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Introduction



Background

Johan van Benthem developed a kind of modal logic, called
Sabotage modal logic (SML) in [5]. SML expands the standard modal
language with an edge-deletion modality #¢ whose intended
reading is “after the deletion of at least one edge in the frame it

holds that ¢”. This logic is related to the sabotage game which is
discussed in [2] and [4] .



Background

The diagram below is from [5] to give a instance for SML.
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Background

- There have been some technical results about this kind of
modal logic.

- First from Christof Loding and Philipp Rohde’s work in [3] we
know that this logic is not decidable and does not have the finite
model property. But in those proofs it seems that the language
has to be binary or ternary, which may not be essential.

- Secondly, Guillaume Aucher, Johan van Benthem, and Davide
Grossi show that SML has a complete axiomatization in [1]. But
their system is a tableau, which seems directly from the
semantics and has less intuitions than Hilbert-style systems.



Background

Here is an instance for that SML does not have the finite model
property.

Let ¢ be the following SML-formula:

Qg0 N6 Oy0 A (M1)
g9 am0a A (M2)
Ugyn A (M3)
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Background

The following is a deduction example of the tableau system.

(@ OT AMOT)

(00T ADOT AROL)

It I
(50T) (¢ moT) (€1 0T) (1 O0T) (¢) mO_)
lo / \
(R {1 £2) (R 2) (Fah)
(@ T) @) (@)
) |-0 1o
(A oy (3 6T) (461)
lo W\& Jﬂo
(R 4 03) (R fy 01) (R b2 03) (Rl 02) Ui(rl.zi)} o)
(i) ) T 3T (Ch) o/ o
(R, 1)
(B |- 1-o [-¢ (Ri, )
oy (et gy eeigy deerg) ({0} 1)
N A I S
- - - 3 )
= (O]

(d(l'z-r”ﬂ} 1)

X

Allato)} Al b2)} At}
(6 b b 2y

X X X



- First we will consider an example in unary language which
shows that SML does not have finite model property.



- First we will consider an example in unary language which
shows that SML does not have finite model property.

- Another aim of our paper is to find a Hilbert-style proof system,
which may give more light on our intuition for this logic, and
discuss some problems about the completeness.



- First we will consider an example in unary language which
shows that SML does not have finite model property.

- Another aim of our paper is to find a Hilbert-style proof system,
which may give more light on our intuition for this logic, and
discuss some problems about the completeness.

- Finally we show that the expressivity between SML and GML is
incomparable.
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- Let ¥ be an index set. The sabotage modal language is defined
using proposition letters and two kinds of modal operators ¢;
and ¢;, where i € ¥. The well-formed formulas of the basic
modal language are given by the rule
p=plp|oNd]| Oip| #i¢p, where p ranges over all
proposition letters and | € ¥.
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- Let X be an index set. The sabotage modal language is defined
using proposition letters and two kinds of modal operators ¢;
and ¢;, where i € ¥. The well-formed formulas of the basic
modal language are given by the rule
pu=p|l-d|dNG|Oipp | ¢, where p ranges over all
proposition letters and i € X.

- When we say our language is unary, we mean that |X| =1, and
we will just use ¢ and ¢. Other Boolean connectives and the the
modal operators [J; and M; can be defined in the standard way.
We will use O and 4" for the abbreviations for n times iteration
of o and ¢.
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Semantics

- The models for our language are standard Kripke models
M = (W, {Ri}ies, V), where each R; is the corresponding relation
of O; and ¢;.
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Semantics

- The models for our language are standard Kripke models
M = (W, {Ri}ies, V), where each R; is the corresponding relation
of O; and ¢;.

- The satisfaction relation for our language is defined as usual for
the atomic and Boolean cases, and for the standard modalities.
For the sabotage modality it is as follows:

(W, {Rities, V), W |= #i¢ <=
3(W1, Wz) € R;st <VV, R,’\\{(W17 Wz)}, {Rj}j;t/'627 V>7 w |: (;5

- The above means ;¢ is satisfied at w iff there are two R;-related
points s.t. if we remove the edge between them, then ¢ holds at
w. Other definition are defined as usual.
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Finite model property

In this section we will give a counter-example for the fm.p. of unary
sabotage modal logic. Let p, g4, G2, g3 be different propositional
letters, where g, G, g3 are incompatible. (Let g1 = A= A—r3, Gy =
r, A=ry A=rs, and gs = r3 A =y A —rp, where i, rp, r3 are different.)
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Finite model property

- Let ¢ be the conjunction of the followings:



Finite model property

- Let ¢ be the conjunction of the followings:
“ $1=(q1 AOp A #0-p AOQq2)



Finite model property

- Let ¢ be the conjunction of the followings:
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Finite model property

- Let ¢ be the conjunction of the followings:
© ¢1=(q1 A Op A $0-p AOGy)

© ¢ = 0003 AUIGU-Gs

© g3 =0(p < ¢0O1)



Finite model property

- Let ¢ be the conjunction of the followings:

© ¢1=(q1 A Op A $0-p AOGy)

© ¢ = 0003 AUIGU-Gs
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Finite model property

- Let ¢ be the conjunction of the followings:

© ¢1=(q1 A Op A $0-p AOGy)

© ¢ = 0003 AUIGU-Gs

< 3 =0(p + ¢001)

* ¢y =0(-p — ¢60L) AO(=p — 0(G2 A 0G3))
© ¢s = B(OU~qgs — 0(0g3 A 0(g2 A Ta3)))



Finite model property

Here ¢; means g, is on the original point, say w, each w-successor
has g,, and there is just one w-successor v has p. ¢, means each
W-SUCCEeSSOr can see exact one gs point. ¢; says that the p successor
v of w has exact one successor. ¢, says every other successors of w
has just two successors and one of the two has g, and see a g3
point. Finally ¢s expresses that if we delete a edge which is between
one w—successor and its gz successor, then w can see a point s such
that s can see a g3 point and a g, point which has no g3 successor.
We can conclude from ¢,, ¢3 and ¢, that the p successor has exact
one successor which has gz and that all other w-successor has exact
two successors: one has gz and the other has g, and can see gs.



Finite model property

It's easy to see that the model below is an infinite model of ¢, where
¢ is true at s. We now need to show that ¢ has no finite model.




Finite model property

Lemma

For every model M, w [= ¢, each successor of w has a predecessor
which is a successor of w.

Proof.

Suppose that there is a successor of w, called v, has no such pre-
decessor. By ¢, v see a gz point u. If we delete the relation be-
tween v and u, v would be the only successor of w which has no
gs successor by ¢,. By ¢s, there must be a successor t of w satis-
fies 0gs A O(g2 A O=gs), which cannot be the p point or v. But by
¢4, other successors of w must still see a g, A ¢gs point since they
cannot see v, a contradiction. ]



Finite model property

For every model M, w = ¢, w has infinitely many successors.

Proof.

Assume that w has only k many successors. Then by ¢, and ¢3, w has
only k — 1 many successors which can see a successor of w. Since
each successor of w can see at most one successor of w, there are
at most kK — 1 many successors of w which is a two-step successor
of w. So there must be a successor v of w which is not a two-step
successor of w, that is, v has no predecessor which is a successor
of w, contradicts the above lemma. O
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Expressivity




Graded modal logic

In this section we will compare the expressivity between SML and
Graded modal logic(GML). Here we just consider the case for unary
language.

Graded modal formulas are built up using propositional letters p, g,

..., the constants T and L, Boolean connectives —, A, and the unary

modal operators ¢; and [J;. A model for GML is a Kripke model

M = (W, R, V), and the satisfaction relation for the modal operators is

defined as follows: (other cases are similar as in modal logic)

MwEQioiffIvi...vit A (v#v)A A RwiA A M,y = 9)
1<j#R<i 1<j<i 1<j<i

and M,w = Uig iff M,w = —0i—¢.

The above can be read as ;¢ says that there are at least i
successors which satisfied ¢.

21



Expressivity

We have shown that SML can express the property that there are at
least n successors. It seems that there are some similarity between

the two language, but we will show that their expressivity are
incomparable.
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Expressivity

We have shown that SML can express the property that there are at
least n successors. It seems that there are some similarity between
the two language, but we will show that their expressivity are
incomparable.

From above we know that GML has the finite model property, which
means GML cannot express SML, since we have shown that SML does
not have f.m.p. above. Actually SML can express the property that
there are at most n edges in the model, by the formula B" L. For any
win a model M, M,w |= B" L iff there are at most n edges in M. If
there is a GML formula ¢ which is a translation of B L, then any
model N, which has exactly n edges, must satisfy ¢, say N,v = ¢. Let
N1 be any model which has one edge, and N, be the disjoint union of
N and N;. From the model equivalence results for GML, we know that
Ny, v | @, which means N, has at most n edges, a contradiction. So
from the above observation, GML cannot express SML, even if we
only consider finite models. 2



Two infinite models

Next we will first show that SML cannot express GML by using two
infinite models.

Let My = <W1, R, \/1>, where
Wi={an | newtu{bl | me{0,1}An e w}tu{c, | ne{0,1,2}}U{s},
Ri={(s.an) | n€w}U{(s,b]) |new}u{(b],by)[ne
w}t U{(s, o), (Co,C1),(C1, )}, and V4(p) = W4 for any p.
Let M) = <W2,R2, V2>, where W, = {Wﬂ ‘ ne W} U {Vq’ | m e
{0,3AnewlU{u,|nef0,1,2,3 }u{s’},
Ry ={(s’,wn) [ n € w}U{(s',v0) | n€ewhU{(V),v}) | ne
W} U {(Sla Uo), (S/v U1), (u07 UZ); (U1, Uz), (Uz, U3)}, and Vz(p) =W
we will use [ to mark our edges: let lp = (S, Co), l1 = (Co, C1),
h=(c,0) k= (5/7 Uo), lu = (S/, 1), ls = (Uo, U2), ls = (U1, u2),
[7 = (UQ, U3).
The two models’ diagrams are as follows:
23
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Wq, W, ... Uo

S Up ——> U3
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Vg, V15 .- Un

1 1
Vo, Vi, -
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Expressivity over infinite models

Obviously, My, s = =0,00T and My, s* = 0,00T. So if we show that
M, s and M,,s" are model equivalent in SML, we will know that SML
cannot express GML. From [1] we know that if My, s and M5, s are
s-bisimular, then they are model equivalent, so we will give the
s-bisimulation relation Z as follows:

26



Expressivity over infinite models

Obviously, My, s = =0,00T and My, s* = 0,00T. So if we show that
M, s and M,,s" are model equivalent in SML, we will know that SML
cannot express GML. From [1] we know that if My, s and M5, s are
s-bisimular, then they are model equivalent, so we will give the
s-bisimulation relation Z as follows:

3

w} U {(S,S/), (Co7 Uo), (Co, U1), (C1, Uz), (Cz, Ug)} and Zq = (Zo)_, We
choose Z to be the union of Zy and Z;. Here we define a relation
between models: M = (W,R, V) 8 M = (W R V) iff W =W,V =V
and R" = R\A where [A| =nAACR.

Let Zo = {(an, wy), (b7, vi") | m € {0,1} An €

26



Expressivity over infinite models

Lemma

Z is a s-bisimulation.

Proof

We only check the conditions between s and s', since it's easy to
verify that other Z—related points satisfy the s-bisimulation condi-
tions. Obviously s and s are modal bisimular. So we need to show
that for each n € w and t € {1,2}, if M; ¥ M, then there is a M,_,
st My_y 8 M,_, and M;,s < M,_,,s. If in M; we delete one edge
from the w part, we only need to delete an arbitrary edge in M, from
the w part and Vice Versa. The non-trivial cases are deletions of ¢,
in My and u, in M. We will use the strategy as follows:

27



Expressivity over infinite models

Proof.

When we delete [;, i < 2 in My, we will delete [; in M, when [; is still
alive, otherwise we just delete an arbitrary edge in M, from the w
part.

When we delete [;, 3 < i < 6in M,, there are two cases:

1. After the deletion, there is still a path from s’ to us: Just delete
an edge from the w part in M.

2. Otherwise: if [y is alive, delete ly; if not, Just delete an edge from
the w partin M.

When we deltete (5, if [y is alive, delete [y and if not, Just delete an
edge from the w part in M.

One can easily verify that our strategy will preserve the modal bisim-
ulation in any finite times deletions. |

28



Expressivity over classes of finite models

From the above instance it’s still open whether SML can express GML
among finite models. So now we give an instance to show that even
in finite models, SML cannot express GML. Our idea is to split the two
infinite models into two classes of finite models. But first we need to
give a definition for n-bisimulation as in modal logic, which is
related to the s-bisimulation in [1].

29



m — n—s-bisimulation

Here we just define m — n-s-bisimulations for unary language. Let M
and N be models, and let w and v be states of M and N, We define
w £ v by induction on m + n.

m+n=0Mwe] N,viff Vy(w) = Vy(v);
m+n==~k+1Mw<"N,vif the followings hold:

1. Whenever m > 0:

M,w TN, v,

If wRw', then thereisa v’ st. vRv and M,w €7 N,V

If vRV', then thereisaw’ s.t. wRw and M,w €7 N, V.

30



m — n—s-bisimulation

2. Whenever n > 0:

Myw <7 Ny,

If there is M’ st. M,w —¢ M',w, then there is N st. N,v —¢ N',vand
M, wem Ny
If there is N" st. N,v —¢ N',v, then there is M’ st. M,v —4 M, v and

M ow el NV

Here m correspond to the modal degree, and n correspond to the
sabotage degree, as we define below.

31



Expressivity over classes of finite models

Like the modal degree, we define the sabotage degree as follows:
degy(T) = deg,(p) = 0;

degy(—¢) = deg,(¢); degy(¢ A 1) = MAX(deg(¢), degs(¢)));
deg,(0¢) = deg,(¢); deg,(#¢) = deg(¢) +1.

Additional, we need to complete the modal degree on SML:

deg(#¢) = deg(o).

32



Expressivity over classes of finite models

[for finite many propositional letters]M,w €' N,V <= M, w =spz
N,v, where M,w =su;» N,v means for each formula ¢, if deg(¢) < m
and deg.(¢) < n,then M,w |= ¢ iff N,V |= ¢.

Proof.

Similar to the modal version. ]
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Expressivity over classes of finite models

Here we give two classes of finite models.

Let M, = (Wy, Ry, Vi), where

Wn = {a; | i < n}u{b | me {0,1}Ai < n+1}U{c | i€ {0,1,2}}U{s},

Ro={(s,ai) i <n}uU{(s,b7) | i <npu{(b?,b]) i<

n} U{(s,co), (o, 1), (C1,C2)}, and Vy(p) = W, for any p.

Let N, = (W,,R,,V.), where

W, = {w; | i < nyu{vP | me {0,1}Ai < n}u{u; | i€ {0,1,2,3}}U{s'},
p =10 wa) 1 <nyu{(s,v0) i <nyu{(vh,vp) |i<

n}U{(s,uo), (s, ur), (Ug, Uz), (Ur, Uz), (U2, u3)}, and Vu(p) = W,

34



Expressivity over classes of finite models

One can check that M, s &7 Nﬂ,s' for any m € w, which follows that
the two pointed models are equivalent w.rt. formulas with sabotage
depth < n. The proof is similar to the infinite version.
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Expressivity over classes of finite models

One can check that M, s &7 Nﬂ,s' for any m € w, which follows that
the two pointed models are equivalent w.rt. formulas with sabotage
depth < n. The proof is similar to the infinite version.

Let € ={M, | n € w} and B = {N, | n € w}. Like the case in the two
infinite models, if we choose s and s” to be the original state, ¢ and
9B can be distinguished by GML formula ¢ = 0,00 T. Actually for all
new, MpsE-0,00T and Np,s' E 0,00 T. Hence if there is some
SML formula ¢ express ¢ over finite models, then for each n, M,,s =
—p and N,, s’ = 4. But if ¢ has sabotage depth m, it must be the
case that My, s = ¢ iff Ny, s' =+, which is a contradiction.

35
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In this section we will try to find a sound and complete Hilbert-style
proof system. Our intended system includes the normal modal logic
K and the followings':

Axioms:

B — ) — (Hp — WY)
Hp<p

B-p < —p

OT — 6T

400 — 040

TThe first idea of these axioms is given by Prof. Wang.
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vy — Yy forn—1ew

OTAGTT B¢ TAST), forn—1cw
("TA—@"1T) — (" T A—"'T), forn e w
O — (pn — B(1hy — O¢), for n € w

where ¢, = ¢"OL AROT

Rules:

M -—generalization

38



Although we seem to find a recursive set of axioms, we need to show
that the axioms are sound and complete. One can easily check that
the axioms and rules are sound w.rt. our semantics. But the
completeness seems to be more complicated.
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Although we seem to find a recursive set of axioms, we need to show
that the axioms are sound and complete. One can easily check that
the axioms and rules are sound w.rt. our semantics. But the
completeness seems to be more complicated.

A standard strategy in [6] is as follows:

1. Define an auxiliary semantics I of SML on Kripke models with
¢ —transitions.

2. Find a class € of binary Kripke models such that for any SML
formula ¢ - ME ¢ = €Ik ¢.

3. Show that our axioms completely axiomatizes the valid SML
formulas on € w.r.t. IF.

In sum, we proceed as follows (from left to right):
ME o= Cl- o=+ ¢.

39



Problem of the axiomatization

Here the supposed new semantics is defined as follows:

A binary Kripke model 9t is a tuple: (W, R, Ry, V), where Ry is a
binary relation over W and (W, R, V) are just a standard Kripke model.

We will call (W, R, V) the kernel of (W, R, Ry, V).

The new satisfaction relation I is defined by(others are the same as

for &) :
M, w I ¢ iff v : wRevand M, v Ik ¢

Here If we want to show 9 = ¢ = € I ¢, we need to transform a I+
model into a = model. But we cannot just use the kernel of our
binary model, which will be showed in the following instance.
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Problem of the axiomatization

Consider the following model and the formula ¢ =
$TAGTAGKOLAROT AD(OOLAOT ADOL) If ¢ is true at the
point s w.r.t. the deletion semantics, then the model need to be as
the following diagram, where r and t are dead ends.

41



Problem of the axiomatization

But if we use the binary semantics, the model will be like:

S ° °
| I
(K2 | &
N \
o ————>0
|

(K2

N

[ )

|

(K2

\

[ )

|

(K2

\

[ )
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Problem of the axiomatization

It follows that the kernel of our binary model cannot be enough to
make all the SML formulas true. Especially when we consider the
canonical model of the binary semantics, there must be some
similar problem like here.

The above show that the relation between a I model and a = model
seems to be complicated, and we need more careful investigation on
this. So we will leave the problem here and | hope one can solve it
soon.
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Further works

Clearly we need to find a proof for the completeness, and we have
two ways to go:

1. Use the original strategy and find a appropriate way to transport
= to I

2. Consider another strategy for completeness, like defining a
canonical model for SML language.
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Further works

However, it's a natural idea to consider some restricted version of
completeness.

1. Assume that models are all point-generated, which will restrict the
arbitrary deletion to a related deletion.

2. Assume that models are all finite, which will be helpful to using
our axioms.

Obviously we can just consider finite generated models, which may
bring another conjecture: SML can characterize frames w.r.t.
isomorphism, which means:

For any finite generated frame §, there is a formula ¢ s.t. § = ¢ and
if any finite generated model & | ¢, § = &.
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Thank You!



Questions?
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