thus we have that
⟨s + t, φ ∧ ψ⟩ ∈ Fn+1 by the construction of Fn(n ∈ N). Hence F
satisfies condition (3).

The constructions of F and F0 guarantee that F satisfies condition (4).

29 / 46



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

References

Suppose Kwhyφ ∈ Γ. Then we have that there exists φ such that
⟨φ,φ⟩ ∈ F by the construction of F0 and F. On the other direction, we
should show that ∀t ∈ Ec and φ ∈ Γ, if ⟨t, φ⟩ ∈ F, then Kwhyφ ∈ Γ. Since
⟨t, φ⟩ ∈ F, there exists n ∈ N such that ⟨t, φ⟩ ∈ Fn. We just need to
show that ∀n ∈ N, if ⟨t, φ⟩ ∈ Fn, then Kwhyφ ∈ Γ. Use induction on n.

Suppose ⟨t, φ⟩ ∈ F0. If ⟨t, φ⟩ ∈ {⟨φ,φ⟩ | Kwhyφ ∈ Γ}, obviously, we
have Kwhyφ ∈ Γ. If ⟨t, φ⟩ ∈ {⟨e, φ⟩ | φ ∈ Γ and φ is the formula
such as Kψ or ¬Kψ}, then we have φ ∈ Γ. By the properties of
MCS and axioms Kφ→ KwhyKφ and ¬Kφ→ Kwhy¬Kφ, we have
that Kwhyφ ∈ Γ.

Induction Hypothesis: ∀t ∈ Ec, if ⟨t, φ⟩ ∈ Fk, then Kwhyφ ∈ Γ. To
prove that if ⟨t, φ⟩ ∈ Fk+1, then Kwhyφ ∈ Γ. Suppose ⟨t, φ⟩ ∈ Fk+1.
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If ⟨t, φ⟩ ∈ Fk, by IH, it can be proven.

If ⟨t, φ⟩ ∈ {⟨s · t, ψ⟩ | ⟨s, φ→ ψ⟩ ∈ Fk, ⟨t, φ⟩ ∈ Fk}, then there exists
ψ such that ⟨s, ψ → φ⟩ ∈ Fk, ⟨t, ψ⟩ ∈ Fk. By IH, we have that
Kwhy(ψ → φ) ∈ Γ and Kwhyψ ∈ Γ. It follows that Kwhyφ ∈ Γ by
the axiom Kwhy(φ→ ψ) → (Kwhyφ→ Kwhyψ) and the properties of
MCS.

If ⟨t, φ⟩ ∈ {⟨t, φ⟩ | ⟨t, φ ∧ ψ⟩ ∈ Fk}, then there exists ψ such that
⟨t, φ ∧ ψ⟩ ∈ Fk. By IH, we have that Kwhy(φ ∧ ψ) ∈ Γ. It follows
that Kwhyφ ∈ Γ by the axiom Kwhy(φ ∧ ψ) ↔ Kwhyφ ∧ Kwhyψ and
the properties of MCS.

If ⟨t, φ⟩ ∈ {⟨t, ψ⟩ | ⟨t, φ∧ψ⟩ ∈ Fk}. This situation is same as above.

If ⟨t, φ⟩ ∈ {⟨s+ t, φ∧ψ⟩ | ⟨s, φ⟩ ∈ Fk, ⟨t, ψ⟩ ∈ Fk}, then there exists
r, s, ψ and χ such that t = r + s, φ = ψ ∧ χ, ⟨r, ψ⟩ ∈ Fk and
⟨s, χ⟩ ∈ Fk. By IH, we have that Kwhyψ ∈ Γ and Kwhyχ ∈ Γ. Hence
we have Kwhy(ψ ∧ χ) ∈ Γ (i.e. Kwhyφ ∈ Γ) by the axiom
Kwhy(φ ∧ ψ) ↔ Kwhyφ ∧ Kwhyψ and the properties of MCS.
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Proposition
Rc is an equivalence relation.

Proof.
⟨Γ,F⟩Rc⟨∆,G⟩ iff (1) ∀t ∈ Ec, ⟨t, φ⟩ ∈ F iff ⟨t, φ⟩ ∈ G for each formula φ
such that Kwhyφ ∈ Γ, (2) Γ# ⊆ ∆, where
Γ# = {Kwhyφ | Kwhyφ ∈ Γ} ∪ {φ | Kφ ∈ Γ})

Reflexivity: ⊢ Kφ→ φ

Transitivity: ⊩ Kψ → KKψ

Symmetry:
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Lemma (Existence Lemma)

For the logic KW and any state ⟨Γ,F⟩ ∈ Wc. If K̂φ ∈ Γ then there is a
state ⟨∆,G⟩ ∈ Wc such that ⟨Γ,F⟩Rc⟨∆,G⟩ and φ ∈ ∆.

Let ∆−be {φ} ∪ {ϕ | Kϕ ∈ Γ} ∪ {Kwhyψ | Kwhyψ ∈ Γ}.

∆− is consistent. Suppose not.
⊢KW ϕ1 ∧ · · · ∧ ϕm ∧ Kwhyψ1 ∧ · · · ∧ Kwhyψn → ¬φ.

⊢KW K(ϕ1 ∧ · · · ∧ ϕm ∧ Kwhyψ1 ∧ · · · ∧ Kwhyψn) → K¬φ

⊢KW (Kϕ1 ∧ · · · ∧ Kϕm ∧ KKwhyψ1 ∧ · · · ∧ KKwhyψn) → K¬φ.

It follows that K¬φ ∈ Γ. Using Dual, it follows that ¬K̂φ ∈ Γ. But this
is impossible: Γ is an MCS containing K̂φ. We conclude that ∆− is
consistent.
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Let ∆ be any MCS containing ∆−, such extensions exist by the
Lindenbaum’s Lemma. Let G = F. Obviously, ⟨∆,G⟩ satisfies conditions
(1)-(3). We just need to check that ⟨∆,G⟩ satisfies conditions (4) and
(5). Suppose φ ∈ ∆ and φ is the formula such as Kψ or ¬Kψ. We have
two cases as follows:

φ = Kψ: Suppose Kψ ̸∈ Γ. By the property of MCS, we have that
¬Kψ ∈ Γ. By the axiom ¬Kψ → K¬Kψ and the property of MCS,
we have that K¬Kψ ∈ Γ. Hence it follows that ¬Kψ ∈ ∆ by the
construction of ∆. Contradiction.

φ = ¬Kψ: Suppose ¬Kψ ̸∈ Γ. By the property of MCS, we have
that Kψ ∈ Γ. By the axiom Kψ → KKψ and the property of MCS,
we have that KKψ ∈ Γ. Hence it follows that Kψ ∈ ∆ by the
construction of ∆. Contradiction.

Hence we have that φ ∈ Γ. Since G = F, there exists t ∈ Ec, ⟨t, φ⟩ ∈ G.
We conclude that G satisfies condition (4).
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For arbitrary Kwhyφ ∈ ∆

⇐⇒ Kwhyφ ∈ Γ (by the construction of ∆)
⇐⇒ There exists t such that ⟨t, φ⟩ ∈ F (⟨Γ,F⟩ satisfies condition (5))
⇐⇒ There exists t such that ⟨t, φ⟩ ∈ G (G=F)

By construction of ∆ and G, we have that φ ∈ ∆ and ⟨Γ,F⟩Rc⟨∆,G⟩.
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Lemma (Truth Lemma)
For all φ′s, ⟨Γ,F⟩ ⊩ φ if and only if φ ∈ Γ

Proof.
This is established by standard induction on the complexity of φ. The
atomic cases are covered by the definition of ′ ⊩′. The Boolean induction
steps are standard. Consider the case when φ is Kwhyψ for some ψ.

⇐ If Kwhyψ ∈ Γ, for all ⟨∆,G⟩ such that ⟨Γ,F⟩Rc⟨∆,G⟩, we have then
Kwhyψ ∈ ∆ by the definition of Rc. Since ⊢ Kwhyψ → ψ, we have
ψ ∈ ∆. By the Induction Hypothesis, ⟨∆,G⟩ ⊩ ψ. By the
condition(5) of F in the definition of Wc, we have that there exists
t ∈ Ec such that ⟨t, ψ⟩ ∈ F. By the definition of Rc, we have that
⟨t, ψ⟩ ∈ G. Hence ⟨∆,G⟩ ∈εc(t, ψ) by the definition of εc.
Therefore ⟨Γ,F⟩ ⊩ Kwhyψ.

⇒ If Kwhyψ ̸∈ Γ, then, by the condition(5) of Wc, we have
∀t ∈ Ec, ⟨t, φ⟩ ̸∈ Γ. Since Rc is reflexive, thus ⟨Γ,F⟩ ̸⊩ Kwhyφ.
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§5 Conditional Knowledge-Why Logic (abbr. CKW)
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Language and Axioms

Language(single-agent): φ = ⊤ | p | ¬φ | (φ ∧ φ) | Kφ | Kwhy(φ,ψ)

A1 Classical Propositional Axioms

A2 K(φ→ ψ) → (Kφ→ Kψ)

A3 Kwhy(α, φ→ ψ) → (Kwhy(β, φ) → Kwhy(α ∧ β, ψ))

A4 Kφ→ φ

A5 Kwhy(α, φ) → (α→ φ)

A6 Kφ→ KKφ

A7 ¬Kφ→ K¬Kφ

A8 Kφ→ Kwhy(⊤,Kφ)

A9 ¬Kφ→ Kwhy(⊤,¬Kφ)

A10 Kwhy(α, φ) → KKwhy(α, φ)
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Language and Axioms

A11 ¬Kwhy(α, φ) → K¬Kwhy(α,φ)

A12 Kwhy(α, φ ∧ ψ) → Kwhy(α, φ) ∧ Kwhy(α,ψ)

A13 Kwhy(α, φ) ∧ Kwhy(β, ψ) → Kwhy(α ∧ β, φ ∧ ψ)

A14 Kwhy(⊥, φ)

A15 K(α→ β) → (Kwhy(β, φ) → Kwhy(α, φ))

R1 Modus Ponens

R2 ⊢ φ ⇒ ⊢ Kφ
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Semantics

item w ⊩ Kwhy(α, φ) iff (1)∃t ∈ E, ∀v ∈ W,wRv, if v ⊩ α, then v ∈ε(t, φ).
(2)∀v ∈ W,wRv, if v ⊩ α, then v ⊩ φ.
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Soundness

A15: K(α→ β) → (Kwhy(β, φ) → Kwhy(α, φ))

Proof.
Suppose w ⊩c K(φ→ ψ), w ⊩c Kwhy(ψ, χ) and v ⊩c φ for all v such that
wRv. Since w ⊩c K(φ→ ψ), we have that v ⊩c φ→ ψ for all v such
that wRv. Then we have that v ⊩c ψ for all v such that wRv. Since
w ⊩c Kwhy(ψ, χ), by the definition of ⊩c, we therefore have that there
exists t such that v ∈ε(t, χ) for all v such that wRv. Hence we have
w ⊩c Kwhy(φ, χ).
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Completeness

Wc = {⟨Γ,F⟩ | ⟨Γ,F⟩ ∈MCS×P(Ec × Form), F satisfies the conditions as
follows:

(1) If ⟨α, s, φ→ ψ⟩, ⟨β, t, φ⟩ ∈ F, then ⟨α ∧ β, s · t, φ⟩ ∈ F;

(2) If ⟨α, t, φ ∧ ψ⟩ ∈ F, then ⟨α, t, φ⟩ ∈ F and ⟨α, t, ψ⟩ ∈ F;

(3) If ⟨α, s, φ⟩ ∈ F and ⟨α, t, ψ⟩ ∈ F, then ⟨α ∧ β, s + t, φ ∧ ψ⟩ ∈ F;

(4) If α is an arbitrary formula, φ ∈ Γ and φ is the formula such as Kψ
or ¬Kψ, then ⟨α, e, φ⟩ ∈ F.

(5) Kwhy(α, φ) ∈ Γ iff there exists t such that ⟨α, t, φ⟩ ∈ F}.

42 / 46



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

References

Rc ⟨Γ,F⟩Rc⟨∆,G⟩ iff (1) If Kwhy(α, φ) ∈ Γ, then ⟨α, t, φ⟩ ∈ F iff
⟨α, t, φ⟩ ∈ G. (2) Γ# ⊆ ∆, where
Γ# = {Kwhy(α,φ) | Kwhy(α, φ) ∈ Γ} ∪ {φ | Kφ ∈ Γ}).

ε εc(t, φ) = {⟨Γ,F⟩ | ⟨α, t, φ⟩ ∈ F, α ∈ Γ}

43 / 46



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

References

44 / 46



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

References

§6 Future Work
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