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Background

MSO RE

[Huffman, 1954], [Mealy, 1955] and [Moore, 1956] used deterministic
finite automata for representing sequential circuits.
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Background

MSO RE

[Kleene, 1956] used regular expressions and show their equivalence to
finite automata.
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Background

MSO RE

[Biichi, 1960&1962] showed that formulae in MSO[S] and finite state
automata have the same expressive power.
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Background

MSO RE

[Vardi,Wolper, 1986&1994] showed the connection of Biichi automata
with linear temporal logic.
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Preliminaries

Let X be a nonempty alphabet.

A finite word w of length m € w over X is a mapping from
{0,...,m — 1} to . We often represent w as w(0)w(1)...w(m — 1).
With ¥* we denote the set of finite words over 3.

An infinite word w over X is a mapping from w to X. We often represent
w as w(0)w(Lw(2)...
With % we denote the set of infinite words over X..
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Cont.

A path 7 is maximal if 7 is infinite, or 7 is a finite path of length n and
(m(n—1),u) ¢ E, forall u e V.

A vertex u € V is reachable from v € V if there is a path vgvy ... v, with
v =1 and u = v,.

If n > 1 then we say that u is nontrivially reachable from v.
R(v) denotes the set of vertices that are reachable from wv.
Let f and g are total functions from N to R™, then f(n) = O(g(n)) if

there is ng € N* and ¢ € R s.t. when n > ng, f(n) < cg(n) always
holds.



Finite automata and M
®0000000000000000000O00000000O0O0O0000000000000

Outline

e Finite automata and MSO



Finite automata and MSO
O@000000000000000O000O00000000O00O0O00000000000000

Deterministic Finite Automata

A deterministic finite automaton (DFA) A is a tuple A = (@, %, 6, qo, F)
where

@ ( is a finite set of states,

@ X is an finite alphabet,

@ §:@Q x X — Q is a transition function,
@ go € @ is a initial states, and

@ F C (@ is a set of accept states.

A DFA A is called total if |§(q,a)] =1 forall g € @ and a € X.
The size of A, denoted |.A|, is the number of states and transitions in A,

i.e. = DINDY
e, |41 = 1@l + £ X 13(g.a)
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Non-deterministic Finite Automata

A nondeterministic finite automaton (NFA) Ais a tuple A = (Q, %, 6, Qo, F)
where

@ @ is a finite set of states,

@ X is an finite alphabet,

0i:QxX— 2€ s a transition function,
@ Qo C Q is a set of initial states, and

o P C Q is a set of accept states.

The transition function § can be identified with the relation =C Q@ xX xQ
given by ¢ % ¢ iff ¢ € 6(q, a).

6*(%6) = {Q}’ 5*((]7@) = 5(q,a), and

0*(q,a1as .. .a,) = U (', aa ... ap)
q’'€6(q,a1)
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Run and Language

Let A = (Q,%,6,Q0,F) be an NFA and w = a1...a, € ¥* a finite
word. A run for w in A is a finite sequence of states qoq - . . ¢, such that

qo € Qo and g; it gi+1 forall 0 < i < n.
Run qoq; - .. gy is called accepting if ¢, € F' .

A finite word w € X* is called accepted by A if there exists an accepting
run for w. The accepted language of A, denoted £(.A), is the set of finite
words in X* accepted by A, i.e.

L(A) ={w € X* | there exists an accepting run for w in A}
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Example for DFA and NFA

ab

a b
start —( 4o /q—l\ @

L((a+ b)*ab), where ¥ = {a,b}
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Computation History

qovb

Gba

Gaa

Qaa

qab

qo q1
VAN
q0 q1
: %
qo q2
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Determinization of NFA

For a given NFA A

= (Q,%,0,Qo, F') we can construct an equivlent
total DFA A’ = (Q C 2¢

, 2,0, Qo, F') where

F={Q"CQ|Q"eQ and QN F £}

and the transition function § : 2¢ x ¥ — 29 is defined

8'(Q*,a) = | d(¢.a)

qeEQ™
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An example for determinization

a,b

start —( 40 3 @ b @

a
start — @

5]
o
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Some properties of NFA

Languages recognized by NFA are closed under union, complement and
homomorphism.
o Let ./41 = (Ql; 2,51, Il,Fl) and AQ = (QQ, E,(SQ,Q/Q,FQ). Let A =
(Q,%,0,Qo, F) where

o Q=Q1UQ2
o Q0 = QLU
o F'= F1UF>

° §(q7 CL): 61(q7 a’) 'f qc Ql
d2(q,a) ifge @2
@ Let h be homomorphisim between ¥ and I'. Let w’ = h(w). If A=
(Q,T,8,qo, F) recognize w, then we can construct A" = h(A) =
(Q,T,0',qo, F), where 6'(q,h(a)) = d(q,a). A’ is a NFA which
recognizes w'.
@ Complement part can be easily shown by constructing an equivalent
total DFA.
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Words as structures

Let 20 = (VV, S (Pém)aez) be a structure with vocabulary ¢ = {S} U
{P, | a€X}. Wis called an finite-word with alphabet %, if

(1) S is binary and all P, are monadic,

(2) W ={0,...,n—1},n € N is the set of word positions,

(3) S¥ ={(n,n+1)|n e W} is the successor relation, and

(4)

4) PP = {i € dom(w) | ith position carry a} and P form a partition
of W.

If (1) and (3) are satisfied, 20 is called an extended (finite) word.
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MSO(Syntax)

The formulae of monadic second-order logic of vocabulary o, denoted
MSO|[o], are defined simultaneously for all vocabularies o by induction.

(1)
(2)

If R,S € o are monadic, then R C S is in MSO |[o]

If Ry,..., Ry € o0 are monadicand S € ¢ has arity k, then SR, ... Ry,
is in MSOlo].

If ¢ and v are in MSO [o] , then so are =, ¢ V 1) and ¢ A 1.

If ¢ is in MSO [cU{R}] and R is monadic, then 3R ¢ and VR ¢ are
in MSO[o]. Note that in this case the parameter o changes.
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MSO(Semantics)

The satisfaction relation model is defined for all vocabularies o, all o
-structures 2l and all ¢ € MSO|o] along the same induction.

(1) A= RC S iff R* C S,

(2) A }= SRy ... Ry, iff S* N (RY x ... x RY) # 0 or in other words iff
there are individuals a; € R}, ..., a, € R% such that (ay,...,ax) €
S2.

(3) AE ¢ iff not AE ¢

(4) AE PV Y iff AE ¢ or AE 1) holds.

(5) A E3X ¢ iff there is R C A s.t. A, [X — R E ¢.
AEVX ¢ iff forall RC Ast. A [X — R F ¢.
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Some shorthands

X=0 for
sing(z) for
xeP  for
P=q@Q for

VY X CY
z=PAVX(X Cz— (zCXVX=0))
sing(z) Ax C P

PCQAQCP

Incl(P) means y € P¥ implies € P for all word positions = < y

Incl(P) = VYaVy((sing(x) NSzy Ay € P — x € P))

x <y:=sing(y) A\VP(Incl(P)ANy € P — x € P)
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Biichi Theorem (over finite word)

Biichi Theorem [Biichi, 1960]

A language of finite words is recognizable by a finite state automaton iff
it is MSO-definable and both conversions from automata to formulae and

vice versa are effective.
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From NFA to MSO formulae

¢4 := IR(Part A Init A Trans A Accept)
Statey(z) ==z € R,
o Part :=Vxz(sing(z) — \ Statey(z))
q€Q
Init := 3z (Statey, (x) AVy(sing(y) = = < y))

Trans := VaVy(sing(x) Asing(y) ANS(x,y) = ) (Statey(z) A
(g,a,9")€S

x € Py A Stateq (y)))

Accept : Vx(Vy(y < x A\ Statey(x)))
qeEF
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From MSO formulae to NFA

We proceed using induction on ¢. In order to apply induction, the state-
ment has to be modified such that not only infinite words, but also exten-
ded words are permitted. We have to express how extended words may be
represented by words. An MSO-formula ¢(X7,..., X, ) with at most the
free variables X1, ..., X, is interpreted in a word with n designated sub-
sets Pp,...,P,. Such a model represents a word over expanded alphabet
A" = A x {0,1}", where the label (a,cy,...,c,) of position p indicates
that p carries label a from A and that p belong to P; iff ¢; = 1. For
instance, the w-word model w* = (w, Py, P») where w = abbaaaa ..., P
is the set of even numbers and P is the set of prime numbers, will be
identified with the follow w-word over {a,b} x {0,1}? where

wabbaaaa
PL1010101...
P,0011010
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Base Case: If ¢ := X; C X5, we have 20’ E ¢ iff at every position x
the following condition holds: whenever 1 occurs in the first additional 0-1
component it also occurs in the second additional component. Therefore
the automaton 2l verifies that the labels (X, 1,0) does not occur in W”.

We set Ay = ({q}, ¢, 2 x {0,1}2,6,{q})

*

start —>

x:=(2,0,0),(2,0,1),(3,1,1).
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If ¢ := SX1Xs, then 20’ E ¢ iff there are positions z and y, x € X1, y €
X and (z,y) € S’ and at position x, 1 occurs in the first additional 0-1
component, at position y, 1 occurs in the second additional 0-1 component.
We can construct Ay as follows:

true true

start —( 9o i @ - @

Induction Step is followed by the properties of NFA we have shown.
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Check the emptiness of NFA

7, 2) (10, 1)

(a)



Finite automata and MSO
0000000000000 000000e0000000000O0O00000000000000

w-word

Let 20 = (VV, S (Pfﬂ)aez) be a structure with vocabulary o = {S} U
{P, | a€X} 2Wis called an w-word with alphabet ¥, if

(1) Sis binary and all P, are monadic,

(2) W = w is the set of word positions,

(3) ST ={(n,n+1) | n € w} is the successor relation,

(4) P2 form a partition of .
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Biichi automata

An w-automaton B = (Q, %, 9, qr, F') with acceptance component F' C
Q is called Biichi automaton if it is used with the following acceptance
condition (Biichi acceptance): A word w € X¥ is accepted by B iff there
exists a run r of B on w satisfying the condition: Inf(r)NF # 0 ie. at
least one of the states in F' has to be visited infinitely often during the
run. L(B) :={w € ¥¥ | B accepts w} is the w-language recognized by
B.

A run r of B on w € X is an infinite word over @ with r(0) = ¢; and
r(i+1) € 6(r(i),w(i)), for all i € w. r is accepting if a final state occurs
infinitely often in 7, i.e. FNInf(r)=0.

B accepts w if there is an accepting run of 5 on w. Otherwise, w is
rejected.
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Subset construction fails for NBA

a,b b

b
start —>
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NBA is more expressive than DBA

Assume that L((a + b)*v*) = L(B) for some DBA B = (Q,%,6,qo0, F)
with ¥ = {a,b}. Since the word wy = b* € L((a +b)*b*), there exists an
accepting state ¢; € F' and a n; € N7 such that §*(qg, ™) = q1 € F.
Now consider the word wg = b™ ab” € L((a+b)*bv*). Since wq is accepted
by a, there exists an accepting state g € I and ny € NT, such that

0*(qo, b™ab™) =g € F

Note that g1 # g2, Continuing this process, we obtain a sequence ny,ns,ns, ... €
N* and a sequence q1, q2, g3, . . . of accepting states such that

0" (qo, b ab™a... b " ab")=q; € F,i>1...

However, there are only finitely many states in 3, Contradiction.
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NBA is more expressive than DBA

a,b b

b
start —

a,b b

start —( 40 b @ b @ b b @

~——

a




Finite automata and MSO
0000000000000 0000O000O0000@OO00000O00000000000000

General Biuchi automaton

A GNBA is a tuple G =(Q,%,4,Qo, F) where Q, %, J, Qo are defined
as for NBA and F is a (possibly empty) subset of 2¢. The elements of F
are called accpectance sets. The accepted language £, (G) consists of all

infinite words in (247)“ that have at least one infinite run goq1¢z ... in G
such that for each acceptance set F' € F there are infinitely many indices
i with ¢; € F' .

Generalized Biichi : F = {F1,...,Fy}, F; CQ, ifforall 1 <i <k,
inf(r) N F; # 0, then r is accepted.
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Biichi Theorem (over infinite words)

Biichi Theorem [Biichi,1962]
An w language is Biichi recognizable iff it is MSO-definable and the trans-
formation of Biichi automata into MSO formulae and conversely is effect-

Ive.
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From Biichi automata to MSO formulae

éa = IR(Part A Init A Trans A Accept)
Statey(z) :=z € R,
e Part :=Vx(sing(x) — \/QStateq(x))

qe

o Init := Jx(Statey, (x) AVy(sing(y) — = < y))

e Trans := VaVy(sing(z) Asing(y)AS(z,y) = V  (Stateg(x) A
(q,a,9")€6
x € P, A Statey (y)))

Inf(P):=Vzx(zre P —Iylye PAz <y))
InfOccy(P):=3Q(Q CPANQ C R, ANInf(Q))

Biichi(P) := \/ InfOccy(P)
qeF

o Accept := 3X (Biichi(X))
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From MSO formulae to Biichi automata

This direction is similar to the discussion in proof of Biichi Theorem over
finite words. Use similar methods we can easily prove that Biichi automata
are closed under Union and Homomorphism. It remains to discuss whether
Biichi automata are closed under complement.
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Complement [Klarlund, 1997]

Let B be the NBA (@, X%, 6,qs, F), and let w € £¥. The run graph G of
B for w is a graph (V, E,C), with
(i) the set of vertices V' := | J,, Si x {i}, where the S; s are inductively
defined by S:={a} and  Siy1:=U,es, 6(qw(i)) fori >0

(ii) the set of edges F := {((p,i),(¢q,i+ 1)) € VxV | g€ d(p,w(i))},
and

(iii) the set of marked vertices C' := {(¢q,i) € V | g € F}

Let G = (V, E,C) be a run graph of B, and let w € ¥*. Then, w ¢ £L(B)
iff Inf(w) N C =0, for all paths 7 in G.
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Some definitions

o Let @ be a finite set. A sliced graph over Q is a graph G = (V, E, C),
where V. C Qxw,C' C V, and for (p, i), (q,j) €V, if ((p, 1), (q,])) €
FE then j =i+ 1.

Note that a run graph is a sliced graph.

@ The sliced graph G = (V, E, C) is finitely marked if for all paths 7 in
G, Inf(mr)nC = 0.

@ The ith slice S; is the set {¢ € Q | (¢,7) € V'}.

@ The width of G, ||G]|| for short, is the limes superior of the sequence
(|Sil)icw- In other words, the width of a sliced graph is the largest
cardinality of the slices Sy, 51, .. ..
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The unmarked boundary U(G) is the set of vertices that do not have a
nontrivially reachable vertex that is marked, i.e.

U(G):={veV|Cn(R()\ {v}) =0}

The finite boundary B(G) is the set of vertices that have only finitely
many reachable vertices, i.e.

B(GQ) :={v € V| R(v) is a finite set}
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Lemma 1

Let G = (V, E,C) be a sliced graph that is finitely marked. If V' = () then
UG)#0

| A\

Proof.

Assume that U(G) = . Let vy be some vertex in V. Note that
R(vg) \ {vo} # 0 because of the assumption U(G) = (). There is a finite
path from vy to a vertex v; with vy # v; and vy € C, since vy ¢ U(Q).
The vertex vy is not in U(G), since it is assumed that U(G) is empty. Re-
peating this argument we get an infinite sequence vg, v1, Vs, ... of distinct
vertices, where v;41 is reachable from v;, for i > 0. Furthermore, v; € C,
for i > 0. This contradicts the assumption that G is finitely marked.

A\
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Lemma 2

Let G = (V,E,C) be a sliced graph. For every vertex v € V \ B(G),
there exists an infinite path in G \ B(G) starting with v.

Proof.

If R(v) \ B(G) is infinite then, by Konig's Lemma, there exists an infinite
path in G \ B(G) starting with v, since R(v) \ B(G) is infinite and
G \ B(G) is finitely branching. It remains to show that R(v) \ B(G) is
infinite. So, for a contradiction assume that R(v) \ B(G) is finite. Let
B :={u € B(G) | there exists a v’ € R(v) \ B(G) with (v/,u) € E} .
The set B is finite since R(v) \ B(G) is finite and G is finitely branching.
Since B C B(G), we have that R(u) is finite, for all w € B. We have the
following equality: R(v) = (R(v) \ B(G))U U R(u).
u€B

In particular, R(v) is a finite union of finite sets. This is not possible since
R(v) is infinite, for all v € V' \ B(G).

v
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Slices

Let G = (V, E,C) be a sliced graph. We define a sequence of sliced
graphs Gy, G1, ... and a sequence of sets of vertices Vy, V1, ... as
follows: Gy := G,V := B(G), and for i > 0:

Gait1 = Go; \ Vay Voit1 .= U(Ga2i41)

Gaita = Gaix1 \ Vait1  Vairo := B(Gaiy1)



Finite automata and MSO
0000000000 0000000O000O0000000000O0O000e0000000000

Lemma 3

Let G = (V, E, C) be a sliced graph that is finitely marked with ||G2;41]|| >
0, for some i > 0. Then ||Gai12|| < ||Gait1]|-

Proof.

Since ||G2;41|| > 0 the set of vertices of G;41 is not empty. From Lemma
1 it follows that there is a vertex vg € U(G2;+1). From the definition
of G2i+1 = Gy \ V5; it follows that vg €V \ B(G) if © = 0, and
vg € V'\ B(Ga;_1) if i > 0, where V' is the set of vertices of G;. From
Lemma 2 we can conclude that there exists an infinite path vgvivs ... in
G2i+1. ObViOUS|y, v; € U(G2i+1), for all j > 0. Let v = (Qj,kj). It
holds ||G2i+2|| < ||G2i+1]| since each slice of G492 with index k; does
not contain g;.

| \

4
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Lemma 4

Let G = (V, E,C) be a sliced graph that is finitely marked and let n =
[|G||. Then Gap41 is the empty graph.

| A

Proof.

Note that n < |Q| assuming V' C @ x w for some finite set ). Assume
that Gay,41 is not the empty graph. It holds ||G2,+1|| > 0, since Gap11 =
Go, \ B(G2p—1). From the lemma above it follows that n > ||G4]| >
[|Gs|| > ... > ||G2nt1]]- This contradicts ||Gapn+1]| > 0.

A
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Progress measure

A progress measure of size m € w for a sliced graph G = (V, E,C) is a
function p: V — {1,...,2m + 1} satisfying the following three
conditions:
(i) p(u) > p(v), for all (u,v) € E,
(i) if p(u) = p(v) and (u,v) € E then p(u) is odd or v ¢ C, and
(iii) there is no infinite path vovive... € V¥ where p(vg) is odd and
p(vo) = p(v1) = p(vz) = ...
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Progress measure and Automata

Theorem

Let B=(Q,%,6,q:, F) be a NBA and let w € ¥“. Then, B rejects w iff
there exists a progress measure of size |Q| for the run graph G = (V, E, C)
of B for w.

Proof.

(=) Note that the run graph G is finitely marked by Corollary. Let u :
V —{1,...,2|Q| + 1} be the function defined by u(v) := i+ 1, where 4
is the uniquely determined index with v € V; and v ¢ V; ;. From Lemma
4 it follows that 1 < ¢ < 2|@| and thus p is well-defined. It remains to
show that u is a progress measure.
First, we show that there is no infinite path vgv; ... with p(vg) = p(vy) =
. where u(vg) is odd. Assume that p(vg) = 2i + 1 for vg € V. Then
vy € Vo;. By definition of V5, the vertices in V5; have only finitely many
reachable states in G if i = 0 and G9;,_1 if ¢ > 0. Thus, every path vgv; ...
with 2 + 1 = p(vg) = p(v1) = ... must be finite.

A
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Cont.

Proof.

Second, for (u,v) € E, it holds p(u) > p(v). This follows from the
fact that (i) uw € U(G’) implies v € U(G’), and (ii) u € B(G’) implies
v € B(G"), for every sliced graph G' = (V', E’, C") with (u,v) € V.
Third, we show by contradiction that if p(u) = u(v) then p(u) is odd or
v’ € C, for (u,v) € E. Assume that u(u) is even and v € C. Since u(u)
is even, we have that u € V511 = U(Gagi41), for some 0 < i < |Q]. Since
v € C, it holds u ¢ U(G2;+1). Contradiction!

(<:) Let p: V — {1,...,2|Q| + 1} be a progress measure for G. Let 7
be an infinite path in G. Since p is monotonicly decreasing, there exists a
k > 0 with u(mw(k)) = p(m(k + 1)) = .... By the definition of a progress
measure, u(m(k)) must be even and p(w(k)), u(w(k+1)),... ¢ C. Thus,
the corresponding run of 7 is not accepting. Since 7 was chosen arbitrarily
there is no accepting run of B on w by Corollary.
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Construction

Let B = (Q,%,0,q1, F) be a NBA. We can construct a NBA B’ with

20(IQI+IQIlogIRQl) states such that B accepts w € X¢ iff there exists a

progress measure of size |@Q| for the run graph G of B for w. Let ¥ be

the set of partial functions from @ to {1,...,2m + 1}. Note that the

cardinality of U is |Q|OURD = 20(QIedlQD  Moreover, let f; € U be

the partial function, where fr(qr) := 2|Q| + 1 and f1(q) is undefined

for ¢ # q;. Let B’ be the NBA (¥ x P(Q),%,d, (f1,0), ¥ x 0) with

(f',P") e d((f,P),a) iff the following conditions are satisfied:

(1) ¢’ € dom(f) iff there exists ¢ € dom(f) such that ¢’ € §(q,a).

(2) f'(¢") < f(q), for ¢’ € 6(q,a). Moreover, if ¢ € F and f(q) is even
then /7 (¢') < f(q) -

(3) If P =0 then q € P iff f’(q) is odd, for ¢ € dom (f’)

(4) If P # () then ¢’ € P’ iff there exists ¢ € P such that ¢’ € d(q,a)
and f(q) = f (¢') is odd.
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Cont.

The number of the states of B’ is

U x P(Q)] = 200Qlesl@D) . 9IQ1 — 20(QI+1QllogIQ).

(=) Let r be an accepting run of B’ on w with r(k) = (fx, Px), for
k € wand let G = (V,E,C) be the run graph of B for w. Let y:V —
{1,...,2|Q| + 1} with u(q, k) := f(q), for r(k) = (f, P).

It remains to show that y is a progress measure for GG. Because of condition
(1) it holds for all k € w that ((¢, k), (¢, k+1)) € Eiff ¢ € dom(fi), ¢ €
dom(fix+1), and ¢’ € §(q,w(k)). This can be easily shown by induction
over k. Let (v,v’) € E. Because of condition (2), u(v) < p(v’), and if
v’ € C then p(v) < pu(v'). Note that P, = 0, for infinitely many k € w,
since 7 is accepting. Hence, the conditions (3) and (4) ensure that there
is no infinite path vouy .... In G, where p(vg) = p(vy) = ... and p(vg) is
odd.
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Let u:V = {1,...,2|Q| + 1} be a progress measure for the run graph
G = (V,E,C) of B for w. Note that w ¢ L(B) by Theorem. Let
fre:Q —{1,...,2|Q| + 1} be the partial function where
fx(q) := u(gq, k), for g € Sk, and otherwise fy is undefined. Let r be the
infinite word, with 7(0) := (fr,®)and for k > 0,7(k + 1) := (fr+1, Pet1)
with

Pey1:={q € Q| fut1(q) is odd},

for P, = (), and
Pry1:={q€ Q| fr(p) = fr+1(q) is odd and ((p, k), (¢, k + 1)) € E}

otherwise.
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By induction over k it is straightforward to show that r is a run of 5’ on
w. It remains to show that r is accepting, i.e., there are infinitely many
k € w such that P, = (). Assume that there is an n € w such that P, = ()
and P,y1, Phyo,... # 0. Note that if ¢ € P, with k& > n then there
exists a p € P,y1 such that the vertex (g, k) is reachable from a vertex
(p,n+ 1) in G. Thus, there is an infinite path vgvy ... with v; = (¢;, k;)
for ¢ > 0, and there is an infinite sequence of indices ip < i1 < ...
such that ¢;; € Pkij for all 7 > 0. Since p is a progress measure, it is
w(vi, ) < pvi;) for j° > j. Thus, there exists a k > n such that p(v) is
odd and p(vg) = p(vk+1) = ... This contradicts the assumption that pu is
a progress measure.
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Check the emptiness of NBA

Lemma

Let B = (Q,%,0,Qo, F') be an NBA. Then, the following two statements
are equivalent:

(a) L(B) # 0,

(b) There exists a reachable accept state q that belongs to a cycle in 5.

Jgo € Qo 3¢ € F Fw € ¥* Jv € 1 ¢ € §*(qo, w) N 6*(q,v)

y

By the above lemma, the emptiness problem for NBA can be solved by
means of graph algorithms that explore all reachable states and check
whether they belong to a cycle.

Since the strongly connected components of a (finite) directed graph can
be computed in time linear in the number of states and edges, the time
complexity of this algorithm for the emptiness check of NBA B is linear in
the size of B.
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Decidability of MSO

MSO is decidable

By Biichi Theorem we may effectively construct an automaton A such
that A accepts 2 iff 2l E —¢. The question whether or not 2 E ¢ always
holds can be reduced to the question whether or not the language of A is
empty. And emptiness of all these languages is decidable.
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Transition System

A transition system TS is a tuple (S, Act,—, I, AP, L) where
@ S is a set of states

Act is a set of actions,

—C S x Act x S is a transition relation,
I C S is a set of initial states,

L:S — 247 is a labeling function.

o

o

@ AP is a set of atomic propositions,

o

@ TS is called finite if S, Act, and AP are finite.
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start — @

coin

soda
beer
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Path and Trace in TS

A finite path fragment 7w of T'S is a finite state sequence sgsg ... s, such
that s; € Post(s;—1) for all 0 < i < n, where n > 0.

An infinite path fragment 7 is an infinite state sequence sps1Ss ... such
that s; € Post(s;—1)for all ¢ > 0. For j > 0, let w[j] = s; denote
the jth state of m. The jth suffix of 7, notation #[j...], is defined as
7'('[]] = 8jSj41---

A maximal path fragment is either a finite path fragment that ends in a
terminal state, or an infinite path fragment.

A path fragment is called initial if it starts in an initial state.

A path of transition system TS is an initial, maximal path fragment.
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Traces in T'S

Traces are sequences of the form L(so)L(s1)L(s2)... that register the
(set of) atomic propositions that are valid along the execution. The traces
of a transition system are thus words over the alphabet 247, the sequence
of sets of atomic propositions that are valid in the states of the path.

A trace of state s is the trace of an infinite path fragment & with first(w) =
s. Accordingly, a finite trace of s is the trace of a finite path fragment that
starts in s. Let T'races(s) denote the set of traces of s, and Traces(T'S)
the set of traces of the initial states of transition system T'S:

Traces(s) = trace(Paths(s)), Traces(TS) = U Traces(s
sel
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Semantics of LTL over Paths and States

Let TS = (S, Act,—,I, AP, L) be a transition system without terminal
states, and let ¢ be an LTL-formula over AP.
For infinite path fragment 7 of TS, the satisfaction relation is defined by

7w E ¢ iff trace(w) E ¢.
For state s € .S, the satisfaction relation F is defined by
sk ¢ iff (Vm € Paths(s) mE ¢).

TS satisfies ¢, denoted T'S F ¢, if Traces(T'S) C Words(¢).
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LTL(Syntax)

LTL formulae over the set AP of atomic proposition are formed
according to the following grammar:

¢u=truela| ot N2 | =d | O | p1Uos

where a € AP.
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o F true
ocFa

oF ¢1V o
oF ¢
ockE Qo
o FE p1Uds

ocEOp
o FO¢
o EOCY
o E OO

iff
iff
iff
iff
iff

iff
iff
iff
iff

a€A

Uﬁgf?l andahqﬁg

=N

3j>00[j...] E b

and ofi...]F ¢1, forall 0 <i<j
Jj>00[j...]FE¢
Vi>0o0olj..]E®
I®0j...]E @

Voolj..|E ¢
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Equivalence of LTL Formulae

LTL formulae ¢1, ¢ are equivalent, denoted ¢1 = ¢o, if Words(¢1) =
Words(¢sz)

Uy =9V (¢ A O(eUY))
=(0UY) = (¢ A =)U(=¢ A =) v T A —h)

def

P1Rp2 = ~(=p1U—¢p2)
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Positive Normal Form

For a € AP, LTL formulae in positive normal form (PNF) are given by

¢ :=true| false | a| —a| p1 Apa | O | 1U¢2 | p1Rp2

For any LTL formula ¢ there exists an equivalent LTL formula ¢ in PNF
with [¢] = O(|¢])
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The algorithm of Model Checking

This approach is based on the fact that each LTL formula ¢ can be repres-
ented by a NBA. The basic idea is to try to disprove T'S F ¢ by “looking”
for a path @ in T'S with 7 ¥ ¢. If such a path is found, a prefix of 7 is
returned as error trace. If no such path is encountered, it is concluded that
TSE ¢

TS ¢ iff  Traces (T'S) C Words (¢)
iff  Traces (T'S)N ((QAP)UJ \ Words ((b)) =9
iff  Traces (T'S) N Words (—¢) = @
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Closure of ¢

The closure of LTL formula ¢ is the set closure(¢) consisting of all sub-
formulae ¢ of ¢ and their negation =) (where 1) and —=—1) are identified).

Elementary Sets of Formulae

B C closure(¢) is elementary if it is consistent with respect to propos-
itional logic, maximal, and locally consistent with respect to the until
operator.
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Elementary Sets of Formulae

The requirements for local consistency result from the expansion law

01 Ug2 = ¢V (01 A O(91U¢2))

Due to the required maximality and propositional logic consistency, we
have
¥ € Bif and only if ) ¢ B

for all elementary sets B and subformulae i of ¢. Further, due to maxim-
ality and local consistency, we have

¢1,02 ¢ B implies $1U¢p2 ¢ B

Hence, if ¢1,¢02 ¢ B then {=¢1, g2, ~($1Ud2)} C B (assuming that
@1U¢s is a subformula of ¢).
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GNBA for LTL Formulae [Vardi,Wolper, 1986

For any LTL formula ¢ (over AP) there exists a GNBA G, over the
alphabet 247 such that

(1) Words(¢) = L(Gy).

(2) G, can be constructed in time and space 2°(?D.

Let ¢ be an LTL formula over AP. Let Gy = (Q, 247 6,Qo, F) where

o() is the set of all elementary sets of formulae B C closure (¢)

*Qo={BcQ|dc B}
oF ={Fy,u4, | p1U¢2 € closure(¢)} where

Fyvg, ={B€Q|1U¢2 ¢ Bor ¢ € B}
The transition relation § : Q x 247 — 2% is given by:

o lf A% BN AP, then §(B,A) =g
o If A= BN AP, then §(B, A) is the set of all elementary sets
of formulae B’ satisfying
(i) for every O € closure (¢) : Oy € B< ¢ € B, and
(ii) for every ¢1Ud¢s € closure (¢) :
01 Ups € B< ((,252 S B\/(d)l € BAp1Ugpy € B/))
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L(Gy) = Words(¢)

D: Leto = ApA1As... € Words (¢). Then, o € (QAP)w and o E ¢.
The elementary set B; of formulae is defined as follows:

B; = {4 € closure(¢) |A;Aiy1... E}

Obviously, B; is an elementary set of formulae, i.e., B; € ). We now prove
that BoB1Bs ... is an accepting run for o. Observe that B; 1 € § (B;, A;)
for all ¢ > 0, since for all 7 :

o for Oy € closure( ¢)

Oy € B;
Adir .. = O iff

A»L‘+1A»L‘+2 Ce ': 1,[) iff
Y € Bt

iff
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o for ¢1 U ¢ € closure (¢):

$p1U¢o € By

iff

AiAisr ... | ¢1Uds
iff

AiAZ‘+1 e ': (bg or

AiAi+1 ce |: ¢1 and Ai+1AZ‘+2 ce |: ¢1U¢2
iff

¢2 € B or (¢p1 € By and ¢p1Udps € Bitq)
This shows that BB B, ... is a run of Gg.

It remains to prove that this run is accepting, i.e., for each subformula
¢1,;Udo ; in closure(¢), B; € F; for infinitely many 1.
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Assume there are finitely many ¢ such that B; € F;. We have:

B ¢ Fj =Fy, ,ups; = ¢1,;Ud2j € B; and 2 ; ¢ B;

As B; = {¢ € closure(¢) | A;Ait1... E 9}, it follows that if B; ¢ Fj,
then:
AiAiJrl ... E ¢1,jU¢2,j and AiAi+1 ... E QSQJ‘

Thus, ApAr11 F ¢ for some k > i. By definition of the formula sets
B;, it then follows that ¢2; € Bj, and by definition of F}, B, € Fj}.
Thus, B; € F} for finitely many 4, then By, € Fj for infinitely many k.
Contradiction.
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Let 0 = AgA1 Az ... € L(Gy), i.e., there is an accepting run BoB1 By . ..
for o in Gy. Since §(B, A) = () for all pairs (B, A) with A # BN AP, it
follows that A; = B; N AP for i > 0. Thus,

We prove the following more general proposition:

wEBoﬁAoAlAQ...':w

by structural induction on the structure of .

Base case: The statement for ¢ = true or ¥ = a with a € AP follows
directly from the definition of closure.

Induction step: Based on the induction hypothesis that the claim holds
for ¢, ¢1, da € closure(), it is proven that for the formulae

v=0v Y= ¢ =¢1 A2 and ¢ = $1U¢2

the claim also holds. We only discuss ¢ = ¢1U¢o. Let
AgAi Ay ... € (24P)% and ByB By ... € QY satisfying the constraints
(i) and (ii). It is now shown that:

’l/) € By iff AgA1As. .. ':’(/)
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Assume AgA1As ... E Y where ¢p = ¢1U¢s. Then, there exists j > 0
such that

AjAjJrl... ’:gbg and A2A2+1':¢1 for0§i<j
From the induction hypothesis (applied to ¢1 and ¢5) it follows that
¢)2€Bj and ¢1€Bi fOI’OS7,<]

By induction on j we obtain: ¢.U¢y € B;,B;j_1 ..., Bg.
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Assume ¢1U¢2 €Bg. Since By is elementary, ¢1 € By or (]52 € By.
Distinguish between ¢2 € By and ¢o ¢ By. If ¢o € By, it follows from
the induction hypothesis AgA; ... F ¢2, and thus AgA; ... E $1U¢s.
This remains the case ¢ € By. Then ¢ € By and ¢1U¢po € By.
Assume ¢ € B; for all j > 0. From the definition of the transition
relation §, we obtain using an inductive argument (successively applied to
o1 € Bj,¢2 S Bj and p1Ugs € Bj for j > O)Z

¢1 € Bj and 91Uy € By for all j > 0.
As ByBB; ... satisfies constraint (ii), it follows that

Bj € Fy,u4, for infinitely many j >0
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On the other hand, we have
(]52 ¢ Bj and ¢1U§Z52 S Bj iff Bj ¢ Fd)lU(/)Z for all J

Contradiction! Thus, ¢» € B; for some j > 0. Without loss of generality,
assume ¢o ¢ By, ..., Bji1, i.e., let j be the smallest index such that
¢2 € B;. The induction hypothesis for 0 < ¢ < j yields

¢1 € B; and ¢1U¢ € B; forall 0 <i < j
From the induction hypothesis applied to ¢; and ¢- it follows that
AjAj+1... ﬁd)g and A7A7+1':¢1 for0§z<]

We conclude that AgA1As ... E ¢1Uds.
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Size of GNBA

States in the GNBA G, are elementary sets of formulae in closure(®).
Let subf(¢) denote the set of all subformulae of ¢. The number of states
in Gy is bounded by 2|subf(¢)|, the number of possible formula sets. As

|$Ou(l|)f|§¢)| < |¢|, the number of states in the GNBA G, is bounded by
20(191)
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Conclusion

@ Biichi Theorem for checking the decidabilty of MSO

@ LTL model-checking problem can be reduced into an emptiness prob-
lem for NBA
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Thanks for your attention!
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