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4. How then shall we extend? (Extension is necessary.) Three ways are
known up to now:
1. Higher types of functions (functions of functions of numbers, etc.).
2. The modal-logical route (introduction of an absurdity applied to uni-
versal sentences and a [notion of | “consequence”).
3. Transfinite induction, that is, inference by induction is added for cer-
tain concretely defined ordinal numbers of the second number class.
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Gdalel 1958/1972 On an Extension of Finitary Mathematics which has not yet been Used
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As far as axioms and rules of inference for this concept are concerned, !
no others are needed except the following: (1) axioms for the two-valued |
propositional calculus applied to equations between terms of equal type, |
(2) the axioms of equality,” ie.,z=xand z =y.D.tz) = t(y) for vari-!
ables z,y and terms ¢ of any type, (3) the third and fourth Peano axioms, |
e, z+1#0,z+1=y+1.D.2 =1y, (4) the rule of substitution of terms |
of equal type for free variables (bound variables do not occur in the sys- |
tem), (5) rules which permit the definition of a function by an equality with |
a term constructed from variables and previously defined functions or by,
primitive recursion with respect to a number variable, (6) the usual version |

of the inference of complete induction with respect to a number variable. |
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The correspondence of F’ to F is defined by induction on the number
k of logical operators contained in F'. The precautions to be taken in the
choice of the symbols for the bound variables and the heuristic grounds for

point 5 of the definition are given below the following formulas.
I. Let F/ = F for k = 0.

MEE—MEARAIN ¢, #F ¢ = WVze*(y, z,x), FH A
¥+ HA F o, WD ¢ 115 T+ o*(t, 2, x),

N

I1. Suppose PAF o <= HAF g(p),
= (Jy)(2)Aly, z, z) ‘
and Hrh g /& Godel-Gentzen XA EH#IPE

= (3v)(w)B(v, w,u) ALtk

have already been defined; then, per definitionem, we set: TEKEO=1=—HAKO0=1=—PAK0O)=1,

1. (FAG) = (3yv)(2w)[A(y, z,z) A B{v,w,u)].

2. (FV G)’ = (Fyvt)(zw)[t =0A A(y,2z,z) . V . t =1 A B(v,w,u).
5. [(5)F] = (3Y)(s2)A(Y (5), 2, 3). AT RAT RO ([ AN ) A%
4 [Go)F] = (3sy)(2)Aly; 2, ), — M R ) AR AW ( /\ i R

where s is a number variable contained in z.

5. (F D G) = (3VZ)(yw)[Aly, Z(yw),z) D B(V(y), w,u)],
which, by the definition of negation given on page 280 below,
implies: _ B

6. (~F) = (32)(y)~A(y, Z(y),z).
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5.23. & X FEAR A

FEAZERAIE © — D;
RbECER IR — ¢, ¢ REFE AT,
S5.24. Definition of a structural transformation.

The following kinds of transformation of a sequent are called structural
transformations (because they affect only the structure of a sequent, in-
dependently of the meaning of the individual formulae):

5.241. Interchange of two antecedent formulae;

5.242. Omission of an antecedent formula identical with another antecedent
formula;

5.243. Adjunction of an arbitrary formula to the antecedent formulae;
5.244. Replacement of a bound variable within a formula throughout the

scope of a V- or 3-symbol by another bound variable not yet occurring in
the formula.




Gentzen’s NLK

Now the individual rules of inference:
5.251. &-introduction: from the sequents I’ —» 2 and 4 — B follows the
sequent I', 4 - A & B.

&-elimination: from I' — Y & B follows the ' — Y or I' - B.

v-introduction: from I' - Y follows ' > Av B orI' > Bv AU

v-elimination: from I' - Av Y and A, 4 - € and B, © - € follows
r,4, @ - ¢.

V-introduction: from I' — {(a) follows I' — VYt F(t), provided that the
free variable a does not occur in I and Vz (k).

V-elimination: from I' — Y F(t) follows I' = F(1).

3-introduction: from I' — $(t) follows I' — 31 F(T).

d-elimination: from I' - 3¢ ¥(r) and F(a),4 - € follows I''4 - €,
provided that the free variable a does not occur in I', 4, € and 3¢ F(r).

o-introduction: from U, I’ — B follows I —» A o B.

o-elimination: fromI' - W and 4 - A > B follows I', 4 - B.

5.252. ‘Reductio’: from A, I’ - B and A, 4 - — B follows I', 4 - — .
‘Elimination of the double negation’: from I' - —— U follows I' - 2.
5.253. ‘Complete Induction’: from I — (1) and F(a), 4 - F(a+1)
follows I', 4 — F(t), provided that the free variable a does not occur in

T, 4,5(1) and ().
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1.32. Schemata for operational inference figures:

{F—)@,QI r-0,%8 ) Y 0 B, [ - 6O
. &:
1.31. Schemata for structural inference figures: '->0,N&% N&B, I - O N&B, I - O
Thinning: r-e r-o V:‘Qx,r—»@ B, -0 I -06,% r-o,%
{Hr-0 Ir-06,9 AvB, I - 0O r-6,4v8 r-60,%ve
Contraction: 2.9,I>6 [-0,%3 V:{F_’ @, F(a) Ft), I - 6
®pr-60 r-6,% r-e,vgr ved@.r-e
Interchange: 4,%¢r-0 r-0,%¢4 3:{ &), - I - 0,1
4,CPTIr-60 I'->06,E9D4 ), r -0 T -6,
Cut r-e0,9% @,A—>A.
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' AODB, [ — O I' -0,A>%
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1.33. Schema for CJ - inference figures (the formal counterparts of complete
inductions):

50T = 0,5()
%’(1)3 r- o, %(t)

1.4. ‘Basic sequents’.

We shall distinguish basic ‘logical’ and ‘mathematical’ sequents.

A basic logical sequent is a sequent of the form D — D, where an arbitrary
formula may stand for 9.

A basic mathematical sequent is a sequent consisting entirely of prime
formulae and becoming a ‘true’ sequent with every arbitrary substitution
of numerical terms for possible occurrences of free variables.
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Gentzen’s Hauptsatz

HAuPTSATZ: Every LJ- or LK-derivation can be transformed into an LJ-

or LK-derivation with the same endsequent and in which the inference
figure called a ‘cut’ does not occur. (YIEIHEREHE)

Gentzen 1935UERH : S5 Y1EIFLINSE Oy TR & 88 U2 n] JEBRAY -
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Ordinal Notation

J7#01E5 (ordinal notation ) B2 % )7 AR — /R FT 5 RS
Mo-$. 0. VeblensB$l. RFFHIHE KRGS -
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il WDRRW KR FIEANHES.
ord(D) < w*", MHY, DRMHHES.

D, D!
S D S D
518 O D= 2 D = :
Ds Ds
So So

# ord(S,D') < ord(S, D),
H Dy AL Fg8 0,
M ord(D’) < ord (D).

HERH . T H 40T DR = BN,
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D, D D, DS
a kS S5 o kS S'p
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D3 Dy
So So

HFo <a, Fillogd #p) < ogla#p),
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o,k I'— F(n),0,ViF(x) ook iF(r), A — A . ok I — O,ViF(r)  ah kVEE(r), A, §(n) — A C
o #agk INA—=Fn),0,4 (Cut) ay # ok I A, F(n) — 6, A (Cut)
E! Es EY &
k k

YkE = Fm), 1, ¢ € 5, — TQ’V; Wk ELEM) - 1, ¢ € 5, TQ’V;
Wi (L #).j S5 = §), 1, T (Cut) Wi (7 # 2). 5 E1,8(), Z2 = 11, 1 (Cut)
Wi i (V) # 72), 5 =1, 52 = 11, 72,8 (n) wr—i (M # 72),7 Fn), =1, =5 = 11,715

wj—z(wk—j(ﬁ’i # V2) # wk—j(’ﬁr # 72)),1 55,5 2 10,15,10, 1

Wi (wi—j (V] # 72) # wi—i (W # 72)),l 1,52 = 11,15

wj—1(wWr—j (V1 # Y2) # we—i (W # 72)) < we—i(n F# 72) &3
since [ < j < k,and o) < oy & of, < ay imply 11 < 1,77 - b -y

(C'ut)




AT HRERINAY LR B RSN — BRI R R R BT, &

(P S A6 LA =B i 2 R TR R AP 3R

- EHUEE N A RIRR RGN, eSOy —RSTIFEN . A9
TR AR A AL ] e P R e 2 RO AR — B h IR g B i P OB, R
AU, THERRB BT R

- WNERPAMTHSEE, HEBEAEEEAMN, UREEHH—EfF
FEEEIH

« REERERFTYAGRSNEETIH, FHERA=NUE, HIEREAH
DR AN RN, Wi T Eairydadt, dtmn IEKER
R=ABR, REKEMY REEMES; A/ =O1E N SRIE
BN IIE A XN ERERER, AP RNEEFEZ0 (B
THaXMERE) 5 W07 FN AT B2 2 Bl 55 00U A T8 BR 1T R o

T TEREIE X = AR R A B AR A S S (T R R MO R LS, FRAT5]

NFEOC TR MBS R, RJEHHE 95 0N T2 2 R SERGE




FIEARLGPA” l

A FE VI EIE R PA— SR JT 7

MIEEFE (CJ), H% (VR) F1 (3L) B AP w-Em).

r—-e7gso0 r-eg1 - ---r—-=e:gm - 30),r'-0 §1),I' -6 ---Fn),['—>6 -
I' = 0,Vr5(r) H§(x), I’ — O
BRANEH : # PART — O, WAHE mk <w fif3 PAY 7™ I — O,

PA“Y &I EH (Schiite 1951)

¥ PAY ¢ T — 0, U PAY < 1 - 0.
HioRrmiESmEABTe, kERHESHIEARXE REY /MK,
MEBH: 281 Gentzen’s Hauptsatz.

Note. PA“=Th(N).
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Prog(X) .
z e Jx .

cy<xD,yeX .D,.reX
cy<rxD,yeX . Dy y<zr+w*D,yeX

IANHE z2CX . =.y<xD,yeX

5|3
VIEHA -

PA F Prog(X) D Prog(Jx)

Bi&H 2C X D,z e X,

BIF 2CJx .D,.2C X D,z 4+ & C X,
fF45 2 CJx, 2C X, y<z + &%
=00, 4+ =zC X,

H2>00, fFfEv<zMneN,

iy <zt o' 4 1o

"

n v

n=m+1I, HARNERK 2+ 0"+ - +O'CX,

"

m- oY
NHv<zH2CJx BoveJyx,

~ ~

Bt e £ o 4 - Fat=at o' F -

o]

TI(«) .
5|H: ¥ PAF TI(a), ] PAF TI(w®)
¥EBH: # TI(a), W Prog(Jx) D@ Jxo
P& Prog(Jx) HIE X, Prog(Jx) Da € Jxo
MaeJy EFMT rCX D,z 40" C X,
Bz =0, WA Prog(Jx) D0*C X.
S ES Prog(X) D0 C X, BP TI(w*).

s SMERa<ey, BFFETE N R GG IHA]

& N R P <M 5PARBIE < L2 R T

AR PAFTI(0), FEHHNT n,

P 51 FEAE B PAFTI(we(©) BT,
FIHFNE B a < o) (T IRUGEITIETR ) 5539

FEPAFFARAE, e Asgetigsl, Ble R I5HMN
s A UE A PA—BUVERY B /N YN .

: Prog(X).D.z2<a>,xze X

WEHA :

n~ov A



IRRZ AR

Gentzenf) THERM, FHAERH —BHEAERZIKR.

F & |T|con = min{a < w{% | PRA + PR-TI(«a)  Conr}

8 PRA I Cont D Cong Z&i# |S|con < |T|con
(HRXME KT FEERR RS . TRRINFEE—MESERNE X7

¥ |T| = sup{otype((N, <)) < w&E | TH WO(=)} FANHEWTRIERLEFEL,
HEHFWOKR).=0<24EF:. y<2D,yeX.D,. 7€X Dx: (v).z€X
BIRIT| < [Tlcon, FHFLLERA S| < |T| 2K PRA I Cont D Cong .
Note.

[HA| = [PA| = |ACA| = &

PRA| = [IZ,| = |RCAo| = [WKLg| = w*
IPRA + PR-TI(s)| = &0 + 1




a3 A B — (i .

BT (Feferman 1964, Schiite 1965 )

433 M1 (Ramified Analysis) R4t RA:
RA>® = WHEMBERIEEHII A + 70 XMFE A +wo-F0 +
infer o(X%) from ¢(X°),...,p(X?),... for all B < «
£ - : V= ~ . . Y .
Kurt Schitte Solomon Feferman HHAR (Hyperarithmetic) 5%t HC:
1909-1998  1928-2016 HCo = Al-CR, HCq,; =HC, + YaBewnc, (T¢7) D Vap, HCs = |, _;HCy
EH: Aut(HC)=Aut(RA®)=I
Note. HCr, = A}-CR+Bar N +II3-iE8 7514 )5
ATR, AIBLERHRIH29%] HCr,, H |[ATRg|=Iy

BB —2F (Takeuti 1967 )
= _ F 7% (ordinal diagrams)J5 3438 T A& NI -#E4E A B A
M 4R 5 (Gaisi Takeuti)

1926-2017 II-CAo| = 6 (0), |[IT}-CA + BI| = 6., .. (0)




Ordinal Analysis since 1970s

19774, Buchholz5I N T Q. #N. Pohlers’&BA T Rl BT ik, EFEU Tt N T — 8.

FF R0 AT £ BTG BRAE AN TS 75 40

« Subsystems of Second-Order Arithmetic
* Iterated Inductive Definition

« Kripke-Platek’s Set Theory

» Aczel’s Constructive Set Theory

« Martin-L6f’s Intuitionistic Type Theory

» Feferman’s Explicit Mathematics

VT20563k , R AT B S MahloE g 52,
T“iﬁﬁ[/%ﬁé’ﬁi%i‘ﬁé%mthjen2006TheArtofOrdmaIAnaIyS|s
UK =5 e IEBYs EA% TiZUFEERI AR . https://b23.tv/qFooNFi
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